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GROUND STATE SOLUTIONS FOR NONLINEAR FRACTIONAL
SCHRODINGER EQUATIONS INVOLVING CRITICAL GROWTH
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ABSTRACT. This article concerns the ground state solutions of nonlinear frac-
tional Schrodinger equations involving critical growth. We obtain the existence
of ground state solutions when the potential is not a constant and not radial.
We do not use the Ambrosetti-Rabinowitz condition, or the monotonicity con-
dition on the nonlinearity.

1. INTRODUCTION

The fractional Laplacian (—A)® is a classical linear integro-differential operator
of order s. The main feature, and also its main difficulty, is that it is a non-local
operator. Recently, a great deal of attention has been devoted to the fractional
Laplacian and non-local operators of elliptic type, both for their interesting theo-
retical structure and concrete applications. The fractional Laplacian (—A)*® arises
in the description of various phenomena in the applied science, such as the thin ob-
stacle problem [8],[29], phase transition [T}, [30], Markov processes [16] and fractional
quantum mechanics [23] and the references therein for more details.

The fractional Schréodinger equation formulated by Laskin [21], 22 23] has the
form

ipy — (_A)s(p - V(l‘)(p + f(‘p) =0, (.%‘,t) € RY x R, (1'1)
where s € (0,1), N > 2s, ¢ is the wavefunction and V(z) is the potential energy.
The fractional quantum mechanics has been discovered as a result of expanding
the Feynman path integral, from the Brownian-like to the Lévy-like quantum me-
chanical paths. Since we are concerned with the standing wave solutions of the
form

p(z,t) = eiiwtu(x)v weR,
then can be converted into
(—Au+V(z)u= f(u), zcRY. (1.2)

When s = 1, equation ([1.2) gives back to the classical nonlinear Schrodinger equa-
tion
—Au+V(2)u= f(u), xecRY, (1.3)
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which has been studied theoretically and numerically in the last decades. We
should emphasize that the potential V(x) plays a crucial role concerning the ex-
istence of nontrivial solutions and the existence of ground state solutions. If the
potential V(x) is a constant, namely is autonomous, in the celebrated paper
[5], Berestycki and Lions first proposed the Berestycki-Lions conditions which are
almost optimal for the existence of ground state solutions in the subcritical case.
The authors investigated the constraint minimization problem and use the Schwarz
symmetrization in H!(RY). For the critical nonlinearity f, because of the lack
of compactness of H'(RN) — L2 (RY), the existence of ground state solutions of
problem becomes rather more complicated. In [38], the critical case was con-
sidered by modifying the minimization methods with constrains. Since the radial
symmetry plays a crucial role, the method is invalid for the non-radial case.

In the non-autonomous case, that is V(z) # V, where V is a constant, the
main obstacle to get the existence of solutions or ground state solutions is the
boundedness of the Palais-Smale (PS for short) sequence because of no some global
conditions on f, such as the Ambrosetti-Rabinowitz (A-R for short) condition.
Moreover, the lack of compactness due to the unboundedness of the domain prevents
us from checking the (PS) condition. To avoid the difficulties mentioned above, in
the seminal paper [19], Jeanjean and Tanaka used an indirect approach developed
in [18] to get a bounded (PS) (BPS for short) sequence for the energy functional
I, then the existence of positive solutions and moreover ground state solutions is
obtained in the subcritical case when the nonlinearity f and potential V() satisfy
the following assumptions:

(A1) f e C(RT,R), f(0) =0 and f’(0) defined as lim;_g+ f(t)/t exists,

(A2) thereisp < o0 if N =2, p < 2*—1if N > 3 such that lim;_., f(¢ )/tT’:O,

(A3) limy o f(t)/t = +o0,

(A4) f(0) < info(—A 4+ V(z)), where o(—A 4+ V(z)) denotes the spectrum of
the self-adjoint operator —A + V(x),

5) V € O(RN,R), V(z) — V(c0) € R as |z| — oo,

6) V(z) < V(o).

7) there exists a function ¢ € L2(R™) N W1>°(RY) such that

A3
Ad
(A
(A
(A

2|V (@)] < ¢(x), Vo € RY.

Here, the decay condition (A7) is crucial to derive the boundedness of the (PS)-
sequence. For the critical case, the problem is different and more difficulty. In [35],
by use of the indirect approach developed in [I§], the authors completed the proof
of existence of ground state solutions in the critical case with the same conditions
on V(z). As for the nonlinearity f, the following conditions are satisfied

(A8) f € C(RT,R), f(t) =o(t) as t — o™,

(A9) limy,yoo f(t)/t¥ =1 = K > 0, where 2* = 2%
there exist D > 0 an <g < such that f(t) > Kt* 4+ Dt *,Vt > 0,

A10) th ist D > 0 and 2 2% h that f Kt~ 1+ Dtam1 vt >0

(A11) fe CYR,R),|f'(1)] < OO +|t7=2).

Now, we return our attention to the fractional and non-local problems. With
the aid of the extended techniques developed by Caffarelli and Silvestre [9], some
existence and nonexistence of Dirichlet problems involving the fractional Laplacian
on bounded domains have been established, see [4} [7, [32] and so on. For the general
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fractional Schrodinger equation
(=AYu+V(z)u = f(r,u),r € RY

in the subcritical or critical case, many results have been obtained on the ex-
istence of ground state solutions, positive solutions, the multiplicity of standing
wave solutions, the symmetry of solutions and so forth, under the different condi-
tions on V(z) and f, for example the monotonicity condition, (A-R) condition, see
[3, [, @, 10, 12| B3] [34] 0] and the references therein.

