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HANDLING GEOMETRIC SINGULARITIES BY THE MORTAR
SPECTRAL ELEMENT METHOD FOR FOURTH-ORDER
PROBLEMS

MOHAMED ABDELWAHED, NEJMEDDINE CHORFI, VICENTIU D. RADULESCU

Communicated by Giovanni Molica Bisci

ABSTRACT. This article concerns the numerical analysis and the error estimate
of the biharmonic problem with homogeneous boundary conditions using the
mortar spectral element method in domains with corners. Since the solution
of this problem can be written as a sum of a regular part and known singular
functions, we propose to use the Strang and Fix algorithm for improving the
order of the error.

1. INTRODUCTION

It is well known that the solutions of an elliptic equations in polygonal domains
are not very regular despite the regularity of the second member and boundary data
[16), 17, [I8]. More precisely, the solution of an elliptic problem in such domains is
the sum of a regular part and another one which is presented as a linear combination
of functions which the regularity gets lower as the angle of singularity gets greater.
This singular part of the solution pollutes the error estimate. Different numerical
methods for the most part related to finite element method have been developed to
calculate the singular part of the solution or to improve the error estimate [4} [5] [6];
this is the case of the mesh refinement method near the singular angle corners.
Among these methods the Strang and Fix algorithm [I9] which was extended to
the mortar method for a spectral discretization [2] [[5].

The high precision of the spectral methods makes them well adapted to the treat-
ment of the singularities. In fact, the numerical analysis using this method in the
Laplacian case [2, [I4] confirms this expectation of sufficient precision. Furthermore,
the study of the singular function approximation by polynomials near the singular
corners shows that the convergence is better than what the general approxima-
tion theory lets to believe and explains the appearance of super convergence [10].
Calculations have also been made for the stokes system [I].

The Strang and Fix algorithm consists on the enlargement of the test function
space and the resolution of the discrete problem in this space. This algorithm
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permits us the computing of the singular coefficient which is usually issued from
the physics (case of the elastic crack) [3].

In this work we propose to study this algorithm for the homogeneous biharmonic
problem. For that we place ourselves within the framework of the Mortar element
method with spectral discretization [IT], I3]. The analysis and the implementation
of the mortar element method has been done in the work of Belhachmi et al. [7,[8, 9]
for a problem of order 4. We present in this work an extension in the case of the
non regular domains in order to improve the estimation of the order of the error.

An outline of this article is as follows. In section 2, we present the geometry
aspects of the domain. In section 3 we present the continuous problem, then we
give the singular functions and some regularity results. In section 4, we define
the discrete problem. Section 5 is devoted to the numerical analysis and the error
estimation of the mortar spectral element method of the Strang and Fix algorithm
for the harmonic problem.

2. GEOMETRIC ASPECTS

Let © an open polygonal, bounded, Lipschitzian and connected domain of R?,
decomposed on K rectangles 0%, 1 < k < K such that

Q=UK ., 0" and Q*UQ =0, 1<k#I<K.
We denote by fk’j, 1 < j <4 the sides of the sub-domain ﬁk, 1<k<K and
T,=0"N0, 1<k#I<K

the interface of the decomposition.
We define the skeleton of the decomposition
—Fk,j
S=u, Ui T
We associate to each decomposition the set of vertices of the sub-domain, denoted
by V. _

We choose M a set of integers m such that the open segment T'*("):3(™) are two
by two disjoints and _
S — Umerk(m)’j(m).

The sides T'*(™):3(m) e M is called mortars and denoted by 7,,. We suppose
that the intersection of a sub-domain Q* with the boundary 9Q can be reduced to
a vertex (see Figure [1)).

FIGURE 1. Domain 2

The angles of the singular vertices are 7/2, 3w/2 or 27. Thereafter we will be
interested specially to the case 3w/2 because of its applications in fluid mechanic
(step case in Stokes flow) and to the case of 27 for its applications in mechanics
(crack propagation). The local influence of the singularity allows to limit the study
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to one vertex. We denote a this vertex and w the associated angle. To simplify the

problem analysis, the sides of the sub-domains are supposed to be parallel to the

axis of the scale of origin a. We introduce the polar coordinates (r,6) with r the

distance from a point to the vertex a and the line = 0 contains a side of 0.
Also we consider the following conformity assumption.

