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PERIODIC OSCILLATIONS OF THE RELATIVISTIC
PENDULUM WITH FRICTION

QIHUAI LIU, LUKAI HUANG, GUIRONG JIANG

ABSTRACT. We consider the existence and multiplicity of periodic oscillations
for the forced pendulum model with relativistic effects by using the Poincaré-
Miranda theorem. Some detailed information about the bound for the period
of forcing term is obtained. To support our analytical work, we also consider
a forced pendulum oscillator with the special force g sin(wt) including a suf-
ficiently small parameter. The result shows us that for all w € (0, 4+00), there
exists a 27 /w periodic solution under our settings.

1. INTRODUCTION

In this article, we consider the existence and multiplicity of periodic oscillations
for the forced pendulum model with relativistic effects

1 !
(xz> + k' +asinz = p(t), (1.1)

where ¢ > 0 is the speed of light in the vacuum, k& > 0 is a possible viscous friction
coeflicient and p is a continuous and T-periodic forcing term with mean value zero

1 T
D= — t)dt = 0.
p T/o p(t)

This equation has received much attention as a prototype of equation with singu-
lar ¢-Laplacian (see [5] and [I,BL[6]). An essential difference between the relativistic
and the newtonian (¢ = +00) case has been explained in [9]. In [9], Torres proved
the following theorem.

Theorem 1.1. Let us assume that 2¢T° < 1. For any a,k and any continuous
T-periodic function p(t) with mean value zero, (1.1) has at least one T-periodic
solution.

The proof of the above theorem is an interesting application of the Schauder fixed
point theorem. The bound in Theorem was improved to 2¢T < 4+/3 =~ 6.9282
in [I0] for the general pendulum-type equation was considered, see also [2] [].

Motivated by [@], in this paper we give detailed information on the bounds for
T which depend on the parameters a,k and the forcing term p. Without loss of
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generality, we assume a > 0; otherwise we only require replacing x with x + 7. Let
us define

IPlle = sup [p(t)],
te[0,T]

and the constant

c(kTex + 3km + 2(a + ||plloo)T)
\/02 + (kTe. + 3k + 2(a + [[plloo)T)

<ec. (1.2)

Cy =

Our main result reads as follows.

Theorem 1.2. For any values a, k and for any continuous and T-periodic function
p(t) with mean value zero satisfying 2¢,.T < 2w, (1.1) has at least two distinct T-
periodic solutions.

The proof of Theorem is an elementary application of a variation of the
Poincaré-Miranda theorem (see [I1]) which will be given in the next section. We
remark that the two distinct T-periodic solutions in Theorem [I.2] are indeed geo-
metrically different periodic solutions, which generalizes Theorem Moreover,
when k& or ||p|| tend to infinity, we show that ¢, — ¢ so that 2¢T < 2. This case
does not improve the previous bound.

To support our analytical work, based on the method of averaging, we also
consider the existence of periodic oscillations for a special forced pendulum oscillator
with a sufficiently small parameter ¢,

’ ’
<x> + &2ka’ 4+ asinz = 37 sin(wt), (1.3)
1 _ /2

2

where w? = a + €2y with 3y > 0. We summarize our results as follows.

Theorem 1.3. For any 7o,k, fo > 0 and w > 0, (1.3) has at least one 2w /w-
periodic solution when € is sufficiently small. Moreover, this periodic solution is
stable for k > 0 and is unstable for k < 0.

Noticed that T = 27 /w — 400 as w — 0. Thus, in this case, does not meet
the hypotheses of Theorem From we also see that ¢, — 0 when ¢ — 0,
satisfying the hypotheses of Theorem [1.2

In Section 2, we introduce a variation of the Poincaré-Miranda theorem in two-
dimensional case which is used to prove Theorem We prove Theorem [I.2] in
Section 3. In the last section, we prove Theorem using the method of averaging
and perform some numerical simulations.

2. A VARIATION OF THE POINCARE-MIRANDA THEOREM

We first introduce a variation of the Poincaré-Miranda theorem (see [8| [I1] for
instance) in two-dimensional case, which goes back to Poincaré (1883) and has
been used many times in the study of boundary value problems and the existence
of periodic solutions. For an example see [7] and the references therein.