As is well known, the existence and concentration phenomena of solutions on the
singularly perturbed fractional Schrodinger equation

(=AY u+V(z)u= f(u),z € RN

is also a hot topic. For this subject we refer, for example, to [2, [14] [15] [17) 27 28]
and the references therein.

Now, let us say more about the existence of ground state solutions of a class of
fractional scalar field equations

(=A)u+V(z)u = f(u),z € RV,

When f(u) — V(x)u = g(u), the authors [I1] obtained the existence of radial pos-
itive ground state solutions under the general Berestycki-Lions type assumptions
in the case of subcritical growth. By using the fractional Pohozaev identity and
the monotonicity trick of Struwe-Jeanjean, they showed that the compactness still
holds under their assumptions without the Strauss type radial lemma in HS(RY).
In [37], the existence of radial ground state solutions was obtained when V(z) =V
involving the critical growth by means of the constraint variational argument, where
V > 0 is a constant. When V(z) = V (|z|), Secchi [31] proved the existence of radi-
ally symmetric solutions for equation in H3(RY) by the fractional Pohoziev
identity and the monotonicity trick in subcritical case. The conditions on f and
V(z) are as follows

(

(A13) —oo < liminfy g+ f(¢)/t < limsup, o+ f(t)/t = —m <0,

(Al4) —oo < limsup,_,, ., f(t)/t*~1 <0, where 2} = 22,

(A15) for some ¢ > 0, there holds F(¢) = foc f(t)dt >0,

(A16) V € CYH(RY,R),V(z) > 0 for every x € RY and this inequality is strict at

some point,
(A17) || max{(VV(z), ), 0} || n/2:mry < 2585,
(A18> 1im|x‘ﬂ+oo V(ZL‘) = 0,
(A19) V(z) is radially symmetric,
where S, is the best Sobolev constant for the critical embedding, that is
[(=2)*?ul|7

weHs®N)uz0  |ulf?,,

Se =

i

here H*(RY) is the fractional Sobolev space with respect to the norm

Jull? = [ 1A +

Where (A13)-(A15) are called Berestycki-Lions type conditions, and (A17) is used
to get the boundedness of the (PS)-sequence by use of the monotonicity trick. The
condition f € C! ensures that the fractional Pohozéiev identity can be used.
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Now, the problem is how about the existence of ground state solutions when
V(z) is non-radial in the critical case. As we all know, for the critical case, the loss
of the compactness for the embedding H*(RY) — L% (R") is the main difficulty.
What’s more, (PS) condition, in general, fails. Since V' (z) is non-radial, the method
introduced in [37] can not be used here since the fractional space they used is
H3(RYN). With critical growth, the authors [I7] proved the existence of solutions
for equation under the monotonicity condition on f(t)/t and 0 < pF(t) =
ufot ft)ydt <tf(t),pu € (2,2%) for all t > 0.

Motivated by the seminal papers above, we use the indirect approach developed
in [I§] to investigate the existence of ground state solutions for nonlinear fractional
Schrédinger equation involving the critical nonlinearity, where the potential
V(x) depends on = non-radially. More precisely, on the nonlinearity f, we assume

(A20) fe CYR*,R) and lim;—o f(t)/t =0,
(A21) limy_o f(t)/t% 71 =1,
(A22) There exist D > 0 and p < 2¥ such that f(t) > >~ 4+ DtP=1 ¢ > 0.

We assume f(t) = 0 for t < 0 throughout the paper since we are concerned with
the positive solutions.
On potential V' € C'(RY,R), we assume

(A23) There exists Vy > 0 such that inf, cpnv V(2) > Vo,
(A24) V(z) < V(00) := limyy| e V() < 00 for all z € RN and V(z) # V(0),
(A25) || max{(VV (z),x), 0} n/2:mrvy < 25Ss.

In contrast to the conditions in [I7], our conditions are more weaker. The main
result is the following.

Theorem 1.1. Assume N > 2s,s € (0,1), if max{2,25—2} < p < 2%, (A20)—(A25)
hold, then problem (1.2) has a ground state solution.

The proof of Theorem is inspired by the ideas in [19] and [35].

Firstly, we show the existence of positive solutions of . For this purpose, we
look for a special BPS sequence for the energy functional I associated with
by use of the Struwe’s monotonicity trick. Precisely, with the help of the auxiliary
energy functional I satisfying

I(U)\j)ZI)\j<U)\j)+<)\j—l) RNF(uAj),)\j—)L j — o0,
we prove the existence of positive critical points denoted by wy; of Iy,. Thanks
to the decomposition of BPS sequence, the properties of {uy,} and the energy
estimation of Iy, (uy,;) are obtained. Consequently, we show that {uy,} is a BPS
sequence for I at some level value.

Secondly, for the proof of the existence of ground state solutions, we construct a
minimizing sequence {u,} which is composed of the critical points of I. We show
that {u,} is a BPS sequence for I at m, here m denotes the least energy. Then,
making use of the decomposition of BPS sequence and the relationship of I and
1°°, we prove that m is attained at some u # 0.

