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INFINITELY MANY SOLUTIONS FOR FRACTIONAL
SCHRODINGER-POISSON SYSTEMS WITH SIGN-CHANGING
POTENTIAL
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Communicated by Marco Squassina

ABSTRACT. In this article, we prove the existence of multiple solutions for
following fractional Schrédinger-Poisson system with sign-changing potential

(=A)*u+ V(z)u+ Apu = f(z,u), =R
(_A)t¢:u27 Z‘ERS,
where (—A)® denotes the fractional Laplacian of order o € (0,1), and the

potential V' is allowed to be sign-changing. Under certain assumptions on f,
we obtain infinitely many solutions for this system.

1. INTRODUCTION AND PRELIMINARIES

This article concerns the fractional Schrodinger-Poisson system
(=A)*u+V(z)u+ \pu = f(z,u), x€R?

(-A)p=u®, zeR? (1)
where (—A)* denotes the fractional Laplacian operator, X is a positive parameter
and V is allowed to be sign-changing. In , the first equation is a nonlinear frac-
tional Schrodinger equation in which the potential ¢ satisfies a nonlinear fractional
Poisson equation. For this reason, system is called a fractional Schrodinger-
Poisson system, also known as the fractional Schrodinger-Maxwell system, which
is not only a physically relevant generalization of the classical NLS but also an
important model in the study of fractional quantum mechanics. For more details
about the physical background, we refer the reader to [I4] [I5] and the references
therein.

If A =1, then system reduces to the fractional Schrédinger-Poisson system

(=AYu+V(z)u+ ou = f(z,u), xcR3,

(Ao =u? x€R3 (1-2)
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which has been studied by Zhang [29] by using the fountain theorem. The author
proved the existence of multiple solutions under the condition (A4) and (A5) below.
Meanwhile, the author proved that (A4) and (A5) are more weaker than (AS).

Let s=1,t =1 and A\ = 1, then system can be simplified to the classical
fractional Schrodinger-Poisson system

—Au+V(z)u+ du = f(z,u), zcR>

1.3
—Adp=u?, zeR3 (1.3)

which has been considered to prove the existence of infinitely many solutions for
(1.3) via the fountain theorem. For more details, see the references [I11 [13] 17, 20,
24] and the references therein, for more results about applying the critical point
theory to second-order elliptic equations, we refer the reader to [2] 3, 4, 5l 26] 27
28, 32] and the references therein.

However, it is well known that the fractional Schrodinger-Poisson system was first
introduced by Giammetta [I0] and the diffusion is fractional only in the Poisson
equation. Afterwards, in [23], the authors proved the existence of radial ground
state solutions of when V(z) = 0 and nonlinearity f(z,w) is of subcritical or
critical growth. Recently, in [29], the author proved infinitely many solutions via
fountain theorem in when A = 1 and V() is positive. However, to the best
of our knowledge, for the sign-changing potential case, there are not many results
for problem .

In 2013, Tang [21] gave some more weaker conditions and studied the existence
of infinitely many solutions for Schrédinger equation via the symmetric mountain
pass theorem with sign-changing potential. Using Tang’s conditions, some authors
studied the existence of infinitely many solutions for different equations with sign-
changing potential. See, e.g., [0l [7, 9, 24} 25| B1] and the references quoted in them.
These results generalized and extended some known results.

In [29], the author proved the existence of multiple solutions for the fractional
Schrédinger-Possion equation with the following super-quadratic conditions:

(Al) inf,egs V(x) > Vi > 0, where Vj is a constant. Moreover, for every M > 0,
meas({z € R® : V(z) < M}) < oo, where meas(-) denote the Lebesgue
measure in R3.

(A2) There exists a; > 0 and ¢ € (2,2%) such that

[f(z,w)] < ar(1+ [ufP™h), V(z,u) €R® xR,

where 2% = % is the critical exponent in fractional Sobolev inequalities.
Moreover, f(z,u) = o(u) as u — 0.
(A3) limyy,|—oo % = 00, uniformly for = € R3.
(A4) there exists a constant 6 > 1 such that
0F (x,u) > F(z,7u), VY(zr,u) € R® xR, vre[0,1],

where F(z,u) := juf(z,u) — F(z,u).
(A5) there exists 1 > 0 such that
AF(z,u) < uf(z,u), Y(z,u) € R®* xR, |u| >r.

