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EXISTENCE OF POSITIVE SOLUTIONS TO PERTURBED
NONLINEAR DIRICHLET PROBLEMS INVOLVING
CRITICAL GROWTH

HUIXING ZHANG, RAN ZHANG

Commumnicated by Zhaosheng Feng

ABSTRACT. We consider the following perturbed nonlinear elliptic problem
with critical growth

—e2Au+ V(z)u = f(@)ulP2u+ %K(m)w—%\v\ﬁ, z e RV,
(e}

—e2Au+ V() = g(@)[olP 20 + —2— K@)l o2, @ e RY,
a+ 3
u(z), wv(x) —0 as|z|] — oco.

Using variational methods, we prove the existence of positive solutions.

1. INTRODUCTION

In this article, we discuss the following perturbed elliptic system involving critical
growth

—2Au+V(z)u = f(z)|ulP%u+ aaTﬂK(:c)\u|a’2u|v|ﬁ, e RN,

—2Av + V() = g(a)|o]P 20 + %K(x)\mwﬁ*% cery, (A1)
[0
u(z), wv(zr) —0 as|z] — oo,

where 2 < p < 2*, @ > 1,8 > 1 satisfy a + 8 = 2%, 2* = 2N/(N — 2)(N > 3) is the
critical Sobolev exponent. We assume that V(z), K(z), f(z) and g(z) satisfy the
following conditions:

(H1) V € C(RM,R), V(0) = inf gy V(z) = 0 and there exists b > 0 such that
the set ¥ := {z € RY : V(z) < b} has finite Lebesgue measure;

(H2) K(x) € C(RN,R), 0 < inf,cpn K(z) < sup,epny K(x) < oo;

(H3) f(x),g(x) are bounded and positive functions.
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Set « = 3, f(x) = g(z) and v = v. Then (1.1)) reduces to the semilinear scalar
perturbed elliptic equation with critical growth

1 x
—2Au+V(z)u = f(2)|ulP%u + §K(m)|u|2 “2u, xRV, (12)

u(z) - 0 as|z| — oo.

Many studies on problem (1.2)) can be found in literature [3] 14 [7, [8] 9} 1T}, 12, 13} 20].

For example, Ding and Lin [I2] established the existence of positive solutions of
as well as those solutions changed sign exactly once.

The semilinear elliptic system involving subcritical exponents on bounded do-
main has also been widely studied [5], 10, 211, 22| 23]. Wu [23] obtained multiplicity
results of nontrivial nonnegative solutions of the elliptic system

“Au = A (@)l + %Mh(x)\u|o‘_2u|v|ﬁ, v eQ,
~Av = pg(a)[o]* 2 + J%gh(xﬂumv\ﬂ-%, zeq, (1.3)
u(z) =v(z) =0 on IN.

For the case of a bounded domain, system (|1.1) involving critical terms with
e = 1 was studied in [14], 15| 17, [18]. Hsu and Lin [I7] considered the problem

2
—Au = Mu|?T % + a lul*2ulv|?, ze€Q,
a+p
_ 20 . (1.4)
—Av = pfo]T %0 + ——|ul*v|*" %, zeQ,
ol + 2 fulo
u(z) =v(z) =0 on 09,
where o+ § = 2*. Liu and Han [I§] studied the system
— X ule2ulol?
—Au=Au+ |u|*“ulv]”, z€Q,
a+ 6
p -2 (1.5)
—Av = pv+ ul*w? 2, e,
o+ Ll

where A\, p > 0 and A + p > 0, o, 8 > 1 satisfying o + 8 = 2*.

Many papers were devoted to the existence results of elliptic boundary valued
problems on bounded domain with the Sobolev critical exponents. However, to
the known of our knowledge, no studies were conducted on the existence of semi-
classical solutions to in RY. In this paper, we study system in the whole
space involving the critical growth. The main difficulty of this problem is the lack
of compactness of the Sobolev embedding. To overcome this difficulty, we follow the
approach originally developed in [21]. Namely, we will show that the corresponding
energy functional of problem satisfies the compactness condition at the levels
less than some certain constant c¢. Our result complements the study made in
[I7, 18] 23] in the sense that, in those papers, only the subcritical growth or the
problem on bounded domain were considered.



