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POSITIVE LYAPUNOV EXPONENT OF DISCRETE ANALYTIC
JACOBI OPERATOR
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Communicated by Zhaosheng Feng

ABSTRACT. In this article, we study the Lyapunov exponent of discrete an-
alytic Jacobi operator with a family of special mappings on the torus. By
applying the theory of subharmonic functions, we prove that the Lyapunov
exponent is positive, if the coupling number is large.

1. INTRODUCTION
Consider the discrete Jacobi operator on [2(Z):

(Hoo)(n) = —a(T"H(2))¢(n + 1) = a(T" (2))¢(n — 1) + Mo (T" (x))¢(n)

:E(,ZS(TL), ne Z; (11)

where a(z),v(z) are analytic functions on T := R/Z, a(z) is not identically zero
and T'(x) is a mapping from T to T, satisfying
T"(z) =z + f(n), (1.2)

where f(n) is some function from Z to T. Note that this Jacobi operator can be

expressed as
<¢($<Z>1)> = Male, E) (%;) ’

0 1 (T (z)) — E —a(T’(x))
M, (z,E) = H a(TJH(m))( a(T9+1(z)) 0 )

where

j=n—1
is called the transfer matrix of (l.1). Since a(x) is analytic, we know that the

number of its zeros is finite. So for almost every xz € T, the matrix M, (x, E) can
be defined. Let

1
Lo(E) = = / log || Mz, E)|da.
nJr
Then the Lyapunov exponent of the Jacobi equation is defined as

L(E) = liminf L, (E). (1.3)
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We remark here that we use liminf instead of lim, so that definition applies
to a generic T'(x). Moreover, from [I0], we have that there exists a constant C'())
such that

0 < L(E)<C(\).

It is well known that non-uniformly hyperbolic dynamic system has many prop-
erties, and it is the essential condition for the Anderson Localization, which is a
central topic in our field and named by Anderson in [3]. Also, even if T'(x) is
not ergodic, the positive Lyapunov exponent, defined by the lower limit, is also an
important topic in the spectrum theory.

The main result of this paper reads as follows.

Theorem 1.1. There exists Ao = Ao(v,a) > 0 such that when the coupling number
|A| > Ao, then for any T(x) : T — T having the form (1.2)), we have

L(E) > clog|\| for all E,
where ¢ is a constant depending only on v and a.

This topic comes from the following discrete analytic Schrédinger operator which
has been studied by many researchers:

(5:0)(n) = $(n + 1) + d(n — 1) + ofe + f()]é(n) = Eé(n), n € L.

The most focused one is the shift, i.e. f(n) = nw, and there are many influential
works for it, including [BG], [GS] and [AJ]. Such many works shew various results
about dynamical system and spectrum theory, including the Anderson localization,
Holder continuity, cantor spectrum and so on. Among these works, the following
non-perturbative positive Lyapunov exponent theorem (first proved in [9]) plays a
key role: there exist A\g = Ag(v) and ¢ = ¢(v) such that L(E) > clog|\| for any
irrational w and |A| > Ag. Clearly, our result is an extension of this result.

Instead of the shift, there are some other articles concerning on the Schrédinger
operator with other mappings. Kriiger [§] proved that for the polynomial mapping

f(n) =am? + -+ ain,
and for any constant ¢ > 0,
meas{E : L(E) <c¢} — 0
as d — +oo; for any € > 0, there exists Ag(d, €) such that
meas{E : L(E) <log|\} <e

for all |A| > Ag. He expected that for any A # 0 and any nonconstant analytic v(z),
the Lyapunov exponent is positive for all £ when d > 2. It is obvious that our
Theorem answers this question for the large coupling number. Moreover, if the
potential becomes v(T"(x)) = cos(27mn” + x), where p is not an integer, Bourgain
had shown the positive Lyapunov exponent with small X in [4].