(A6) f(z,—u)=—f(z,u), V¥ (z,u) € R® x R.
Under the conditions (A1)-(A4), (A6) and (A1)—(A3), (A5) and (A6), respec-
tively, the author obtained multiple solutions for (1.1)) in [29] [30]. However, in [12],
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Jeanjean gave the following condition and application to Landesman-Lazer type
problems in RY.

(A7) % is increasing in « > 0 and decreasing in u < 0.
In [8], the following Ambrosetti and Rabinowitz condition was assumed to prove
the existence of high energy solutions.

(A8) (Also known as (AR) condition) There exist u > 4 and r; > 0 such that

0 < puF(z,u) <uf(r,u), YeeR3 |u|>r,
where F(z,u) = [, f(z,n)dn.

Inspired by the above results, we consider problem with sign-changing po-
tential and without the (AR) type superlinear condition, and establish the existence
of infinitely many solutions by the symmetric mountain pass theorem in [21]. To
state our results, we use the following conditions on V:

(A9) V € O(R3,R) and inf,cps V(z) > —oc;

(A10) there exists a constant dy > 0 such that

lim meas ({z €R®: |z —y| < do,V(z) < M}) =0, VM >0,

ly|—o0
where meas denotes the Lebesgue measure on R3.

Condition (A10) was first introduced by Bartsch and Wang [4]. From (A9), we give
the following equivalent equations for problem (1.1f):

Remark 1.1. By (A9), we known that V(z) is bounded from below. Hence there

exists Vo > 0 such that inf,eps V() > 0 for all z € R3, where V(z) := V(z) + Vp.

Let f(z,u) := f(x,u) + Vou. Then problem (I.1)) is equivalent to the problem
(=AY u+ V(z)u + Apu = f(sc,u), r € R3,
(-AYp=u? zeR3.

To achieve our results, we need to make the following assumptions on F' and f.

(A11) f € C(R3,R), and there exist ¢; > 0, ¢z > 0 and ¢ € (4,2%) such that
If(z,u)] < cilul® +colu|?t,  V(z,u) € R® xR,
6

3—2s

(A12) limjy|—oo |(Z“I4")| = 00, a.e. £ € R? and there exists ry > 0 such that

where 2% = is the critical exponent in fractional Sobolev inequalities.
|

F(z,u) >0, VY(z,u)€R>xR, |ul > re;
(A13) there exists 6y > 0 such that
4F (x,u) —uf(z,u) < Opu?, V(z,u) € R® x R.

Next, we illustrate that F' and f satisfying (A11)-(A13) and (A6) is not equivalent
to F and f satisfying (A11)—(A13) and (AG).

Remark 1.2. First, we prove that fsatisfying (A11) is not equivalent to f satis-
fying (A11). In fact, if f satisfies (A11), then we have

|f(z,u)| < | f(,u) = Voul < ealul® + calul?™" + Volul.

Thus f does not satisfy (A11). Now, if f satisfy (A11), similar to the discussion of
f, we can obtain N
[z, w)] < erful® + ealu T + Volul.
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Thus f does not satisfy (A11).

Second, if lim,|—o ‘ ‘(Zj’f)' = 00, a.e. € R? then lim,_o “(Z”ilf)‘ = 00, a.e.

x € R3. the converse also holds. Moreover, if F(z,u) > 0 for any (z,u) € R® x R,
|u| > 7o, then F(x,u) > 0 for any (z,u) € R3 x R, |u| > ro. Conversely, it does not
hold.

Finally, f satisfying (A13) is not equivalent to f satisfying (A13). In fact, if

4F (z,u) — uf(z,u) < Ogu?, then using f(z,u) = f(x,u) + Vou, we have

4[f(m,u) — %VouQ] - u[f(z,u) + Vou] = 4F (z,u) — uf(z,u) — Vou® < Ggu®
which implies

AF (z,u) — uf(z,u) < (6o + Vo)u?.
This shows that F and f satisfy (A13). On the contrary, if 4F(z, u) — uf(z,u) <
Oou?, then similar to the proof the above inequalities, we obtain

4F (z,u) — uf(z,u) < (6 — Vo)u?.

But we do not know whether 6y > V; or not. Thus F' and f do not satisfy (A13).
As for (A6), it is easy to check that f satisfying (A6) is equivalent to f satisfying
(AG6).