EJDE-2017/54 EXISTENCE OF POSITIVE SOLUTIONS 3

Let A =& 2. Then (1.1) can be rewritten as

—Au+ AV (2)u = A () |[ulP2u + /\TﬂK( Yul*2ulv]?, zeRY,
—Au+ AV (@)o = Ag(a)|oP %0 + %K( ul*o]?2v, zery, (106

u(z), v(xr)—0 as|z|— oco.
Since (|1.1)) and (|1.6)) are equivalent, then we will focus on system ([L.6]).

Theorem 1.1. Assume (H1)—(H3) hold. Then for any o > 0, there is A, > 0 such
that if X\ > A, problem (1.6)) has at least one solution (ux,vy) that satisfies

p—2

2p
This article is organized as follows. In section 2, we show the (PS). condition
holds for I, with some level c. In section 3, we obtain that the functional associated

to (L1.2) possesses the mountain geometry structure. Section 4 is devoted to the
proof of the main result.

N(|Vu>\|2 +|Voal2 + AV (@) (Jur? + [ua]?) < oA 2. (1.7)
R

2. PALAIS-SMALE CONDITION

Let E = E) x E) be the Hilbert space with norm
[ (u,v)lle = (/ (IVul? + AV (2)u? + [Vo? + AV (2)0?))2,
RN
for any (u,v) € E. Meanwhile, the space

E,\:{ueHl(RN):/ MV (z)u? < 0o , A > 0}
RN

is a Hilbert space equipped with the inner product
(u,v)g, :/ (VuVo 4+ AV (z)uw).
]RN

We will show the existence of nontrivial solutions of (1.6) by searching for critical
points of the functional associated to (|1.6]),

I(u,v) = %/ (|Vul?> + AV (z)u? + |Vo|? + )\V([L’)’U2)
RN

—i z)|u|? v[P) — ul o).
= [ @+ g@l) - 5 [ K@l

In fact, the critical points of the functional I are the weak solutions of . Recall
that the weak solution (u,v) of (|1.6) satisfies

/ (VuVp + AV (z)up + VoV + AV (z)ve)
RN

@) |ul*ulv|’e

fA/ (@)l 2up + gl@)lolPvi) +

K(z)|u|*[v]* vy
+ s [ K@

for all (p,1) € E. Based on the assumptions of Theorem we can show that
I, € CY(E,R) [19].
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Notation. LP(RY), 1 < p < oo, denotes the Lebesgue spaces with || - ||,. The dual
space of a Banach space E will be denoted by E*. B, := {x € RN : |z| <7} is the
ball in RY. ¢, ¢; represent various positive constants.

Let C§°(RY) denote the collection of smooth functions with compact support.
o(1) denotes o(1) — 0 as n — oo. Let S, 3 be the best Sobolev embedding constant
defined by

(|Vu|* +|Vol|?
Sop= i Jrr(VUT VR (2.1)
u,weH(RN) (IR |u| ‘U|B)O‘+B

We have 8
a,_s o
S5 = ( —)atB = m)&
8= (( ﬁ) +(2)
where S is the best Sobolev embedding constant defined by

Jow [Vul?

S = .
uef}rll(RN) (fRN U 2*)2/2*

Next, we will find the range of ¢ where the (PS). condition holds for the functional
I,.

Definition 2.1. Let I € C'(E,R).

(1) A sequence {z,} C Eiscalled a (PS). sequence in F for I if I(z,) = c+o(1)
and I'(z,) = o(1) strongly in E* as n — oo.

(2) I satisfies (PS). condition if any (PS). sequence {z,} in E for I has a
convergent subsequence.

Lemma 2.2. If the sequence {(un,v,)} C E is a (PS). sequence for Iy, then we
have ¢ > 0 and {(un,vy)} is bounded in the space E.

Proof. We have

1
I)\(uny Un) - ;I&(una Un)(“ru 'Un)

1 A A .
2||<un,vn>||E—5/ (@)l + g(2)]nl )—Tﬁ/ K (2) [in]* 0]

w(un,vn 12— A / D)lunl? + g(@)]val?) — A / K (@) un|?onl?)

_ }_l 5
—(2 p)||(unavn)HE+(p +5 /K MNwn|*vnl”.