For the Lyapunov exponent of the Jacobi operator, the work [7] is the most
famous. They considered the following called extended Harper’s model, which is a
case of Jacobi operator with the shift:

a(x) = Az exp[—2mi(x + g)} + Ao + Ay exp[2mi(z + g)L 0<)Ag, 0< Ay + Az,

v(z) = 2cos(2mz).
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Then the Lyapunov exponent on the spectrum is zero when 0 < A\; + A3 < Ay
and 1 < A9, or max{l, A2} < A1 + A3, and is given by the following formula when
0§A1+)\3§17and0§)\2§1:

10g(%), ifOS)\QS/\l—l—)\gSl;

1+vV1—4X1 A3 .
log(7A2+\/7‘//\g_M), FO< A +A3< A <1

It is easy to see that L(E) &~ —log A when A(:= max{\1, A2, A3}) is small enough.
Thus, this formula satisfies Theorem as 1/A ~ A, and the zero Lyapunov expo-
nent part also shows that it is necessary to assume that the coupling number X is

large enough.
Define

0
1 .
L*F) =liminf — [ 1 A(TY E
(B) =timint + [ tog | [] A(T/(). B)]dz,

j=n—1

where

awm= (ol 0):

It is easy to see that L(F) = L*(E) — D, where D is a constant defined by

D= /log la(x)|dz.
T
Note that D < log A with large A\. Thus, we only need to prove the following result.
Lemma 1.2. If |A| > Ag, then
L*(E) > 2clog|\| for all E,
where Ao and ¢ are the same as in Theorem [1_1]

In Section 3, it is proved that Lemmal[T.2]is also valid for the more general matrix

)\Ull(.’li) —F 1}12(.23) e U1m(3;‘)
A2, ) m 1121:(1”) 1)22:(:0) vgy,é(z) | (1.4
vml. (z) vmgl () ... vmm(z)

where every v;;(x) is an analytic function on T.

This article is organized as follows. In Section 2, we introduce some properties
about the subharmonic functions, especially the inequality of subharmonic functions
under harmonic measure. The proof of Lemma with the general matrix is
presented in Section 3.

2. SUBHARMONIC FUNCTIONS
Let u(z) be a real function defined on some domain 2 € C.

Definition 2.1 (Subharmonic Function). We call u(z) a subharmonic function on
Q if

(1) u(z) : @ — [—00, +00);

(2) u(z) is upper semicontinuous from €2 into [—oo, +00);
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(3) for any z; € Q, there exists 7y = r1(21) > 0 such that for any 0 < r < 7y
holds

u(z1) < QL/ "t (21 4 rei?) db. (2.1)

Remark 2.2. We recall the following the Jensen formula

1 27 .
> /O log ’f(zo + re’e) |d9 =log|f(z0)| + Z log

77
sl <rif)m0 12T %0l

which makes u(z) = log|f(z)| be subharmonic in €2, when f(z) is an analytic

function in Q. Similarly, for fixed f(n) and E, u,(z) = X log||M2(z, E)| is also a
subharmonic function.

Lemma 2.3. Let u(z) € C?(2). Then

2w
// (log 1o JAu(z,y) dedy = / u (20 +roew) df — 2mu(zp).
D(zo,r0) |Z_ 0| 0
Proof. Recall the Green’s formula
of .9y
Af — fAg) dedy = — — f== | ds.
//ﬂ(gf fAg) dzdy j{ <8n 8n>8
Define & = {z: p < |z — 29| < r}. Then

// (gAf — fAg) dedy = 7"0/ (90 f — fOrg)do — p/ (90 f — fOrg)do
o T T

0 P

where I';, = {2z : |z — 20| = r}. Taking f = u(z) and g = log |z ~o7» We obtain
Ag(z) =0, Vzed,
g(z) =0, Vzel,,
1
0rg(z) = — Vzel,.