Assumption 2.1. We denote A the union of sub-domains containing the vertex
a. We suppose that the decomposition of the domain A is conforming (see Figure
1): If a is a vertex of the mortar T*("™):7(™) which coincides with T' a side of a
sub-domain !, I # k(m) then Nim)y < Ni, such that the restriction of a function
to A is in H?(A).

3. CONTINUOUS PROBLEM AND SINGULAR FUNCTIONS

Consider the homogeneous biharmonic problem

A2u=f inQ,

u = 0 on 897 (3.1)
ou

= 0 on 0f.

For f € H=2(2) the problem (3.1)) is equivalent to the following variational formu-
lation: Find u € H3(12), such that for all v € HZ(2),

a(u,v) = (f,v), (3.2)

where a(u,v) = [, Au: Avdz and (-, -) is the duality mapping between H~2(Q) and
HZ(9). Since the bilinear form a(-, ) is continuous in HZ(Q) x HZ(Q) and coercive
in H2(Q), we conclude using the Lax-Milgram theorem that for f € H~2(Q) the
problem has a unique solution u € HZ(Q) such that

lull 2 ) < Cllflla-2)

where C' is a constant independent of ). -

Let V a neighborhood of the singular point a included in the domain A, let s > 1
and f € H*2(Q) then we know that the solution of problem (3.1)) is written as
(16, 7]

u=ug+ us, (3.3)
where up € H*72(2) N HZ(Q) and ug is given by
ug(r,0) = Z et TR o (0) + Z A2 [01,(0) + In(r)ng (0)]
0<Real(zp)<s+2 0<Real(2)<s+2
(3.4)

with A\, and 5\k are real numbers, ¢, o, N are functions defined on a finite
dimension sub-space of C°°([0,w]) N H2([0,w]) (see [17] for the explicit expression
of these functions) and z; (respectively %) are the simple (respectively double)
roots of the characteristic equation of the bilaplacian

2 sin(w?) (3.5)

sin(wz)? = z

in the band, 0 < Real(z) < s+ 2, except 1 if w # tan(w), without exception if
w = tan(w) which has the unique solution w, = 1.4303977 in |0, 2.
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The study of equation (3.5)) shows that z is a double root if and only if z = 0 or

+ 1 % This is given by the following necessary and sufficient condition

sinw?
i —1)==+4/1— ———. 3.6
s (sinw2 ) w? (3.6)

For handling the singularities we define

n(w) = inf{Real(z), z is a solution of (3.5, z # +1}.

In the case of w = 37/2 we have n(w) = 0.54484 and s < 1.544. We decompose
u =ug + AS, such that ug € H**2(2) and

[urllger2@) + Al < Cllflla:-2(9);

7

where
[ )
S(r,0) = 7“1+”(“’)<p(0) (3.7)
with p(0) = 2.093(cos(0.459 9) — cos(1.544 0)) +1.093 (2.193 sin(0.459 6) —

sin(1.5440))7
e ) is the first singular coefficient of the singularity S.

Furthermore, if f € H*~2(f2), with s < 2.908, we can again decompose the singular
part as follows

w=1pr+AS+AS, (3.8)
where
® Up € Hs+2(Q),

S(r,0) =r'*=2y(0), (3.9)

with zs is the second solution of equation (3.5]) in the band 0 < Real(z) < 1
(22 ~ 0.908529) and ¢(6) = 4.302( cos(0.0926) — cos(1.9086))
— 1.815(10.869 5in(0.0926) — 0.524 sin(1.9086)),

e ) is the coefficient of the second singularity S satisfying
arlge+2 @) + A+ 1Al < Cllfllms—2()-

when w = 27, we have n(w) = 0.5 and s < 1.5. If f belongs to H*~2((2), then u
belongs to the space H**2(Q). We decompose

u=ugr+AS + 5\5,
where
S(r,0) = r3/2((sin(39/2) — 3sin(0/2)) + (cos(36/2) — cos(6/2))),
S(r,0) = r5/2((cos(50/2) —5sin(/2)) + (cos(50/2) — cos(6/2))),
and (A, 5\) is the singular coefficient associated to the singular function (S, S). If f

belongs to H*~2(Q), ur belongs to H*t2(Q) for s < 2,5. We have the following
stability condition:

lugll gz + A+ A < Cllfll 20
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4. DISCRETE PROBLEM