Remark 1.2. In the proof of our main results, the estimations of the Mountain
Pass (MP for short) values, Pohozaev identity and the decomposition of BPS all
play crucial roles.
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This article is organized as follows. In section 2, we introduce a variational
setting of our problem and present some preliminary results. In section 3, we are
concerned with the decomposition of BPS and the existence of nontrivial critical
points for the auxiliary energy functional. Section 4 is devoted to the completion
of the proof of Theorem 1.1

In the following, the letters C., 4,y are indiscriminately used to denote various
positive constants whose exact values are irrelevant.

2. PRELIMINARIES AND FUNCTIONAL SETTING

To establish the variational setting for (1.2]), we give some useful facts of the
fractional Sobolev space [25] and some preliminary lemmas.

The fractional Laplacian operator (—A)® with s € (0, 1) of a function u : RN — R
is defined by

F((=Ayu)(©) = [ F(u)(€), €eRY,
where F is the Fourier transform. For s € (0, 1), the fractional order Sobolev space
H*(RY) is defined by
HORY) = {u e LP®Y) s [ JePlafde < o)
RN

endowed with the norm [|ul| s~y = (fpu ([€[2*|@]* + |@]*)d€) /2, where @ = F(u).
By Plancherel’s theorem, we have ||ul[ 2@~y = ||| 2~y and

—N)*2u(x)Pde = S|al)2de.
[ e ks = [ qetaeae

It follows that [|ull e @~y = (Jpn ([(=A)% 2u(z)? + |u|2)dx)1/2, u€ H(RN). Ifu
is smooth enough, (—A)*u can be computed by the following singular integral
() — u(z) — u(y)
(—A) U(l‘) = CN,SP.V. - mdy

Here cy,s is the normalization constant and P.V. is the principal value. So, one can
get an alternative definition of the fractional Sobolev space H*(R™) as follows,

H*(RY) = {u € L2(RN) : w € LXRN x RM)}

|z —y| =

(e [t utpye
sy = ([ o+ [ )

The space D*(R™) denotes the completion of C§°(RY) with respect to the Gagliardo

norm
N 1/2 . 1/2
fullome = ([ te1arag) ™ = ([ j-armap) ™
RN RN

Since we investigate the existence of solutions of problem (|1.2), we need the frac-
tional Sobolev space Hi (RY) which is a Hilbert subspace of H®*(RY) with the
norm

with the norm

||u||H‘s/(RN) = (/RN <|(—A)5/2u|2 + V(m)|u|2> dx)1/2 < 00. (2.1)
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It is easy to check that Hy (RY) = H*(RY) if (A23) and (A24) hold. In our paper,
we shall work on H*(RY) with norm and we denote ||ul|gs@~y by [[ul| for
simplicity.

Associated with problem , is the energy functional I : H*(RY) — R defined
by

1

Mm:5/ (AP + V@l ~ [ Pl HERY),
RN RN

where F(u) = [/ f(t)dt. Conditions (A20)-(A22) imply that I € C'(H*(RY),R).

Definition 2.1. u is said to be a solution of (1.2)) if u is a critical point of the
energy functional I and satisfies

/ @AﬁuFAﬁw+/ V@W@=/ f(we,ue HRY), Ve CF®RY).

u is said to be a ground state solution of (1.2)) if u is a solution with the least energy
among all nontrivial solutions of (|1.2).

In this article, we use the embedding lemma and Lions lemma as follows.

Lemma 2.2. ([24]) For any s € (0,1), H*(RY) is continuously embedded into
L™ (RY) for r € [2,2%] and compactly embedded into Ly (RN) for r € [2,2%).

Lemma 2.3. ([26]) Suppose that {u,} is bounded in H*(R™) and

lim sup / [tn|? — 0.
Bi(2)

n—oo ZERN

Then ||up||Lr — 0 for r € (2,2%) when N > 3 and for r € (2,4+00) when N = 1,2.
Here By(z) = {y e RN |y — 2| < 1}.

3. SOLUTIONS FOR AUXILIARY PROBLEMS

In this section, we consider the family of functionals Iy (u) : H*(R") — R defined
by

1
B =3 [ 8P Vi - [ F)
2 RN RN
The corresponding auxiliary problems are
(=A)’u+ V(x)u = Af(u). (3.1)

The main aim of this section is to prove that for almost every A € [1/2,1], I has
a nontrivial critical point uy such that Iy(uy) < c¢x, where

— inf I
ey = ;Iel Jnax, A(v(1)),

= {ye€C([0,1], H*(RY)),7(0) =0 and Ix(v(1)) < 0}.

Before we prove the existence of solutions for the auxiliary problems (3.1)), we
give some propositions and lemmas.

Proposition 3.1. Let u(z) be a critical point of Iy with A € [1/2,1], then u(x)

satisfies
N -2
S/|< )/l + / V()]uf?
2 Jan

+1/RN<VV(:17),x>\u|2 fN)\/RN F(u) =0.

(3.2)
2
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As we all know, (3.2) is named Pohozaev identity. The proof is similar as that
in [II] and we omit it here.

Lemma 3.2. Assume (A20) and (A21) hold. Let {u,} C H*(RY) be such that
Up — u weakly in H*(RN). Then up to a subsequence,

[ ) = 700 = Fla = )6 = 0,1l

where 0,(1) — 0 uniformly for ¢ € C°(RY) as n — oo.