Thus

/ / (log ) Au(z, y) da dy

27
= / u(zo + ro€’ Yap — / u(zo + pe )d9 — plog%o Oru(zo + pew)dG.
0 0

Let p — 0, then
o — D(Zo,T()),

27
/ u(zo + pe'®)dh — 2mu(z),
0

2m
plog o Oru(zo 4 pe'®)dd < plog T—OC’(u) — 0.
P Jo P
Now the proof is complete. O
Corollary 2.4. Let u(z) € C?(), then u(z) is subharmonic if and only if Au(z) >

0 for any z € Q.
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Proof. Tt is easy to see that if Au(z) > 0 for any z € Q, then

27
// <log L)Au(m,y) dx dy = / u (zo + roew) df — 2mu(zg) > 0,
D(Zo,’ro) IZ - Z0| 0

since log

=7 > 0 for any |z — 20| < ro.

Now we show that if u(z) is subharmonic, Lemma [2.3] implies Au(z) > 0 for any
z € . Indeed, assume that Au(zg) < 0 for some zy € Q. Then Au(z) < —§ for
any |z — zo| < ro, with some dg > 0 and ro > 0. Therefore,

// <log 10 >Au(:z:,y) dx dy < —dg // (1og 10 )dxdy
D(z0,70) |Z - ZO' D(z0,70) |Z - ZO‘

< -6 j[ (log —2—) dw dy
|z—z0| <2 ‘Z_ZO|

< —géorg log2 < 0,

|z

which contracts to Lemma and the definition of the subharmonic function. O

Remark 2.5. It is well known that «(z) is harmonic if and only if Au(z) = 0
for any z € Q. In the sense of distribution, we can define Au for the continuous
function u(z). Thus, u(z) is subharmonic if and only if Au(z) > 0 for any z € 2.

Definition 2.6. Given a domain 2 and a function f € C'(99), the Dirichlet prob-
lem for f on Q is to find a function v € C(£2) such that Ay =0 on Q and u‘aﬂ =f.

Then the following results deals with the Dirichlet problem on the upper half-
plane H.

Lemma 2.7. Suppose that f € C(RU{oco}). Then there exists a unique function
u=1uy € CHU {co}) such that u is harmonic on H and u|8H = f.

Before giving the proof, we show the following lemma, which was first proved in
.

Lemma 2.8 (Ahlfors). Suppose the function u(z) is subharmonic and bounded
above on a region Q such that Q) # C. Let F be a finite subset of 00 and suppose

limsupu(z) <0 (2.2)

z—C
for all ¢ € O\F. Then u(z) <0 on Q.

Proof of Lemma[2.7] Assume that f is real valued and f(oo) = 0. For € > 0, let us
take disjoint open intervals I; = (t;,t;41) and real constants ¢;, j = 1,...,n, such
that the step function

f®) = eix,
j=1

satisfies

If = fellL=r) <€ (2.3)
Set

’LLE(Z) = ZCJM(Zvjij)v
j=1
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where
-t

1
— ) = —Sllog(z — tj41) — log(z — 1,)]

1
/’L(Z?Iij) = —arg (
™

If t € R\OI,, then

w(z, I;,H) -1 asz— U 1,
1 j=1

NE

3 o
Il

p(z, I, H) = 0 aSZHR\UIfj, (2.4)

— i
which imply limgs . uc(2) = fe(t). Therefore, by (2.3)) and (2.2)),

sup [te, (2) — Ue, (2)] < €1 + €.

<

Consequently the limit
u(z) = lirr(l) ue(2)

exists, and the limit «(z) is harmonic on H and satisfies
sup |u(z) — ue(2)| < 2e.
H
We claim that
limsup |uc(z) — f(t)] < e (2.5)
z—t

for all t € R. It is clear that (2.5)) holds when ( ¢ U?Zl 0I;. To verify (2.5)) at the
endpoint ¢;11 € 0I; N 141, by (2.4) and Lemma we have

¢ +¢j Cj —Cj
sup [e;pa(z: L, B+ ejapu(z Ly, H) = (5 (e 1 U L )| < |52
where n n
lim (M)M(%I],U]],H’H):M_
z~>tj+1 2 2