Consider the closed rectangle

D={(z,y) eR? iy <z < an,p1 <y < Ba},
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where «;, 8; (i = 1,2) are constants such that oy < ag, #1 < (2. The boundary of
the rectangle consists of four faces as follows:

VEi={(z,y) eR*:zx =0, <y < Ba},
Vi={(z,y) ER* 1z =0y, B <y < B},
VZ={(z,y) eR*:y=fr,01 <z < an},
VE={(z,y) €R? 1y =01 <o < an}.

z,

We say that a continuous map F = (Fy, Fy) : D — R? satisfies the bend-twist
condition on D provided that

F(VHYF(V]) <0, F(VHF(VEH <0
or

B(VHRWVE <0, R(VA)F(VE) <O,
where F;(V2)F;(Vi) < 0 means that F;(V%) <0 and F;(V{) >0, or F;(Vi) >0
and F;(Vi) < 0; F;(Vi) < 0 (resp. Fj(Vi) > 0) means that Fj(z,y) < 0 (resp.
Fj(z,y) > 0) for all (z,y) € V{ and there exists at least (z,y0) € Vi such that
Fj(xo,y0) < 0 (resp. Fj(z0,y0) > 0); and F;(Vi) = 0 means that F;(z,y) = 0 for
all (z,y) € Vi, i,5=1,2.
Theorem 2.1 (See [11, Theorem 2.1]). Assume the continuous map F : D — R?

satisfies the bend-twist condition, then there exists at least one point (xo,yo) € D
such that F(xg,y0) = 0.

3. PrROOF OF THEOREM [I.2]

Equation (1.1) is equivalent to the plane system

o = ko) (3.1)
VE+ (y — k)2
y' = —asinx + p(t). (3.2)

Let a, 8 be positive constants and

Iplloc = sup |p(t)l, A=kT, p=p+ka+(a+|pleo)T
te[0,T]

Define ¢ : (—o0, +00) — (—¢,¢) by
P(u) =

cu
N

It is easy to verify that ¢ is an increasing homeomorphism such that ¢(—u) =
—p(u).

Lemma 3.1. Assume that p(t) is a continuous T-periodic function. Then for any
values a,k and any initial value (zo,y0) € {(z,y)||z| < o, |y| < B and o, B > 0},
the solution (x(t;xo,yo), y(t; xo,90)) of (3.1)-(3.2) with the initial value (xo,yo)
satisfies

|2/(8)] < eu(@, B) <, VtE[0,T],

where ¢y, depending on a, 3, is a solution of u = ¢(Au+ p).
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Proof. First we note that |2'(t)] < ¢; :=cfor all t € [0,T]. Hence |x(t)| < a+ 1T
for all ¢ € [0,77], and by (3.2) we see that |y(¢)| < 4 (a+ ||plleo)T for all ¢ € [0,T].
Therefore,

ly(t) — kz(t)| < ka+ B+ (a+ cik + ||pllc)T = Aer + i, YVt €[0,T].

Let 3 := ¢(Acy + p). By (3.2), we have [2/(t)] < ¢ for all t € [0,T]. Obviously,
ca < c¢1. Repeating this argument we have a sequence {c¢, }nen defined by ¢, =
d(Acn—1 + p).

Since ¢ is an increasing homeomorphism and ¢y < ¢1, we know that ¢z = ¢(Aca+
w) < p(Aer+p)=cay ooy cn=d(Aen—1+p1) < d(Aep—2+p) = cp_1,.... That is,
{¢n}nen is a decreasing sequence. On the other hand, |c,| = |[¢p(Acp—1 + p)| < c.
Hence {c, }nen converges to some value ¢, < co. Since ¢ is continuous, by passing
we have ¢, = ¢(Acx + ), that is

e = ¢p(Aex + )
c(kTe. + B+ ka + (a+ |[pllo)T)

\/82 + (ch* +B8+ka+ (a+ ||p||<>o)T)2

O

Proof of Theorem[I.3. Let v = 3km + (a + [|p]loo)T and ¢, = c.(37/2,7). Let us
construct a rectangle as follows

™
Dy ={(z,y) eR*: —5 <@ < o, -y <y <}

o

The boundary is of D is given by

Vi {(z,y)eDy iz =——

5 b

Vi={(@y) eDi:a=3)

VZ={(z,y) € Di:y=—}

VZ={(z,y) € Dy :y =}
Let (x(t; x0,v0),y(t; 2o, y0)) be the solution of and with the initial value
(70,%0) € D1. Define the continuous mapping F' : R? — R? by

Fl(x ) ) .
F(zo,y90) = <F2($3,Zg)> = (P —id)(z0,%0),

where P denotes the Poincaré mapping associated with system (3.1))-(3.2)).
(i) When (z9,y0) € V2, using Lemma [3.1| we know that

|2 (t)| < v, Vt€10,T).
Then it follows that
—g et <at) < —g tet, VEelo,T).