The proof of the above lemma is similar to that in [39]. So we omit it. Similar
the proof of Brezis-Lieb Lemma in [36], we can give the following lemma.

Lemma 3.3. For s € (0,1), assume (A20) and (A21). Let {u,} C H*(RY) such
that w, — u weakly in H*(RY) and a.e. in RN asn — oo, then

/RN F(u,) = /]RN F(uy, —u) + /RN F(u) + on(1),

where 0,(1) — 0 as n — oo.

To obtain the existence of critical points for Iy, the following abstract result is
needed from [I8], which shows that for almost every A € [1/2,1], I\ possesses a
BPS sequence at the level cy.

Theorem 3.4. Let X be a Banach space equipped with a norm ||-||x and let J C R
be an interval. For a family (Ix)aes of C'-functionals on X of the form

In(u) = A(u) — AB(u), VA € J,
where B(u) > 0,Vu € X and such that either A(u) — +oo or B(u) — +0o0 as
|lullx — oo. If there are two points vi,ve in X such that

ey = inf max I\(y(t)) > max{Ix(v1),Ix(v2)}, VA€ J,
v€l' t€[0,1]

where
r'= {fy € C([07 1]3X)7’Y(0) = vl?W(]‘) = ’02}'
Then, for almost every A € J, there is a sequence {v,} C X such that
(i) {vn} is bounded,
(il) In(vn) — e,
(iii) I (vn) — 0 in the dual X' of X.
In the following, we use Theorem [3.4] to seek nontrival critical points of I for
almost every A € J. In what follows, let X = H*(RY) and
1 S
A =1 [ o vEe, Bw= [ P
RN RN
Obviously, A(u) — +o0 as ||u|| — oo and B(u) > 0 for any u € H*(RY) by
(A22). Now, we give the following lemma to ensure that I has the MP geometry.
Consequently, we obtain a BPS for I, by Theorem
Lemma 3.5. Assume (A20)—(A24) hold. Then
(i) there exists a v € H*(RN)\ {0} with I\(v) <0 for all X € [1/2,1];
(ii) ex = inf,er max;epo1] In(y(t)) > max{Ix(0), Ix(v)} > 0 for all X € [1/2,1],
where
I = {y € C([0,1], H*(RY)),7(0) = 0,7(1) = v};
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(iii) there exists a BPS sequence {u,} at the MP level ¢y for Iy, where u, > 0.
Proof. Since (A20) and (A21) hold, for any € > 0, there exists C(¢) > 0 such that

F(u) §5/ |u\2+C(€)/ |u
RN RN RN
1 2
Iy(u) = ~[lu] —A/ Flu
2 .

1
> S llull® = ellullz: - Ce)

From Lemma[2.2] there exist constants p > 0 and ¢ > 0 independent of X such that
for |lul| = p, In(u) > 0. On the other hand, (A22) implies

1 D
In(u) < 5 Jlul® -

Lz* - 7” ”
Set vo € H*(R™) such that vy > 0, v ;é 0. Since Iy (tvg) — —oo0 as t — +oo, then
there exists ¢o such that I\ (tove) < 0 as |[tovg|| > p. Set v = tovg, then (i) and (i7)
hold. So, the conditions of Theorem are satisfied. Therefore, for almost every
A € [1/2,1], there exists a BPS sequence {u,} for Iy at the MP value c¢). Now, we
show u, > 0. Let u,, = u,}} +u,, . Using u,, as a test function, since f(t) =0 for all
t <0, we have

() = [ =8P =8P+ [ Vi) A [ S
= [N )+ [ V@l
]RN N

Since for every z,y € RV, we have (u;} (z) — u} (y)) (u, (x) — u, (y)) > 0, it follows
that

% Yu e H*(RY).

Thus

L2*

LAY 2 (— ) 2 r) = un(y)) (uy, () — uy, (v))
[ s /RN/M EETi

/ u,, (1))

RN JRN \NHS

- /I AW? i

Therefore, from (I} (uy,),u, ) — 0, we have |lu;, || — 0. The proof is complete. O

From the argument above, we obtain a BPS for I at the level c¢). To get the
convergence of the BPS sequence, we give some lemmas and propositions.

Lemma 3.6. Assume (A20)—(A24) hold. If max{2,2% — 2} < p < 2%, then

2s

s 2
cy < N3 S2s.
NA
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Proof. Let ¢ € C§°(RY) is a cut-off function with support By such that ¢ =1 on
By and 0 < ¢ <1 on By, where B, denotes the ball in RY of center at origin and
radius r. For € > 0, we define 9. (x) = p(x)U(z), where

_we -2
Ues(z) = ke ( + |5S28 | )

By [13], Ss can be achieved by U.(z). Let v. = ﬁ7 then [[(—A)%?v |2, <
L
Ss 4+ O(eN=2%). From [17], we have the estimates
O(e%), N > 4s,

[vell72 = § O(e* Inl), N =d4s,
O(EN-2%), N < 4s,

and

2N —(N—25s)
p O(e 2 p)a p> %,
l[vellr = (N=29)p N
: )’ p< N-—-2s"
By (A22), for any t > 0,

2

t
L) =5 | I(*A)S/%MV(I)I%IQ*A/RN F(tve)

N
:*HUEHQ )\/ F(tv.)

t2 A o«  DtP
5Hvsll2 — t% — —— eI,

<
- 2% 2p

Obviously, I (tv.) — —oo0 as t — 400 and Iy(tve) > 0 for ¢ > 0 small. Let
g(t) = 22||UEH2 2%, Then t. = (M)m is the maximum point of g(t).