Hence all limit values of u.(z) at t;41 lie in the closed interval with endpoints c;

and c;y1, and then (2.3]) yields (2.5) for the endpoint ;.
Let t € R. By (2.5

timsup fu(z) — F(B)] < suplu(z) —ue(z)| + limsup fuc(z) — F(B)] < 3e.

z—t z—t
Ihe same estimate holds if ¢ = oo. Therefore u extends to be continuous on
H and u|8H = f. The uniqueness of u follows immediately from the maximum
principle. O

For a < b, elementary calculus gives
b
. Y dt
b),H) = —_—
o i @) B) = [ ot
If E C R is measurable, the harmonic measure of E at z € H is defined as
Y dt
EH)=| —————.

For z = x + iy € H, the density
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is called the Poisson kernel for H. If f € C(R U {oc}), the proof of Lemma
shows that

up(2) = / P (1),

and for this reason uy is also called the Poisson integral of f.
Now we consider the Dirichlet problem on a Jordan domain €2, which will be
solved by the following Carathéodory lemma.

Lemma 2.9 (Carathéodory). Let ¢ be a conformal mapping from the unit disc D
onto a Jordan domain 2. Then v has continuous extension to D, and the extension
is a one-to-one map from D onto €.

Let E be a measurable set on 0D, then define the harmonic measure of E at

z €D to be
,LL(Z,E,D) = u(w(z)ﬂ/}(E),H)a (26)

where 1) is any conformal map of D onto H. By Lemma the definition does
not depend on the choice of 9. It follows by the change of variables ¢ (z) = Z}J_r—z
that

1—12|? do
g le? —z]22n
By Lemma if f is continuous on OD, the solution of the Dirichlet problem for
fonDis

u(z) = up(2) = /d F(Q)d(z.0D.D)

u(z, E,D) =

2m 2
o L—1z]* dO
_ 1t b
) Ut )|ei‘9 —z]? 27
1 [*" 1—1r? ;
= — ' df, Vz=re' D,
27 Jo Ut )1 —2rcos(f —t) + r2 =T
where the kernel
11— |22 1 1—7? ;
Py(0) = — 12 = ! z=re¥?

- om e — 2|2~ 271 —2rcos( —t) 4+ r2’
is the Poisson kernel for the disc and the function © = uy is called the Poisson
integral of f on D.

Let ¢ be a conformal mapping from the unit disc onto the Jordan domain €, f
be a continuous function on I' = 9Q2. Then f o) is also continuous on 9D, and

2 o 1= [wl? do
o _ 0 et
U(Z) T Uf(Z) - o fow(e )|€i0*'u)|2 27{"

is harmonic on 2, and by Lemma [2.9
3hmg u(z) = f(¢), V¢eT.

In general, the solution of the Dirichlet problem on a Jordan domain 2 can be
written as

ue) = [ 1(Qauc(z.00.9),
where p(z, E, ) is the harmonic measure of £ C I' = 02 defined by

B 1—|w* df
E Q = 1 E D = T30 190"
/’L(Za ) ) u(w,z/) ( )7 ) /z/;l(E) ‘619 _ ’(1)‘2 2
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Note that again by Lemma [2.8] this harmonic measure does not depend on the
choice of ¢. It also means that if u is a harmonic on {2, for any Jordan domain
Q' C Q satisfying ' C Q, such that for any z €

u(z) = [ ulOdne(z.090,).

Obviously, it is an extension of mean-value property of harmonic function.
Moreover, this harmonic measure theory can also solve the following inequality
of boundary-value problem

—Au(z) <0, VzeQ,
u(C) = f(¢), V¢ € on.

Before giving the solution, we would better introduce some equivalent characteri-
zations of the subharmonic function.