Firstly, we recall the space of mortar functions. As the considered problem is
posed in H?(Q), two matching conditions are necessary on each interface; one for
the trace of the function and the other for its normal derivative.

We introduce § = (Ng)1<k<k, a strictly positive sequence of integers. ¢ is called
parameter of discretization and (Ny), 1 < k < K, are the degrees of polynomials in
each sub-domain. (P, (£2) is the space of polynomial functions of degree less than
or equal to n).

The mortar method requires the introduction of a space of functions, which we
call mortar functions. These are defined on the skeleton and ensure the matching of
the locally approximation functions. The space of mortar functions is then defined
by

Ovs

W§ = {(@07@1);§00/7m = ’U(S/Fk(m):j(m) and @1/7’” - ( )/Fk(m) j(m) Vm S M}

where vs is a test function.

We propose a discretization by the Galerkin method with numerical integration.
In the case of the problem of order four, it is more appropriate to use a quadrature
formula which takes into account the values of the function on the boundary. The
following lemma defines this quadrature formula (see [11] for a proof).

Lemma 4.1. Let N > 2 be an integer. Then there exists a unique set of points &;,
1< j <N —1, aunique set of positive reals pj, 1 < j < N =1, py, p— such that
for all polynomials ¢ in Pon_1(] — 1,1[)

1 N-1
[ =Y 0o +e(—Dp- +91)py . (4.1)

1

<

Remark 4.2. The nodes &;; 1 < j < N — 1, are the zeros of the derivative of
the Legendre polynomial Ly. We refer to [II] for the calculation of &; and p;,
1<j<N-1

Given two functions u, v continuous on Q = [~1,1] x [~1,1] and vanishing on
its boundary, we define the discrete scalar product

—1N-1

Z Z w(&is &5)v(&ir&5)pip;-

=1 j=1

If T* is the bijection from | — 1,1[% in Qy,, we define

|Qk,| Nip—1 Np—1 N
(U,U)N Z Z UOT fl,fj)(UOT )(fufg)ﬂng
=1 gj=1

Thus, we define the space of approximation Xy as the space of functions vs such
that
e for all k 1<k <K, vs/qr € Py, (QF),
® Us and 7?
e there exist a couple (g, 1) € Ws such that, for all 1 <k < K, 1 <j <4,
and all ¥ € Py, grray, fpu; (s — 90)(T)Y(r)dr = 0 and fm ?;;g -
1) (T)(r) dr = 0.
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Finally the discrete problem is written: For f € C(2), find us € Xs such that for
all vs € X,

cm(u,;, U§) = (fa U)57
K K
where as(us,vs) = Yoy (Auk, Av¥)n, and (f,vs)s = Y1y (f,v¥)n,. We refer to
[8] for the a priori analysis of this problem and its implementation by the mortar
spectral element method.

5. STRANG AND FIX ALGORITHM

The Strang and Fix algorithm [I9] consists of the enlargement of the discrete
space X5 as
X5 =X; +RS,
where S is the first singular function. We have, then uj = us+AS and vj = vs+puS
in Xj,

K
aj(uy,vy) = Z {(Au]g, AvE)n, + A AvEAS dx

k=1 2
v [ AuEASdr+ / (AS)? da.
Qk Qk

The discrete problem becomes: Find uj € X5 such that

K
Vo € X5, as(up,vy) =Y [ fop,de, (5.1)
k=1

where v}, is the restriction of v§ to sub-domain 2.
For the analysis of this problem, we introduce the following two norms on X7,