For € < 1, by the definition of v,, there exists t; > 0 small enough such that

t2
Iy(tve) < = [loe|? -
s Atve) < Sllvell” < =

Since Iy (tv.) — —o0 as t — 400, it is easy to obtain that there exists t3 > 0 such
that

S N
max I)(tv,) < ———=52°.
el Ilive) < e
Ifte [tl,tg],
Dt? Dt?
I t £ < 1 £ pp < te _71 €
max In(to:) < max {g(t) = 5 Lol } < g(t) = 5 Lo
For ¢(t.), we have
S N
glte) = W(H%HQ)%
N
5 s 25
- i (I8l + [ VE@l)
N

S
< N—2s 2 s
< s (50 )
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By (a+ )4 < a?+ q(a+b)9 b, where a > 0,b > 0,q > 1, we have
S N N
L) < ( s ( . N-2s
olte) < S (55 + 5 (5. + 0V )

+Clleelis) T (OENTE) + ClullEz) )

S N _9s
S WS{?& +O(€N 2 )"‘CH’UE”%Q
Thus
D

e [0l

max I (tv.) < % s +O0(ENT2) + Cllve |32 —
te(ty,ta] = N)\% ’ L

Next, we estimate max;c[s, ¢,) Ix(tve) in three cases.

Case 1: If N > 4s, then ﬁ < 2, with p > max{2,2% — 2}, we have p > %
So

max IA(tU ) < ;S% +O(€N_2S) +O(528) _O(€2N—(1§—2s>p
te(ty,ta] = N)\% 3
2N—(N—-2s)p
From p > 2, N > 4s, then =——5—* < 2s < N — 2s. Thus, for ¢ > 0 small
enough, we obtain

S N
max I)(tv.) < ———=52°.
telbrta] (fue) NATE
Case 2: If N =4s, then 2 < p < 4. For € > 0 small enough, we obtain
s N 1
ax I\(tv.) < — =82 + 0(eV72%) 4+ O(e®* In —) — O(e**~*P
max I(1ve) €~ (Y 72) + 0 In <) — O™ )
S N 1
< s yo(aimb) - oe
< 5§ 0(M ) - 0E)
< s S%
N)\N2—§2e S

since

— +00.

Case 3: If 2s < N < 4s, then N%Qé > 2, with p > max{2,2% — 2}, we have
p> % So

21\77(];723)13).

max Iy(tv.) € — oS3 + O(EN"2) — O(e
t€(t1,t2] - N °

From p > N‘f"‘QS, then w < N —2s. For £ > 0 small enough, we obtain

S N
max IA tve) < 773525.
tety,ta] ( 6) N 1\72752 *

The proof is complete. O
In (1.2), if V(z) = V(c0), for A € [1/2,1], the family of functionals I3° :

H*(RY) — R, defined as

1

R =5 [ 18+ Vol <3 [ F)

2 RN RN
plays an important role in our paper. Similar as that in [20] B8], we can derive the
following result.
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Lemma 3.7. For \ € [1/2,1], if wy € H*(RY) is a nontrivial critical point of I3°,
then there exists vy € C([0,1], H*(RN)) such that v5(0) = 0,13°(yA(1)) < 0,wy €
[0, 1] and maxe(o 17 I35 (A (1)) = IF°(wa).

Lemma 3.8 ([37]). If f satisfies (A20)—(A22) and max{2,2} — 2} < p < 2%, then
for almost every A € [1/2,1], I has a positive ground state solution.

Lemma 3.9. If V(z) = V(c0) > 0 and (A20) and (A21) hold, then there exists

a constant 6 > 0 independent of A such that any nontrivial critical point u of I3°
satisfies 1°(u) > 0.

Proof. Letting u be a nontrivial critical point of I3°, from the Pohozaev identity

(3.2), we have
I (u N/ A 2y)?,

Since (A20) and (A21) hold, for any ¢ > 0, there exists C(¢) > 0 such that

[ ey v <e [ e [
RN RN

Thus, [pn [(—A)%?uf? < . On the other hand, by the Sobolev embed-
ding theorem, we have [, [u[%* < C( fRN —A)*/24|2)*"  Since u # 0, there exists
a constant dy > 0 such that [ |(—A)52ul?> > 5y and so I (u) > & := s0p/N. The
proof is complete. ([

o*

s

Now, we give the decomposition of a BPS sequence.
Proposition 3.10. Assume (A20)-(A25) hold. If max{2,2% — 2} < p < 2%, for
almost every X € [1/2,1], {u,} given in Lemma is the BPS sequence at the
N

MP wvalue cx. Moreover, cx < —f—552°. Then there exist a subsequence, still
A

2s

denoted by {u,}, an integer k € NU{0} and v} € H*(RN) for 1 < j <k, such that
(1) un — ux weakly in Hé(RN) and I} (uy) =0,

(i) 1))\7501) >0 cde/\ (U/\)—Oforl<j<k
(i) ex = Ia(ur) + 35—y I ()),

kg ;