When t € [0,7/c.], we know that
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Then it follows that, for any ¢ € [0, 7/c.],

(Cosci)k (COS&
2 - 2

o[
~—
N
N
—

Therefore,
T/Cx T/ Cx T
/ [—sinx(t)]dt = / cos [z(t) + =] dt
0 0 2
T/ Cx t ™
-/ 2(cos T 2)2 g g
0

T/ Cu
2/0 [2(cos %1)" ~1)ar =0

Therefore, we have

T
WD) =y(0) = [ [asinat)ar

T/ Cx T
= /0 [—asinz(t)] dt + /ﬂ/c* [—asinz(t)] dt

fa(Tf —) > 0.

Cx
The above inequality is obtained by the hypothesis 2¢,T < 2.
When (z¢,yo) € V7, using the same arguments, we have
g — et <at) < g tet, VEelo,T).

When t € [0,7/c.], we know that

T et x(t)+ 37“ cst 3w

s<m—-—— < ——F— <71+ < —,

2 2 2 2 2
Similarly, for any ¢ € [0, 7/c.], we have

«t
(cos%)QS(cos 2 )2§1
Therefore,
T/ Cu T/ Cu 3
/ [—sinz(t)]dt = —/ cos [x(t) + —] dt
0 0 2
T/ Cx t 3
:—/ 2cosm()+2)2—1]dt
0 2
< —/ﬂ/c* [2(c05 C*t)Q — 1} dt =0
Therefore,
= / —asinz(t)] dt
ﬂ‘/C* T
= / —asinxz(t)] dt —|—/ [—asinz(t)] dt
/cx

\ /\

a(T- ) <o.

c’ T
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The last inequality is obtained by the hypothesis 2¢,T < 27. From (3.3) and (3.4]),
we have that F»(V1)Fy(V}) <0.

(ii) When (zg,y0) € V2, using the inequality |2'(t)| < ¢, we know that, for all
te€0,T7,

3 s 3
< T-=< < .
5 = c 2_x(t)_

I < —
+ I < 5

0l

Then using (3.2]) we know that

y(t) — kx(t) = yo + /0 (—asinz(s) 4+ p(s)) ds — kx(¢)
<+ (@t lple)T + Jhr =0, t€[0,T]

Since ¢ is a continuous homeomorphism such that ¢(0) = 0, we have ¢(u)u > 0.
Then it follows that z/(t) = ¢(y(t) — kz(t)) < 0 for all ¢ € [0, T], which yields

2(T) — z(0) = /0 2/ (1)dr <0. (3.5)

When (zo,y0) € Vi, we also know that for all ¢ € [0,T], |z(t)] < 2%, and

¢
y(t) — kx(t) = yo —|—/ (—asinz(s) + p(s)) ds — kz(t)
0
3
>~ —(a+|Ipllec)T — §k7r =0, tel0,T].
With the same arguments we have x(T) — 2(0) > 0. Therefore,
(V)R (VE) <o.

We have verified that F' satisfies the bend-twist condition on D;. By Theorem
there exists at least one point (x1,y1) € Dy such that F(z1,y;) = 0, which is
corresponding to a fixed point of the Poincaré mapping.

Similarly, we can construct the rectangle

U 3m
Dy ={(z,y) €R?: 5 <w < T, =y <y <k

With the same arguments, we can verify that F' satisfies the bend-twist condition
on Dy and obtain another fixed point of the Pincaré mapping in Ds.

Let V = D; N Dy. To prove that such two fixed points of F' are distinct, it
is sufficient to prove that there is no T-periodic solution with the initial value on
V. Assume that (z(t; 5, v0),y(t; %,y0)) is a T-periodic solution of and (3.2).
Then we know that {z(t; 3, yo)|t € [0,T]} is contained in [0, 7], since the maximum
of the derivative of z(t) is ¢, and ¢, T < 7. Then we have

T 7/ (3cx)
y(T) —y(0) = /0 [—asinz(t)]dt < /o [—asinz(t)] dt < 0.

Therefore, we obtain two distinct fixed points, which are corresponding to two
distinct T-periodic solutions of equation (|1.1]). O
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4. NUMERICAL EXAMPLES AND PROOF OF THEOREM [[.3]

First we prove Theorem by using the method of averaging. Recall that

!
<xl> + e%ka’ + asinz = *yg sin(wt), (4.1)
1- 27
where w? = a + €23 and ¢ is a small parameter.
Equation is equivalent to the plane system
;o cly—e’ka)
2t (y — e2kx)?’ (4.2)

y = —asinz 4 3yg sin(wt).