K 1/2
k
fu3lles = 3 (1 ey + NP1/ e
k=1
and
K 1/2
izl = (Do s lrzcany) -
k=1
Proposition 5.1. Let n(d) = sup,:cx W Then lims_, 400 () = 0.
2l

Proof. Because of the conformity of the decomposition, we consider the proof in
the domain A. Let Na = ming, ca(Ng), 7(Na) is the sine of the angle between
the space X and the singular function S. Then

S 2
U(NA)Q -1— ( sup (UNA7 ) ) .
un s €ny (A) lunallza) 151 a2 (a)

(-,+) is the scalar product on H?(A). If we consider Iy, : L2(A) — Py, (A), we

conclude that
(IIn, S, 5) )2
TN, Sl a2y 1SN E2(a)

n(Na)? =1

Let
(IIn, S, S) (Iiy, S —5,9) (S,9)

ITINA S a2y IS m2a)  1TINa S a2y IS m2a)  1TINa S| a2 [[S ] H2(A)
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We conclude that 7(Na) has the same order as (||[IIy,S — S||H2(A))1/2 which is
N-—7/w [10]. This completes the proof. O

To study problem ([5.1)), we begin by giving the properties of the bilinear form
a;(-,-) in the following proposition.

Proposition 5.2. There exist two positive functions C; and Cy independent of §
such that for all uj, vj in X},

|lag (us, v5)| < Crllugllallvgl«, (5.2)
az(uy,vy) > Collug % (5.3)
Proof. Consider Qi =|ax, by[x]ck, di[. For uj and vy in X}, we have
K

as(uy,vy) = {(Aulg, AvE)n, + A /k AS AvF dx dy + M/Q AukAS dx dy
k=1 k
+ /\,u/ (AS)? dx dy} .
Q,
where
(Aulg’ Av?)Nk
Nig—1Ng—1

Z Z [ uk 9%k n O%uk 920k 4 O*uk 020k 9%uk 0%k (&h

ac2 0x2  0x2 Oy? Oy? Ox2 3y2 Oy2 &)pin;-

8%u 821) 8%ul 92vF  9%2uk 9%vF 82uk 82vk .
The terms 5% 25 T Wgs, 61/; Pres d 8y2§ 0y25 are the polynomials of

degree less or equal to 2Ny, — 1 with respect to  and y respectively.
Using the exactness of the quadrature formula, the Cauchy-Schwartz inequality
2 2
and a-b < % we obtain

bk 1/2

(3 2% ) (3 2 nein,) o
j:l j=1

1/2

+/dk ( Z 82ua 2 (&y)? i)l/z( Z % f(fmy)%i) dy

Ch i=1 i=1

(Aulg,Av(’;’“)Nk §/

k

Ni—1

1 [bw 92uk
+§/ ( Z W;(ij)zpj
ak j:l

L 82“6 32v§ )
+/Ck ( Z 2 (&hy)° pwa—y?(gi,y) pi) dy.

Using that for all o € Py (A),

2

Ok
+ W;($,§j)2pj> dx

lenllzzay < (ensen)n < Cllon|lzza),

where C'is a constant independent of N [12], we deduce (5.2)).
For the ellipticity proof, we have

K
a3 13) > Y- 1803+ N2IASIEa, +21 [ AwFASda
k=1 k



8 M. ABDELWAHED, N. CHORFI, V. RADULESCU EJDE-2017/82

K
> Z [AuzI72 (60,
k=1

We distinguish the two cases Q\A and A.
(1) If Qi C A; since the functions X and their normal derivatives vanish on 0A
and using the conformity hypothesis it is therefore sufficient to show that

> Auz G0 = C D ludkla@)- (5.4)
QrCA QrCA

It suffices to handle the terms of the cross product, using Green formula

0%u, 0%u 0%uk, 2 ouy, 0%u;
ok O ok g, _ ( 6k) _ ok O Wsk kg
Q Giol

o, 0x% 0y 0xdy oxr Oxdy Y (5.5)
Dugy, ugy o, .
+/8S2k 9r Oy? n, dr.