(iv) flun —uo — Zj:l v (- =)l — 0.
where |y)| — oo and |y, — yl| — 0o as n — oo for any i # j.
Proof. For X € [1/2,1], let {u,} C H*(RY),u, > 0 be given in Lemma Since
{u,} is bounded, there exist a subsequence denoted by {u,} and uy € H*(RY)
satisfying u,, — uy weakly in H*(RY) and u,, — uy a.e. in RY. It is not hard to
verify that I3 (uy) = 0.
Step 1. Let v} = u, —uy. If v} — 0 strongly in H*(RY), the Proposition holds
with £ = 0.
Step 2. We claim that if v}, / 0 strongly, then lim, oo SUp,cpn~ fBl(z) vz > 0.
Since I)(uy) — cx, by Lemma [3.3] we have

ex — In(ux) = In(vy,) + o(1), (3.3)
Since v} — 0, by (A24) and Lemma we have

() = hwh) = [ (V(e0) = Vi)l
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- / (Vi(o0) — V(@)[wl[? + / (V(c0) — V(@)[ul?
Br(0) RN\Bg(0)

— 0.
Consequently,
ex — Iv(uy) = I (vy) + o(1). (3.4)
Suppose lim,, o0 SUP,cpny fBl(z) |vl]? = 0. By Lemma E we have
vl —0 in LY(RY), Vte(2,20). (3.5)
Let f(t) = h(t) + (t7)%~1, from (A20) and (A21), for any € > 0, there exists

C(e) > 0 such that
sPE) @ [l
RN

12
[ aebl<=( [ il

where r < 2. Slnce vl € H¥(RY), from (3.5)), we obtain

| |<€C’+o()

which implies [,y H(v)) = 0(1) since ¢ is small enough. Furthermore, by the
Brezis-Lieb lemma, we have
2 _L/‘
RN

/ |'Urlz % :/ |y,
RN RN
Thus, (3.3]) reduces to
1 A x
x = Inun) = 3 eh1P = o2 [ Jodl + o), (36)
s JRN
Noting that I} (u,)v) — 0 and I} (uy)v} = 0, by direct calculation, we obtain
o1 = A [ () = Fu) v = ian)oh = )t = 0.

By Lemma [3.2]

[ ) = sy = [ el + ool
RN RN
= [ hwheh+ [ o

By (3.5) and similar argument as above, we have

/RN (f(un)—f(uk))vgl:/m ol
lvi )| — /\/

Combining (3.6) with (3.7), we obtain cx — Ix(uy) = &|[vi[|> + o(1).
Noting that I} (uy) = 0, from Pohozéev identity (3.2)) and Sobolev embedding
theorem, we obtain

I(uy)

% 4 0(1).

S+ o(1).

Therefore,

2 = o(1). (3.7)
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S
> 2 _ s/2 - N _ s/2 2.
> [ N80 = o (VY (@), M [ 1800

N
Condition (A25) implies I (uy) > 0. Thus ¢y — Iy (u)) < —3= 5. On the other
NA" 2

hand, since v} / 0 strongly, there exists a constant [ > 0 such that ||v}]|? — I. Set
J(=A)*/20L |2, = I < 1, then

A s/2.,112 7 o
. U8l Ly
u€Hs (RN ),u#0 ||u||L2§ (%)
N N
So we have [ > —S:-—. Consequently, ¢ — In(uy) > —5=—=-52°, which is a
NA 2

AT 2s
contradiction. The claim is true.

Step 3. From the argument in step 2, if v, — 0, then

lim sup / lut 2 > 0.
00 2eRN J By (2)
Thus, after extracting a subsequence if necessary, there exist {z1} ¢ RY and v}\ €
H*(RY) such that |2.| — oo and
(i) lim,— o fBl(Z,,lL) [vl2 >0,
(i) vn (- + 2 )41&#0,
(iif) 57 (v}) =
Clearly (i), (ii) are standard and the pomt is to show (iii). Set ul = vl(-+2z}). To

/

prove I (v}) = 0, it suffices to prove I3 (ul) — 0. For any ¢ € C§°(RN), from
I{(v}) — 0, we have

I (vn)e (- = 2p)

= / (=8)* 2o (z + 2) (=) Po(@)de + | V(x4 z)oh(@ + 2,)p(x)de
RN RN

— [ flon(o + 2)p(x)do
RN

= /RN(—A)S/%i(w)(—A)S/2<P(x)dx + | V(@ z)uy (2)p(e)de

RN
- [ S — o
Since |z}| — oo and ¢ € C$*(RY), by (A24), we obtain
[ Vet e — [ Voo
Thus,

() = [ ()Pl @) AP+ [ V(o @)p()ds

— | flup(2)p(x)de — 0.