From this and 2 < p < 2*, we obtain

1 1 1
I)\ Up,Un) — 71/ Unpy Un )(Un, Un >(z—- Unpy Un 7 .
( ) ’ A ) )2 (5 p)H( )z

Since Iy (up, vn) — ¢ and I} (up, v,) — 0, the conclusion follows. O

Lemma 2.3. There exists a subsequence {(un,,vn,)} such that for any e > 0, there
isre >0 with r > 1.

limsup/ (|Un,-|d + |Unj|d) <e€
j—oo JBj\B:r

where 2 < d < 2*.
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Proof. By Lemma the (PS). sequence {(uy,v,)} for Iy is bounded in E. So,
we assume (U, vy,) — (u,v) in E, up, — u, v, — v a.e. in RY and (uy,v,) — (u,v)
in LE (RY) x LE (RN) for any 2 < d < 2*. For each j € N, we have

loc loc
/(Iun|d+lvn\d)—>/3(IUId+Iv|d)-
j J

BJ
Thus, there exists ng € N such that
1
[ Gl 4 ol =t = ol < .
| j
for all n > ng + 1. Without loss of generality, we choose n; = ng + j such that
1
S, g 5 o, 7 = el = ol <
i

It is easy to show that there is a r. satisfying
/ (Jul¢ 4 [v|%) < e for all > ..
RN\ B,

Since

/ (Tt I + [,
B,\B,

J

1
<1 / (lul + ol?) + / (Tl — a4+ o] — [0, 9.
J RN\ B,

r

(RM)x L¢

loc

In connection with (w,,v,) — (u,v)in LE (R™), the lemma follows. [

Let n € C*°(R™,[0,1]) be a smooth function satisfying n(t) = 1 if ¢ < 1 and
n(t) = 01if t > 2. Define 4;(z) = n(2|z|/j)u(x) and 0;(z) = n(2|z|/j)v(z), then

(4j,7;) — (u,v) in E as j — oo. (2.2)

Lemma 2.4. One has

lim l/ F@) (i, P2 un, = un, — P72 (un, — ;) — |a;P2a;) 0] = 0,
J— RN

lim I/RN 9(@) ([vn, [P 200, = Jvn, = 85772 (v, — 05) = [551P725;)9[ = 0

j—oo
uniformly in (@,v) € E with ||(¢,¥)||g < 1.

The proof of the above lemma is similar to the one [I2, Lemma 3.4], so we omit
it.
Lemma 2.5. Passing to a subsequence, we have

In(up — Up, vy — Up) — ¢ — Iz(u,v),
I (ty — T, vy — Up) — 0 in E*.
Proof. From (uy,v,) — (u,v) and (@p, 0n) — (u,v) in E, we obtain
Iy (tp, — T,y Uy, — Ty

= I)\(uvuvn) - I/\(ﬂna ﬂn)

A - - - -
2 [ Rl ol = o =l = 0l ] 0]
p" Jry
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2 [ H@ = = = ]

A N -
2 [ g@loal” = fon = 5ul? = 70l7) + 1),
P JrN
Similar to the proof of Brézis-Lieb Lemma [6], it is easy to obtain
Jim [ K (@) (Junl*onl” = un — @] |on — al” ~ [n]*]7a)7) = 0,

lim f( Y(|unl? = |uy, — @n|? = [@n|7) =0,
lim 9(@)(|onl” = [vn = 0| — [0n]7) = 0.

n=oo Jpn
Observing that I (un,v,) — ¢ and Iy (ty, 0,) — Ix(u,v), we have
Iy(up = Uy, vy, — Up) — ¢ — I\(u,v).
In addition, for any (¢,v) € E, we obtain
I&(“n — Ty, Uy — T ) (0, %)

K@) (Junl P unlon]?