(2.8)

Lemma 2.10. Letu: Q — [—00,+00) be an upper semicontinuous function. Then
the following statements are equivalent:

(a) The function u is subharmonic on ).
(b) Whenever D(zg,r0) = {z: |z — 20| <19} CQ, then for any r < rg

2 2
To —T

i
do.
r3 — 2rorcos(d —t) + TQU(ZO + 7o)

1 2m
u(zo +re’) < 271_/0

(c) If Q¥ is a relatively compact subdomain of Q, and h is a harmonic function
on Q' satisfying
limsup(u — h)(z) <0

z—(

for all € OV, then uw < h on .

Proof. (a)=(c): Given €’ and h as in (c), the function u — h is subharmonic on ¥/,
so the result follows by the maximum principle of subharmonic functions.
(¢)=(b): Suppose that D := D(zg,r9) C €. For n > 1, define ¢, : 9D — R by

VYn(z0 + 10€%) =  sup (u(zo +roe) — n|6 — 0’||) , 0¢€1]0,2m),

0<6’ <27
where
|6 — 6| = min |0 — 6" + 2kn|.
kezZ
Then for each n, we have
[9n (20 + 10€™) = Yu(z0 + roe™ )| < nll6 — '],
thus 1, is continuous on 9D. Clearly, ¥; > 15 > --- > u, and so in particular

limy,,— 4 00 ¥, > u. On the other hand,

Un (20 + roeie) < max ( sup  u(zp + roei‘gl), sup u — np), Vp > 0.
lo'—oli<p oD

Thus

lim ), (20 +70€?) < sup  wu(zo + roem/), Yp > 0.
nohee lo"—6]l<p
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As u is upper semicontinuous, letting p — 0, we have lim,,_, 1 ¥ (2) < u(z) for
any z € dD. Thus, these continuous functions v, : 9D — R converges to v on 9D
with 1, > u for any n. Define the Poisson integrals Pp, : D — R by

27 2
. rs —r .
Ppijy 0y =— 0 n Hydt,  Vr <o,
DY (20 + re”) 277/0 r2—2rr0cos(9—t)+r2¢ (20 + roet)dt, ¥ <ro

which is harmonic on D obviously. Also lim,_. Pp¢n(z) = ¥, (¢) for all { € 0D,
and hence

lim sup(u — Ppthn)(2) < u(¢) — $a(C) < 0.

—¢
It follows from (c) that u < Ppt, on D. Letting n — 400 and using the monotone
convergence theorem, the desired inequality is obtained.
(b)=(a) is obvious. O

By Corollary u(z) is a solution of (28], if and only if u(2) is a subharmonic
function on Q and for any ¢ € 99, u(¢) = f(¢). Let 9 be a conformal mapping
from D onto this Jordan domain €2, then the necessary and sufficient condition
that u(z) is a solution becomes u o ¢ is a subharmonic function on I and satisfies
uwo(e’?) = fo(e?). By Lemma we have the fact that

it Lo i0 112
uo(re”) = 27 J foule )1 —2rcos(f —t) + r?

By (2.7), we have

a6 = [ fou(()duc(z0D.D).
oD

u(z) < /é)Q f(Q)due(z,00,), VzeQ.

Therefore, the following result holds.

Corollary 2.11. Let u : Q — [—00,+00) be an upper semicontinuous function.
Then u(z) is a subharmonic function on Y, if and only if for any Jordan subdomain
Q' satisfying Q' C and any z € ', it has

u(e) < [ ulQ)duct 00,9,
o
where p(z, 08, Q) is the harmonic measure of 9 at z € (V.

3. PROOF OF LEMMA

Let v be a 1-periodic nonconstant real analytic function on R. Then there exists
pv > 0 such that
v(z) = 0(k)e*™* " with [i(k)| ~ eI,
kEZ
Moreover, there exists a holomorphic extension
U(Z) — Z ?A}(k)€2ﬂikz
kEZ
to the strip [3z| < £, satisfying
[u(z)| < Y [a(R)|HIS < 3 el HE < .
kEZ keZ

Before giving the proof of Lemma with the general matrix (1.4), we introduce
the following lemma from [5], which will be applied soon.
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Lemma 3.1. For all 0 < 6 < p, there is an € such that
inf sup inf |v(z+iy)— E1| > e
Ey S<y<s z€[0,1]

Proof of Lemma[I.4 Without loss of generality, let A > 0. Assume that
vij(z) = Y 0y (k)e*™ ™ with [6;;(k)| ~ e P51 <, j<m,

kez
Cij= sup |v(2)], 1<4, j<m.
$2|<
Let
C= n}fyxC’ij and p= le{ijnpij.