RN

Then we obtain I3’ (v}) = 0 since u} — v}. On the other hand, from (3.4), it is
easy to see that cy — Iy(uy) = IS°(ul) + o(1).
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So, we obtain a bounded sequence {u} with ul, — v} # 0 satisfying
() = ex = D), I (ug) = 0, 15 (03) = 0.
Let v2 = u) —vi. Then u, = uy + vy (- — 2}) + v2(- — 2). If v2 — 0 strongly in
H*(RY), we have
en = In(un) = I2(v3),
[un = ux = vA(- = 2)[| = 0.
If v2 4 0 strongly, similarly as (3.3 and (3.4)), we have
ex = D) = IR (03) = I3 () + o(1), I3 (v7) = 0.
By the same argument as step 2, we obtain lim,, o SUp,cg~ fBl(z) [v2|2 > 0. Then,
there exist {22} C R and v # 0 such that [22| — oo and
(1) limp oo [5, (.2 [va]* >0,
(ii) o7 (- +23) =%,
(ili) I3°'(v3) = 0.
Set u? = v2(- + 22). Then, {u2} is a bounded sequence satisfying u2 — v3 and
I2(u)) = e = Dua) = I (0}), I (up) — 0.
Let v2 = u2 —v%. Then u, = uy +vi(- —z2) +vi(- — 2z} —22) + 03 (- — 2} — 22).
If v3 — 0 strongly in H*(R"), we have
ex = Ii(un) + I2(03) + I (v%),
lttn = — w1 = 28) — W (- — 2L = 22)| 0.

Otherwise, we repeat the procedure above. From Lemma[3.9] we can terminate our

arguments by repeating the above proof by finite k steps. That is, let yJ = >7_, 2¢

i=1"“n>
then
k .
en = D(w) + ) IR (v)),
j=1
k . .
[t = ux =Y 04 (- = )| — 0.
j=1

Step 4. Now, we show that after extracting a subsequence of {y?} and redefining
{v} if necessary, (iii), (iv) hold for |y/| — oo and |y’ —y?| — oo as n — oo for any
i#7j. Let A={1,2,---,k}. From un*UA*Z;?:l vl (-—y3) — 0and u, — uy ae. in
RY, we obtain that Z?:l vl (-—yl) — 0 a.e. in RN.‘Since vl > 0 for any j, it follows
that [yj,| — co. For y;, assume A; = {yJ, : |y;, — y}| is bounded for n}, then up to
a sequence, there exists some 9% € H*(RY) such that Djea, Ay —yh) — 34
strongly in H°(RY). Then |lu, —uy — 04(- — v5) — Dje(a\a) v (- —y)|| — 0.
Since vi (j € A) is the critical point of I3°, we have Ifol(f)f\) = 0. Then we redefine
v := 0}, and then [[un —ux — 355 a\a,)upiy VA — ¥)[| — 0 holds as n — 00, By
repeating the argument above at most (k—1) times and redefining {v3 } if necessary,
there exists A C A such that
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”un —u) — ZU;( - yfl)” — 0.
JEA

The proof is complete. O

If V() =V >0, we can get the similar decomposition of the BPS sequence for
the autonomous problem . Denote the energy functional of autonomous prob-
lem and auxiliary energy functional by J and Jy (A € [1/2,1]) respectively.
Let ¢y be the MP value for Jy, then we have the following result.

Corollary 3.11. Assume V(z) =V > 0 and (A20)—(A22) hold. For X € [1/2,1],
if {u,} C H*(RY) is a sequence such that u, > 0,||u,| < oo, Jx(u,) — cx and

N
J\(un) — 0, furthermore cx < —x=25". Then there erist a subsequence of
N\ 2s

{un}, an integer | € NU{0} and w) € H*(RN) for 1 < j <1 such that
(i) un — ux weakly in HS(RIY) with Ji(ux) =0,
(i) w] #0,w] >0 and J(w}) =0 for 1 < j <1,

)

)

(iii c) = JA(U)\) + Zé‘:l J)\(wi),
(1) flun = o = iy wh( = vl =0,
where |yl | — oo and |y, — yl| — 0o as n — oo for any i # j.

The proof of the above corollary is similar to Proposition [3.10, we omit it here.
Now, we complete the proof of the existence of solutions of the auxiliary problems

E1).
Lemma 3.12. Assume (A20)—(A25) hold. If max{2,2% — 2} < p < 2%, then for
almost every A € [1/2,1], In has a positive critical point uy satisfying ||ux|| > &
where § > 0 independent of \.
Proof. From Lemmasand there exists a bounded sequence {u,} C H*(RY),
Uy > 0 and 0 < ¢y < —5—=52°, such that

NA 25

I(up) — ¢y, I5(un) — 0.

Then u, — uy > 0 weakly in H*(R"). It is obvious that uy is a critical point of
1.

Now, we claim uy # 0. If uy = 0, from Proposition [3.10, we can deduce that
k > 0 since ¢ > 0, and

k
ey = Zlfo(vi) >m$® = inf{I3°(u) :u € H¥(RN),u 0,1 (u) =0}, (3.8)
j=1

where I;O/(vi) =0(j =1,2,...,k). On the other hand, we infer that
ey <my, (3.9)
which is contradictory to and then the claim is true.
From Lemma [3.8 we let vy be the least energy solution of
(=AY’ u+ V(oo)u = Af(u).
By Lemma there exists v, (t) satisfying v»(0) = 0, I°(7a(1)) < 0,vx € 72[0,1]
and

I (2 (1)) = I (vy) = mC.
Jnax, S () = I (va) = m3
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By (A24), we have
(@) < I (n(t), Vtel0,1],
and from the definition of ¢, it follows that

< I I — m.
ox < max A(na(t)) < o I3 (7a(t)) = m3

Since (A20) and (A21) hold, by the same argument as that in Lemma [3.9] there
exists a constant dy > 0 independent of X such that [y [(—A)*%uy|? > & since
uy # 0. Thus, there exists a 6 > 0 independent of A such that |Juy|| > §. The proof
is complete. (I

4. PROOF OF THEOREM [I.1]

Lemma [3.12]shows that for almost every A € [1/2,1], I5(u) has a positive critical
point uy. Thus we obtain a critical point sequence {uy} satisfying I (uy) = 0. In
the following, we first show that {u,} is a BPS sequence of I and then prove the
convergence of {uy} as A — 1. By analyzing the properties of minimizing sequence,
we complete the proof of the existence of ground state solutions of . First, we
show the uniform boundedness of {uy}.