Now, we are ready to state the main results of this paper. Note that the space
F is defined in .
Theorem 1.3. Suppose that (A6), (A9)—(A13) are satisfied. Then when s €
(3/4,1), t € (0,1) satisfying 4s + 2t > 3, problem has infinitely many non-
trivial solutions. {(ug, ¢, )} in E x D"*(R®) satisfying J(uy) — 400 as k — oo,
where the functional J is defined in .

In [21], the author used the following conditions to prove the existence of infin-
itely many solutions for Schrédinger equation.

(A15) there exist u > 4 and g > 0 such that
pF(z,u) <uf(z,u) + ou?, V(zr,u) € R xR;
(A16) there exist g > 4 and r; > 0 such that
pF(z,u) <uf(r,u), Y(z,u) € R* xR, |u| > ro;
It is easy to check that (A15) imply (A13). Thus, we have the following corollary.
Corollary 1.4. Suppose that (A6), (A9)—(A12), (A15) are satisfied. Then when
s € (3/4,1), t € (0,1) satisfy 4s + 2t > 3, problem has infinitely many

nontrivial solutions. {(ux, !, )} in ExD"?(R3) satisfying J(uy) — +0o ask — oo,
where the functional J is defined in (2.8)).

It is easy to check that (A11) and (A15) imply (A16). Thus, we have the following
corollary.

Corollary 1.5. Suppose that (A6), (A9)-(A12), (A16) are satisfied. Then when
s € (3/4,1), t € (0,1) satisfy 4s + 2t > 3, problem has infinitely many
nontrivial solutions. {(uk, %, )} in ExD"?(R3) satisfying J (uy) — +00 as k — oo,
where the functional J is defined in .
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Remark 1.6. In our results, F'(x,u) is allowed to be sign-changing. Thus (A12) is
much weaker than (A3). In addition, it is obvious that (A15) is somewhat weaker
than (A16). Moreover, (A16) implies (A5) and that (A15) implies (A13). Hence,
our condition (A13) is somewhat weaker than (A5), (A15), (A16).

Remark 1.7. If s € (3/4, 1) then we can infer that 2% > 4. Hence (A11) is feasible.

2. VARIATIONAL FRAMEWORK AND MAIN RESULTS

In this section, we need assumptions (A17) and (A18) instead of (A9) and (A10).
(A17) V € C(R3,R) and inf,cgs V() > 0;
(A18) there exists a constant dy > 0 such that

lim meas ({z € R®: |z —y| < do,V(z )< M}) =0, VM >0,

ly|—o0

where meas denotes the Lebesgue measure on R3.

We define the Gagliardo seminorm by

([ e )
x b
wp r3 JR3 |517* |N+O‘p Y

where u : R?> — R is a measurable function.
On the one hand, we define fractional Sobolev space by

WP (R3) = {u € LP(R?) : u is measurable and [u],,, < 0o}

endowed with the norm

1/p
el = ([t + lell) (2.1)

full, = ( [ lutypaz)”

If p = 2, the space W*2(R3) is an equivalent definition of the fractional Sobolev
spaces is based on the Fourier analysis; that is,

where

H*(R?) := W*?(R%) = {u € L*(R?) : / (1+|&)**)[ul?dé < oo},
R3
endowed with the norm
20017712 2 1/2
lullze = ([ lePlalag+ | fuldg) ",
R3 R3

where u denotes the usual Fourier transform of u. Furthermore, we know that
Il - | e is equivalent to the norm

1/2
fullre = ([ V-2 upa+ [ aar)™
R3 R3

On the other hand, in view of the potential 17(96), we consider the subspace

E={ue H*R?%: V(z)ulde < 0o} (2.2)
R3

Thus, F is a Hilbert space with the inner product

(woley = [ (RO + T ds+ [ T(@pulz)ota)da
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and the norm

ey = ( [, (sl + @R de + [

R3

v(x)’uQ(w)dw) 1/2.

Moreover, || - || g, is equivalent to the norm

/2,12 T 2 1/2
Jull = lelle = ( [ 1yt + [ Plapiar) "

where the corresponding inner product is
(u,v)p = / ((—A)a/gu(—A)o‘/% + IN/(x)uv) dx.
R3
The homogeneous Sobolev space D%?(R?) is defined by
D2(RE) = {u € L%(RY) : [¢°u(¢) € LA(RY)},

which is the completion of C§°(R?) under the norm

lullpee = ([ 1-a2upas) = ([ leppaepae)

endowed with the inner product
(1, V) po2 :/ (=A)*2u(=A) 2y da.
R3

Then D®2(R3) — L%« (R3); that is, there exists a constant Cy > 0 such that

2% S ColluHDa,z. (23)
Next, we give the following lemmas which discuss the continuous and compact

embedding for E < LP(R?) for all p € [2,2%]. In the rest of this article, we use the

norm || || in E. Motivated by [33, Lemma 3.4], we can prove the following lemma.
Here we omit its proof.