+ﬁ
~ tn = in| 2t = )om — Bl Jitn] un|vn|")
A _ . - 5 -
+ a fﬁ N K(x)(lun‘awnw v, — |tn, — T |*vn — vn|ﬁ 2(vn — Un)

[ F@ al? P = i = P~ ) = [ 20)
RN

+ )\/ 9(@) (| P20 — |05 — Bn P72 (05 — D) — |T0|P ™ 280 ) 2.
RN
It is standard to check that

lim K(z )(lun‘a_zun‘vnlﬁ — |un — an‘a_2(un — Tp ) [vn — ﬁnlﬁ
n—oo R

= |n|*™ Un|”n|ﬁ)90 =0,

hm K( )(lun‘a|vn|ﬁi2vn - |un - ﬂn|a|vn - ﬂn|ﬁi2(vn - 'Dn)

n—oo

— |tn|* |Un|ﬁ72vn)1/} =0

uniformly in ||(¢, )|z < 1. By Lemma and I} (un,v,) — 0, we complete the
proof. O

Set u} = u, — @, and v} = v, — ¥, then u,, —u = ul +(€Ln7 u) and v, —v =
vl + (0, — v). Then (un,v,) — (u,v) in E if and only if (ul,vl) — (0,0) in E.

Observe that
11 .

b)) = STAh o) ke ) = (5= 5 )) [ K@t ok
1 1

= A [ (@ +g@leip)
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A
> NKO/N |U:L|a|v7lz‘ﬁ7

where KO = inf gy K(x) > 0. In connection with Iy(ul,vl) — ¢ — I\ (u,v) and

I{(ul,vl) — 0in E*, we obtain

N(c— Ix(u,
[ bl < HEEp )y o) (2.3

In addition, by (H2) and (H3), for any b > 0, there is a constant C > 0 such that

(K (@) ug | *Jop|” + f (@) un” + g(x)[vg[?)

\\_/

RN
< (||U711H§+Hvi||§)+cb/ [ANCA
RN
Let Vy(z) := max{V(aj),b}7 where b is the positive constant in the assumption

(Hy). Since the set v° := {x € RV : V( ) < b} has finite Lebesgue measure and
(ul,vl) — (0,0) in LE (RY) x LE ( we have

ny “n loc

RY),
[ V@R 410t = [ V)b + o) +o1). (24)
RN RN

Thus
S [ 1)< [ (VP 9P)
RN RN
— [ ATaP + Vol AV @k + 2V (@)l )
RN
- [ V@ + 10
= [ (K@ + @l + gk
A [ @ )+ o)
RN
<Gy [ Jubl ot + o).
RN
From ({2.3)), we have

Su.5 < ACH / [l [0k 2) 15 1 o(1)
]RN

< Acb(]v(c%*o(“’”))ﬁ +o(1)
- Alf%cb(%)%(c = I, 0)) ¥ +o(1).

Set ag = SO%C;%N_IKO. This implies agA!™2 < ¢ — I (u,v) 4 o(1).

Lemma 2.6. Let (H1)—(H3) be satisfied. Then, for any (PS). sequence {(tun,vn)}
for I, there exists a constant ag > 0 (independent of \) such that the functional
I (u,v) satisfies the (PS). condition for all ¢ < apA\'==
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Proof. We can check that, for any (PS). sequence {(u,v,)} C E with (uy,,v,) =
(u,v), either (tn, vy) — (u,v) or ¢ — Iy(u,v) > agAl~ 2.
On the contrary, suppose that (un,v,) /4 (u,v); then

lim inf ||(tn, va)|lz > 0
n—oo

and ¢ — In(u,v) > 0. Based on the above conclusions, we easily get that the
functional Iy (u,v) satisfies the (PS), condition for all ¢ < agAl™ = . O

3. MOUNTAIN-PASS STRUCTURE

We consider A > 1 and check that the functional I, possesses the mountain-pass
structure.

Lemma 3.1. Assume that (H1)-(H3) are satisfied. Then there exists ax, px > 0
such that

IN(u,v) > 0if 0 < [[(u,0)|E < s Ia(u,0) = an if [[(u,0)[|E = pa.
Proof. Note that

1
(o) =5 /RN(WUP LAV (@) + [Vol? 4 AV (2)0?)

_A x)|ulP acvp—L z)|u|¥v)?
= [ @il < @) - 2 [ K@l

It is clear that, for each s € [2,2*], there is ¢4 such that if A > 1,
lulls < csllul|lg, for all u € Ej.