Proposition 4.1. Assume (A20)—(A25) hold. If max{2,2% — 2} < p < 2%, then
{ux} is bounded uniformly and there exists 6 > 0 independent of A such that
I)\(’LL)\) Z 0.

Proof. Since uy is the critical point of Iy (u), from the Pohoziev identity (3.2), we

have
s
B =5 [ =8 up - o [ oveomP. @
RN
From Proposition In(ux) < cx < ¢y for any A € [1/2,1]. By the Hélder
inequality and Sobolev embedding theorem,

a2, 2 _ N 1 2
/RNI(—A) Puy| —;IA(UA)+%AN<VV(x),x>|uA|

s (V@) 0,y [ 1A 2

< —C1

< —cy
Condition (A25) implies that [ [(—A)*/?u,|? is bounded uniformly independent
of A. Next, we show that ||uy|/zz is bounded uniformly independent of A. From
If (ux)uy = 0, we have [ [(—A)*2ur[? + [on V(@)|ual? = A [un f(ur)ux. Then,
by (A20) and (A21),

%/lwﬁs/|eAw%w+/ V(@) lua[?
]RN RN N

< )\E/ lux|? + \C(e )/ x|

2% /2

Sa/ lux|? + C(e ’/ A)*2uy)? .

Therefore, ||uy | 2 is bounded uniformly. Now, we prove that I(uy) > § > 0. From
Lemma there exists 09 > 0 independent of A such that ||uy| > dg. On the
other hand,

I\(uy)

s
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1
2 [ A PuP = on [ max{(VV (@), 2), 0}
S Ay 2 L CANS/2, 12
2 [N PusP = o fmax{(VV (@), 2, 0}y [ 1A

Condition (A25) implies that there exists 6 > 0 independent of A such that
In(uy) > 46 (4.2)

The proof is complete. O

In the following, we denote uy by uy, and let A\; — 1 as j — oo.

Lemma 4.2. Assume (A20)-(A25) hold, if max{2,2% — 2} < p < 2%, then the
sequence {uy;} is a BPS sequence for I satisfying limsup;_, . I(uy;) < c1 and

[[ux; [ 7 0.

Proof. From Lemma we have [luy,|| 7 0. It follows from Proposition |4.1| that
lux, || is bounded uniformly, and consequently [;x F'(uy,) is bounded by (A20) and
(A21). Property (iii) in Proposition shows that Iy, (uy;) < ¢y, for any uy,.
Thus, from
Ius,) = I, (i) + Oy = 1) [ Plas,), (43)
R
we obtain limsup;_, .. I(uy;) < c1 and I'(uy;) — 0. O

Completion of the proof of the Theorem[I.1] From Lemma inequality (4.2)),
and (4.3), there exists a subsequence still denoted by {uy, } satisfying
(i) {ux,} is bounded,
(if) I(ur;) = c< e,
(iii) I'(ux,) — 0,
where ¢ > 0. That is to say, there exists a BPS sequence {uy,} satisfying the
assumptions of Lemma for A = 1. Thus, there exists a nontrivial critical point
ug for I satisfying I(ug) < ¢;.
Next, we show the existence of a ground state solution. Let

m = inf{I(u) :u € H(RN),u #0,I'(u) = 0}.

Obviously, m < I(ug) < ¢1 = %Sﬁﬂ Set {un} be a sequence of nontrivial critical
points of I satisfying I(u,) — m. Since I(u,) is bounded, similar proof as that
in Proposition for A = 1, we obtain that {u,} is bounded uniformly and there
exists § > 0 such that I(u,) > 6 > 0. Thus m > 0. So, {u,} is a BPS sequence
satisfying the following conditions,

(i) {un} is bounded,
(11) I(’U,n) —m< C1,
(iii) I'(un) =0,
From Proposition [3.10] there exists @ such that I'(@) = 0 and I(a) < m.
Now, we claim @ # 0. Otherwise, @ = 0. Then, by Proposition 3.10] we have

k
m= ZI‘X’(wj) >m®™® = inf{I®(u) : u € H*(RN),u# 0,1 (u) = 0}
j=1
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for k> 0 and w’(j = 1,2,...,k) are the critical points of 7°°. On the other hand,
similar argument as that in Lemma there exists y(t) such that

I°°(~(t)) = m™.
nax, (v(®#) =m

From the definition of ¢;, we obtain m < ¢1 < maxy¢gjo,1) [(7(t)). By (A24), we
obtain

m < c; <m®™,

which is a contradiction. Thus, the claim is true. Then I(@) > m since I'(@) = 0

and @ # 0. So, there exists a critical point @ # 0 such that I(a)

m. The proof is

complete. O
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