[u

Lemma 2.1. Space E is continuously embedded in LP(R3) for 2 <p < 2% := 3_62a
and compactly embedded in LP(R3) for all s € [2,2%).

By Lemma [2.T} we can conclude that there exists a constant v, > 0 such that

[ullp < pllull, (2.4)
where |Jul|, denotes the usual norm in LP(R?) for all 2 < p < 2%.

Lemma 2.2 ([I8, Theorem 6.5]). For any a € (0,1), D*%*(R3) is continuously
embedded int L?(R®), that is, there exists S, > 0 such that

. N2/2
(/ \u|2adx) < sa/ [(=A)*2uf?dz Yu € D*2(R®).
R3 R3

Next, let « = s € (0,1). Using Holder’s inequality, for every w € E and s,t €
(0,1), we have

12 322t * 1/2:
/uvda:< /|u\mdx) (/ |v|2td:£) 25)
R3 2.5

1/2

< vz, S vl pre,

where we use the embedding

E < L¥% (R®) when 2t +4s > 3.
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By the Lax-Milgram theorem, there exists a unique ¢!, € D%?(R3) such that
/ v(—A)'¢ldr = / (=A%t (=AY 20dx = / uw?vdr, v e DY (R?). (2.6)
R3 R3 R3
Hence, ¢!, satisfies the Poisson equation
(—A)fgl =u?, zeR®.
Moreover, ¢! has the integral expression
2
t u*(y) 3
= ——-dy, e R?,
which is called ¢-Riesz potential, where
(3 —2t)
I(t)
Thus ¢4, (x) > 0 for all z € R?, from (2.1)) and (2.6)), we have

I#tllpee < 8,72l

¢, = n3/29-2

12 < Chllul|* when 2t + 45 > 3. (2.7)

342t

Therefore, by Holder’s inequality and Lemma there exist C; > 0, Co > 0 such

that
.\ U2 1 =
/ ot uPdr < (/ |, Qtdx) (/ |u|T2mdx) ’
R3 R3 R3

< Cilitllprellul® < Colull*.

Next, we define the energy functional J on E by
1 A ~
J(u) = =|ju|* + f/ ¢t utdx —/ F(z,u)dz, Yué€FE. (2.8)
2 4 R3 R3

By [19], the energy functional J : E — R is well defined and of class C*(E,R).
Moreover, the derivative of J is

(J'(u),v) = /RB ((—A)S/Qu(—A)S/QU + V(@)uv + Al uv — f(:ﬂ,u)v) dz, (2.9)

for all u,v € E. Obviously, it can be proved that if u is a critical point of J, then
the pair (u, ¢,) is a solution of system (L.I).

A sequence {u,} C E is said to be a (C)¢-sequence if J(u) — ¢ and ||J'(u)||(1 +
[lunll) — 0. J is said to satisfy the (C).-condition if any (C).-sequence has a
convergent subsequence. To prove our results, we state the following symmetric
mountain pass theorem, see [I, Lemma 2.4] and [I9, Lemma 912]

Lemma 2.3. Let X be an infinite dimensional Banach space, X =Y & Z, where
Y is finite dimensional. If J € C'(X,R) satisfies the (C). condition for all ¢ > 0,
and
(1) J(0) =0, J(—u) = J(u) for allu e X;
(2) there exist constants p, o > 0 such that J|op,nz > a;
(3) for any finite dimensional subspace X cC X, there is R = R()?) > 0 such
that J(u) <0 on X\Bg;

then J possesses an unbounded sequence of critical values.
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Lemma 2.4. Assume that a sequence {un} C E, up, — u in E as n — oo and
{llunll} is a bounded sequence. Then, as n — oo,

/ (¢4, un — Ppu)(un — u)dz — 0. (2.10)
R3

Proof. Take a sequence {uy,} C E such that u, = u in E as n — oo and {||u,]|} is
a bounded sequence. By Lemma we have u,, — u in LP(R?) where 2 < p < 2%,
and u, — u a.e. on R Hence sup,cy ||un| < oo and ||ul| is finite. Since s €

(3/4,1), then we know that F — Lzs. Hence by (2.3) and (2.7), we have
[ (0 — 60) i — )
R3

< (/]RS( Uy — qﬁ’;u)de)l/Q(/RS(un — u)2dx)1/2

<Va[ [ (gt + o] ]

[ — ull2

2

5 \1/2
: % I I
5

< Cs (|16t

unl% + 116

2
23

1/2
< Gy (lfunl[* + lul|*) " lun = ulls = 0, as n— oo.
This completes the proof. ([

The next lemmas are needed for our proofs.