Let © = eu, y = ev and € = 2. We expand system (4.2) into the form of power
series by

1 .
u =v+efi(u,v,t) =v— (ku + 5072’1)3)6 + O(€?),

4.3
P2 _ 2 153 . 2 (43)
Yy = —wu+efa(u,v,t) = —w u + Poue + e €+ ey sinwt + O(e%).
Using the van der Pol transformation
u = gsinwt + pcoswt, v =w(qcoswt— psinwt),
we obtain ot
¢ =¢(filwv,t)sinwt + 2 o (u,0,8)) + O(E),
o (4.4
sinw
pl :6<f1(’u,’l),t)COSUJt— fg(U,U,t)) +O(€2)
w

Then it follows that
q/ = eFl(qap7t7 6)
_ 1 2., 2y 3 20 2., 2
ST (w(9p(p + ¢*)w® + 3¢ (= 8kq + p(p° + ¢*)w)
+4( = 3p*w® + 2(6kq + p*w)) cos(2wt) + p(p* — 3¢*)w(c® + 3w?) cos(dwt)
+2(- 3¢(3p° + ¢*)w? + A (—12kp + 3p*qu + qu)) sin(2wt)
—q(=3p* + ¢*)w(c® + 3w?) sin(4wt))
+24¢2 ((p + peos(2wt) + gsin(2wt)) By + sin(2wt)70))) +O(e),
and
p/ = GFQ(qapat7 6)
1 2., 2y 3 2 2., 2
= m(u(—Qq(p +q°)w’ — 3¢ (8kp+q(p +q )w)
+4( = 3¢°w® + A(—6kp + ¢*w)) cos(2wt) — q(—3p* + ¢*)w(c* + 3w?) cos(dwt)
- 2( —3p(p? + 3¢H)w? + 2 (p3w + 3q(4k + pqw))) sin(2wt)
—p(p? = 3¢*)w(c? + 3w?) Sin(4wt))

— 48¢? sin(wt) (p cos(wt) By + sin(wt) (g0 + 70))) + O(€).
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It is not difficult to obtain the averaging system
7 = €G1(4,p)

27

w w
=€e— Fi(q,p,t,0)dt
627T 0 1(617107 ’ )

1 8kq  3p(p® + ¢*w? 8B
=€—w (p(p2+q2)*f+ ( 5 S 20),
16 w c w (4.5)
]7/ = €G2( '

Qa
57 Fqu7t0)d

(3q(p + ¢*)w? + 2 (8kp + q(p* + ¢*)w)) + 8¢*(qBo + Y0) _

162w
The other equilibrium points of system (4.5 correspond to the solutions of
_ 1 ﬁo B
G1(q,p) = 162(wcp7“ — 8kc?q + 3w3pr? —|— )_07
1 8c 8c?
G2(q,p) = T 2(wc qr? + 8k?p + 3wiqr? + ﬁoq+7%) —0,

where 12 = ¢ + p?, which is equivalent to
R O P T
8¢c*7o Yo Yo
Thus, r satisfies
2.2 2
3 2 k
B(r) = (Mrz + @) w2 4 (B
8c“0 Y0 Y0
Since ®(0) = —1 < 0 and ®(4+00) = 400, by the intermediate value theorem we
know that there is a 7, € (0,+00) such that ®(r,) = 0. The Jacobi determinant of
(G1,G2) at 1y is
6(G1, Gg) ‘
a,p) Vap)=(a(r-).p(r.))
k:2 3ptw? 3 RN 3¢tw?  9ptwt

)r? —1=0.

J =

496 18] Wt s T 10ge2
+ 9p2 2 4 9q 27p4w6 27p2 2 6
642 1282 | 256c4 128¢4
27¢*WS  p*By  ¢*Bo . 3p*w?B 3q Wby B
20+,
T et T s T T sa 82 T2

for By > 0. The Jacobi Matrix has a pair of conjugate imaginary eigenvalues A o
which satisfy that fRe(A\12) = —k/2. With the classical arguments of averaging
theory, we know that system has a 27 /w-periodic solution (g, p.) such that
(gespe) — (q(rv),p(rs)) as € — 0, which yields a 27/w-periodic solution z(t) of
(4.1). The periodic solution () is stable for k& > 0, while it is unstable for k& < 0.
Now we have finished the proof of Theorem

To support our analytical work, we numerically simulate the 27 /w-periodic so-
lution of for w = 0.001,k = 1,6p = 2,7 = 1,¢ = 100. We obtain that the
rest point of is (q(r4),p(rs)) = (—0.50000,—0.00025), the Jacobi determi-
nant of (G1,Gs) at (q(r.),p(r.)) is 1.0 x 10° and the corresponding eigenvalues are
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FIGURE 1. Profiles of the 27/w-periodic solution (u,v) of (4.3)
withw =103, k=1, 8y =2, v = 1, ¢ = 100, e = 10-5.

A1,2 = —0.5 £ 1000i. We depict the corresponding stable 27 /w-periodic solution of
(4.3) in figure
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