Thus, we can assume that |E| < mC\ and then M (2, F) is analytic on [3z] < £
with fixed f(n), E and [|M2(z, E)|| < (2mCA)™. Define
1
un(z) = n log HMS(Zv E)||7
which is a subharmonic function on [Jz| < £, upper bounded by log[2mCA].
Fix 0 < § < p and e satisfying Lemma Define
Ao = 100mCe= 100
and let A > Ag. Then, for fixed F, there is % < Yo < 0 such that
E
- 5|>6

f )
mér[hl] vi1(z + iyo) 3

which implies
inf |\v11(x +iye) — E| > Ae > 100mCe > 100mC,

since v(x) is periodic.

Let
1 wit
0 wgfl
Mn—l (iy()v E) = :
0 wiﬁl
Then
wy Ai(iyo + f(n) —E ... vim(iyo + f(n)) T
wy | va1 (Yo + f(n)) o vam(iyo + f(n)) | | wh Tt
wi v (igo + f(n) Vo (iyo + f(n))) w1
()\vu[iyo + f(n)] - E)’U}?il + Z;n:2 V1j [iy() + f(n)]wgkl
B S vasliyoe + f (n)Jw)
S iz + f(m)u? !

Here we use induction to show that
|wi'| > [w?|, j=2,...,m, and [w]|>(Xe—-mC)", n>1 (3.1)
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As wl =1, w?z(),jz?,...,m, it yields
lwi| = Xe > 100mC, \wjl\ <C, j=2,...,m
Let
|wh| > \w§|, j=1,....m, [|wi|> e —mO)wi™|> (\e —mC)". (3.2)
By , we have
|wit | > (Ae — mC)w!h > (Ne — mC)'
i < mClwi| < 9mCluf] < (e —mC)lwi| < |w1+1| j=2...,m,

which also satisfy . By the induction, the expression (3.1]) holds for any n > 1.
Thus
(1M (Gyo, E)|| > (Ae = mC)™  and  uy(iyo) > log(Ae — mC).
Let H = {z : 3z > 0} be the upper half-plane and H; be the strip {z = x + iy :
0 <y < £}. Denote pu(z, E,H) by the harmonic measure of E at z € H and
s (iyo, Es, Hs) by the harmonic measure of E at iyg € Hg, where £ C 0H = R

and B, C OH, = RJ[y = £]. Note that ¢(z) = exp( z) is a conformal map
from Hy onto H. Due to (2.7]), we obtain

s (iyo, Es, Hs) = p((iyo), ¥ (Es), H),

. Y dt
,U/(Z x+2y7 ) ) / ( x)z +y2 71_
Thus 5 du(a) e
_ Py _9TYo _ 50 dus(w w(x) o
,us[y—5]— TP < p’ dz ‘?FO dr 22+ 33
By Corollary 2:11] we have
log(Ae = mC) < uy(iyo) < / un(2) s (d2)
ly=0] Uly=£]
— [ wohde)+ [t ipalin)
y=0 y=%¢
50
< [ unlo) 2o+ 2 [sup o+ )]
R + Y y=%
Yo
sAun<z>$2+y dz+ = log A
Thus
1
LnE:/unGdez a9
1 [ o= [ 0 )
Yo o)
> 29 _ et
>4 (log()\e me) - = log)\)
5 o)
> ((1- == .
> 4((1 5 )log)\+loge>

By the setting of A\ and § < p, for any n it holds that

0/1 1
7<§log)\f mlog)\o) > clog A

L,(E) > 1
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with some small constant ¢ depending on all v;;. The proof is complete. O
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