Lemma 2.5 ([21]). Assume that p1,pa > 1, 7,¢ > 1 and Q CRY. Let g(x,t) be a
Carathéodory function on  x R and satisfies

P1— pa—1
v

9(z,t) < arlt] ™ + aolt|>, V(z,t) € A xR, (2.11)

where ay,a2 > 0. ¢ If up, — w in LP1(Q) N LP2(QY), and u, — u a.e. x € Q, then
for any v € LP11(Q) N LP29(Q),

lim [ |g(x,u,) — g(z,u)|"|v|%dz = 0. (2.12)
Lemma 2.6. Suppose that (A9)—(A13) are satisfied. Then any {u,} C E satisfying
J(up) = >0, I (wn)[[(1+ [Junl]) — 0 (2.13)

is bounded in E.

Proof. To prove the boundedness of {u,,} we argue by contradiction. Assume that
|lun|| — oo and let v, = uy/||uy||. Then |jv,|| = 1 and |lv,|[, < Ypllvn|| = vp for
2 < p< 2% By (Al13) and (2.13)), for n large enough, we have

1
e+ 12 T(un) = (7 (), )

_1 2 1+ =

= flwnlP+ [ (GF@umin = Fla,u,))de

~—

‘/Ouz] dx (2.14)

NP

=l + [ [ @) = Plou) -

Y]

1 1
1”%”2 v (60 + Vo) [lunll3

Y]

1 1
Zlnll® = 5 (60 + Vo) l[onl3unll,
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which implies
c+1 1 1
>— — — (6o + Vo) ||vnll3- 2.15
||unH2 =4 4( o+ 0) ||’U HZ ( )

For 0 < a < b, let

Qn(a,b) = {z € R3:a < |u,| < b} (2.16)
Passing to a subsequence, we may assume that v, — v in F, then by Lemma [2.1
v, — v in LP(R?), 2 < p < 2%, and v, — v a.e. on R3. Hence, if ||u,| — oo in

(2.15)), then
4
l[vnll3 > T + 0, (1),

which shows that v, — v # 0.

We only need to consider the case v # 0. Set A := {z € R® : v(z) # 0}. Thus
meas(A4) > 0. For a.e. x € A, we have lim,_, |u,(2)| = co. Hence A C Q,,(rg, 00)
for large n € N. which implies that xq,, (ry,00) = 1 for large n, where xq, denotes
the characteristic function on §2,, and §,,(0, ) is the same as in . By (A13),
then we have

1
|F (2, un)| < crud + colun|? + EV()U?” (2.17)

which implies that there exists a constant Cs > 0 such that |F(z, u,)| < Csu2, for

any |u,| <rg. It follows from (2.8]), (2.16]), (2.17) and Fatou’s Lemma that
c+o(1) . J(uy)

0=l — =
o0 Junlt T ntse ffun|l®

1 1 ~ Al
lim [7 - / F(z,up)de + ——— L uidm}
n—00 L2flun|?  lunl* Jrs A fJunl* Jrs "

1
= lim [—74/ F(z,up)dx
n—00 [l || Q,,(0,70)

F n A1
—/ 7(:5,4u )vf;dx + (ﬁnuidx}
Qn("‘OyOO) U'TL 4 ||un|| R3

ﬁ(z,un)

1
< limsup [7Hu 12 —/ 2 M vtdx
n—o0o ||Un||4 i Qp, (ro,00) uj'll "

|+

2 F ~
< Tim sup [||Un||2 _ / (x’u")vfldx} + ACy
Q,, (r0,00) 4

n—oo Ll[unll? Un,
3 F(a,uy, AC:
= 1imsup[ 12 5 —/ (x%u)vfldx} + =2
n— 00 ”un” Qy, (ro,00) Uy, 4
F(z,u, AC
< —liminf F@un) 1 gy 4 2
n—oc Ja, (ro,00) Up, 4
- |F(z,un)| ACa
=~ limnf /R T Do @nde + 5
F(x,un AC
< 7/ lim inf %[)@n(m ooy (2)]Unda + AC: = —00, (2.18)
R neoo ud : 4
which is a contradiction. Thus {u,} is bounded in E. O