By Young inequality, we have

g

[l lol? < gl

a+ 0

Furthermore, we obtain
[ K@Hulol? < el
RN
Combining (H3) and (3.1)), there is a constant ¢s such that

« 1 -
% = 7l o)l - desll ()17 7).

(u,0)]1% - (3.1)

30+ vlI3e) < cican

1
I(u,v) 2 21w, 0)[E = esl (u, )

Set py = (L)T“If?, it implies

8cs

—_

INu,0) = 2p3 = ax >0 if [|(w,0)][5 = pa.

8
The proof is complete. (|
Lemma 3.2. For any finite dimensional subspace F C E, we have

In(u,v) — —o0  as ||(u,v)||g — oo for (u,v) € F.

Proof. From assumptions (H2) and (H3), it follows that
1
Iy(u,v) < §||(u,v)||2E — Acol[(u,v)||5 for all (u,v) € F.

In connection with the fact that all norms in a finite-dimensional space are equiv-
alent and p > 2, we easily get the desired conclusion. (I
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Lemma 3.3. For any o > 0, there is A, > 0 such that for each X\ > A, there
exists €x € E with ||ex]|g > px, we have Ix(ey) <0 and

N
max I (tey) < oAl™2
50 >\( A) =~ B

where py is defined in Lemma|3.1].

Proof. Define the functionals

1
D) (u,v) = 3 /]RN(|Vu\2 + AV (@) [ul? + Vo2 + AV (2)|v]*) — Aeo /RN(|u|p + [vf?),

1 1
W (u,v) = 5/ (IVul® +|Vol* + VA" 22)(|uf* + [0]*)) —CO/ (lul” +[v]?).
RN RN

We obtain that ®y € C*(E) and I)(u,v) < ®5(u,v) for all (u,v) € E. Observe
that
wf { [ IV :6 € G RV, R) Joll, = 1} =0,
For any § > 0, there are ¢s,15 € Cg°(RY,R) with ||¢5|, = [|¥s]|, = 1 such that
Supp(¢s,¥s) C By, (0) and  [[Vesll3, Vel < 0.
Let ex(z) = (¢s(VAz),¥s(VAx)), then supp ey C Bxér(; (0). Furthermore,

Dy (ten) = A5 W, (tehs, tahs).
It is clear that

p—2 2 -3 2\ 72
paeation ) < LS { (Vi VO o)}

p—2 . . e
o 2 \V4 V(N3 .
+2p(p¢:o)w{/m(| Y5l + V(A2 a) |95 )}

Combining V(0) = 0 and supp(¢s, 1s) C By, (0), there is A5 > 0 such that for all
A > As, we have

N - 2 _p_
max @ (t¢s, 14)5) < Al*TLA(%)P*?
2 p(pco) 72
Thus, for all A > Ay,
max Iy(tey) < A'™% M(%)p%. (3.2)
t>0 p—2
= p(pco) 72

For any o > 0, we can choose § > 0 enough small such that
-2 »
%(25)ﬁ <o
p(pco) 72
and ex(z) = (¢s(vVAx),1bs(v/Az)). Taking As = A, there is £y > 0 such that
lEaexlle > pr and In(tey) < 0 for all ¢ > 5. By (3.2), ex = tyey satisfies the
requirements. (I
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4. PROOF OF THEOREM [I.1]

Define
= inf In(y(t
ox = inf max A(v(®)),
where I'y = {v € C([0,1], E)) : 7(0) = 0,~(1) = €,}. In addition, for any o > 0 with
o < «g, there is A, > 0 such that A > A,. We can take c, satisfying ¢, < oA,
From the above results, the functional I satisfies (PS)., condition and has the

mountain-pass structure if ¢y < oA Hence, there is (uy,vy) € E such that
I)\(’U,)\,’U)\) = C) and I;\(U/\7’[))\) = 0.

That is to say, (ux,vy) is a weak solution of (1.6)). Similar to the arguments in [12],
we also obtain that (uy,vy) is a positive least energy solution. Furthermore,

1
I(ux,vy) = Ix(ux,v)) — EI;(UA,U)\)(UMUA)

1 1
> (5 - E)H(UMWA)HJQE'

This shows that

p—2 _N
W”(%\,U,\)H% < I(ux,vx) = cx < oA 2.

The proof is complete.
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