* 2 % * 2 %
The sum on the mortar of A reveals the jumps [ag;’“ %;g;] and [% %—Z%’“] on

the interfaces terms. Since S is continuous as well as its norrglal derivative on the
: : ougy, usk ougy, 8% usk
interfaces, these jumps are reduced to [“52k Fo2k] and 5ok S50k

: . [Ousk 9 usk 98 92usy Ausi O2usk 98 8%usy,
These terms are then written: [S52k 3k A G2 Fosk | and [ 52k S5k +A -

The integral of [mm] and [Mm] vanishes (see [8]).

dx Oxdy ox  Oy?
. 88 9%usy S D%usy 3
We also show that the integral of these terms [$2 ] and [$2 Z548%] vanishes
oz Oxdy ox Oy

since 22 = > >0 @nLn(x). Then, the sum on the sub-domain A in (5.5) no longer
counts jump terms which gives (5.4)). o
(2) If Qi € Q\A, the restriction of the functions from X; to Q\A coincides with

that of X5 and we conclude (see [8])

Yo ATy 2C D lubllEea,)- (5.6)

Then from inequalities (5.4)) and (5.5) we have that for all vy € X7,

Ox Oy2

K
Z ||AU§1€H%2(Q,€) > C”U;k”zz
k=1

Hence we obtain the ellipticity of a}(-,-). O
Proposition 5.3. For f € L?(Q), the discrete problem (5.1) has a unique solution
uy in XA and

[usll2« < Cl[fllL2(0)-

Remark 5.4. The norms ||- |1« and ||-||2« are equivalent with a constant depending
on the discretization parameter d. In the following we will use the norm || - ||1. and
we will show an inf-sup condition on the bilinear form aj(-,-) using this norm.

Proposition 5.5. There exists a constant o such that for all vy € X§,

* * t*
p DL 5 s, (5.7)
rrex;  [It5]he
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Proof. Consider t5 = vs + $(AS) and find a value for § which satisfies inequality
(5.7,

as(vs,t5)

= aj(vs + AS,vs + B(AS))

v

M T 11

/ (Av(;k)Qda:+|>\|(1+6)/ ASAvgy, do + F2)? As2dx}
-JQ Qp Qp

_HAvakHiz(m) — [AI(L + B)[|AS| L2 (04 [ Aver L2 (o) + ﬁ2>‘2”AS”%2(Qk)}

1l (B+1)?
>3 [5lAvskl2za, + IN(B = ) 1AS e,
k=1
Using Young’s inequality ab < # and choosing # = 3, we complete the proof.

O

Using inequality (5.7) and the Strang lemma we obtain the following result.

Proposition 5.6. The error estimate between u the solution of problem (3.1)) and
ug~ the solution of problem (5.1)) is

llu — s+ ||1+

<[ int (Ju—oflh+ sup 2E8) 505,58

viEX} wieXy [Jw; ll1x (5.8)
K K aa ow}
« sup Py Zl:kJrl (fm (anu) [wi] do — fm A“[%] dm)}
wiEX} w5 {1« ’

where n and |[w] are respectively the normal and the jump of w on the interfaces.

To find the order of convergence, we have to estimate each term of the inequality
(5.8). Recall that the singular function S is of class C!, then the jump terms

dwk,  Ow: .
(Wie — wg‘l) and ( gfl" — %) through each interface 7y; are reduced to (wsr — ws;)
Owsy _ Owst
and ( on on )

The conformity hypothesis on A implies that these quantities vanish. Moreover
u and ug coincide on Q\A; the consistence error term is then written on each
interface g,

/ d(Au) [ws] dx +/ Au[%} dx
Ykl an Ykl an

= / e (po — wsk) dx + / Bun) (po — wa) da

on e On

Owsi, Owsy
+/ (Aur)(p1 — d33+/ (Aug)(p1 — ——) dx
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where ¢ and ¢; are the mortar functions associated with (wsg, 8w5) Then we
obtain, [§],
K
(& 0
§: E:(/ “Q%Q@mhm+i/ Aug[Z2 dz
=11=k+1" Tkl on - on
< ’ ( T on j 7)) .
;; “/’M@P’Nk 4(Tk7) ” on waH(HSM(pk ))
+ . f A - j J /).
wkjEPirr,:,4(rkj)|| UR /(/)kJ”(Hl/Q(Fk )