Lemma 2.7. Suppose that (A9)—(A13) are satisfied. Then each {u,} C E satisfy-
ing (2.13)) has a convergent subsequence in E.
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Proof. By Lemma[2.6] {u,} is bounded in E. If necessary going to a subsequence,
we can assume that u, — u in E. From Lemma we have u,, — u in LP(Q) for
all 2 < p < 2*. Hence, by Lemma one has

| fla,un) — fz,u)(un u)dz| — 0, asn — oc. (2.19)
Observe that

up — ul|? = (J (un) = J' (1), un —u Y (uy, — u)de
Jun — ull® = (J'(un) — J'(u) >+/Rg(un bu)( )d

~ ~ (2.20)
+ /Rs(f(:mun) — f(z,uw)(u, — u)dz.
It is clear that
(J' (up) — J'(u),up, —u) — 0, asmn — oo. (2.21)
From (2.19)), (2.20) and (2.21]), we have ||u, — u|| — 0, as n — co. O

Lemma 2.8. Suppose that (A9)—(A13) are satisfied. Then for each EcC E, it holds

J(u) > —o00, |lul| = o0, u€E. (2.22)
Proof. Arguing indirectly, assume that for some sequence {u,} C E with ||un|\ —
oo, there is M > 0 such that J(u,) > —M for all n € N. Set v, = H .t then
[un]| = 1. Passing to a subsequence, we may assume that v, — v in E. Since E is
finite dimensional, then v,, — v € E in E, v, — v a.e. on RY | and so |jv|| = 1.
Hence, we can conclude a contradiction by a similar methods as (2.18]). O

Corollary 2.9. Suppose that (A9)-(A13) are satisfied. Then for any E C E, there
exists R = R(E) > 0 such that

J(un) €0, |lu| >R, VueE.
Let {e;} is a total orthonormal basis of E and define X; = Re;,
Vi =0F_ X, Zr=02,.,X;, VkeLl (2.23)

Lemma 2.10. Suppose that (A9) and (A10) are satisfied. Then for 2 < p < 2%,
we have
Bus) = sup  full, — 0, k- oo,
wEZ, |lull=1

Proof. Tt is clear that 0 < Br4+1 < B, so that 8y — 8 > 0(k — o). For every
k € N, there exists u, € Z, such that |ug|2 > %" and ||ug|| = 1. For any v € E,
writing v = X372, ¢;je;, we have, by the Cauchy-Schwartz inequality,

|(u, v)| = [(uk, B721cje5)| = [(ur, BjZp1¢5€5)]
< Null1B52 51 cie5]l = (552 1¢) 2 =0

as k — oo, which implies that u; — 0. By Lemma the compact embedding of
E — LP(R3) (2 < p < 2%) implies that uy — 0 in LP(R3). Hence, letting k — oo,
we obtain § = 0, which completes the proof. O
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By Lemma [2.10] we can choose an integer m > 1 such that

1 1 q
ull < T%llu||27 lull3 <4/ EIIU\P, lellz < 7 el Vu € Zm, (224)
where ¢ € (4,2%).

Lemma 2.11. Suppose that (A9)—(A1l) are satisfied. Then there exist constants
p,a > 0 such that

J‘aBpmzm Z .

Proof. ¥rom (2.17) and (2.24), for u € Z,,, choosing p := |u|| = 3, we obtain

1 A ~
J(u) = = |lu|* + f/ o' uPdx —/ F(z,u)dx
2 4 R3 ]RS

1 -
> Sl = [ Foudo
2 s
1 2 (&1 4 Co 1 2
> Sl = Ll - Zlull - 3Vollul?
1
> Ll =l — )
1.3 1
= [ ——]=a>0,
il 2l
since ¢ € (4,2%). This completes the proof. O

Proof of Theorem[1.3 Let X = E, Y =Y, and Z = Z,,. By Lemmas
and Corollary all conditions of Lemma are satisfied. Thus problem
(1.1)) possesses infinitely many nontrivial solutions. O
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