Following the definition of X and (3.3]), we have

inf
s
v5€X5

u—vslie <C inf_[lug —vs1
UgEX(;

where
Xé_ = {’U(; € Xs;vsk € PN—I(Qk)}-
Finally the term

sup a(vs,ws) — aj(vs, w5)
wiEX] w5 1«

vanishes if we choose vj; = vs € Xj following the exactness of the quadrature

formula (4.1]).

Doing the sum of these results, we obtain

Ju — ug |
8AuR
SC[ 1nf U — vs||l1« + ( — P 3/2 (ki)
it =l k§ 1:; (gen™ g 170 Vsl
in Aug — i j,ﬂ.
N ¢kj€IP’ifrklf4(ij) |Aun ZZJkJH(Hl/z(Fk 2

5.10)
Suppose f in H*72(Q) for n(w) < s < n(w) + 2, then ur € H*T2(Q) and the(trace
(respectively the normal derivative trace) of uz belongs to H*~2 (9€Y,) (respectively
HS_%((?Qk)); 1 <k < K. Taking vy (respectively xy;) the orthogonal projection
on Py, _4(I'*7), we deduce

[Aur — Vijll (mrr2oriyy < C NP llurll ez

aAUR —s
1=5, = Xwilla-sr2wrsy < C N lurlmove (o)

Furthermore, we have

inf ||u—v5||1*<CZN Nurllms+2(ay)-
AR k=1

Suppose that f € H*~2(Q) with s < 2+1; (w) where 1; (w) is the second real solution
of the equation (3.5)), in the band 0 < Real(z) < s, then from the decomposition
(3.8) and Assumption we show exactly in the same way that

lu = ugll1e
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0AT
<C mf ||UR — vs 1+ + Z Z 1552 = ksl a2 sy
on

k1 =1 ¢kg€1P’Nk 4(ka)

o 85 )]
+ij€ﬂpill:,4(r‘kj) [Atr Xk.]”(Hl/?(rk )

We note that
mff lur = vl < C{ inff lar — vsl|1 + |5\| inff ||§ — Ué”l*}.

VsEX 5 VsEX 5 vsE€EX

Using the approximation result of the singular functions by polynomials [10] we
have

inf ||S — vsll1. < CNT2E) ve > 0.

vs€X;
Then
inf [Jur = vs|l1e < CN*7*([ligllme o) + [A]),
vsE€EX;
hence

lu = sl < CN*7*|[ fllme-2(@)  for s <2+m(w).

Combining these results we have the following theorem.

Theorem 5.7. If f € H*72(Q) for s >0 and ¢ > 0 then

K
=i lhe < (30 NE ) I ez

k=1
where o, 1 < k < K satisfies

s—2 if Qi does not contain any vertices of €,
ok = { inf(s — 2,291 (7/2) —¢) if Qx contains a vertex of Q other than a,
inf(s — 2,2m (w) —¢) if Q. contains a.
(5.11)

Using the Aubin-Nische duality we have the following corollary.
Corollary 5.8. Let f in H*72(Q), for s > 0, then, for all € > 0,

K
Ju — wh]| 120y < O(N*Q(Z N;"k)) £l zze=2(0)
k=1

where o, satisfies (p.11) and N = infi<p<x Ny.

Conclusion. We studied the biharmonic problem with homogeneous boundary
conditions in a domain of R? with corners. The discrete problem was studied
using the mortar spectral element method. We showed that if we consider the
decomposition of the solution in a regular part and a singular one, we improve the
order of the error. Using the Strang and Fix algorithm, which consists on adding
the singular function in the discrete space, we prove an optimal order of the error
on the solution. The numerical implementation of the obtained results will be
presented in a forthcoming work. The extension of this discretization to the three
dimension axi-symmetric domain is presently under consideration.
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