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NONLINEAR PARABOLIC PROBLEMS WITH VARIABLE
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ABSTRACT. In this article, we prove the existence and uniqueness of entropy
solutions to nonlinear parabolic equation with variable exponent and L-data.
The functional setting involves Lebesgue and Sobolev spaces with variable
exponent.

1. INTRODUCTION

The purpose of this article is to study the existence and uniqueness of entropy
solutions to the nonlinear parabolic problem involving the p(z)-Laplacian type op-
erator

ug —diva(z,Vu) =f in Q= (0,T) xQ
u=0 onXp=(0,T) x 00 (1.1)
U(Ov ) = UO() in Qa

where QO C RY (N > 3) is a bounded open domain with smooth boundary and T is
a positive fixed final time.

The study of various mathematical problems with variable exponent has received
considerable attention in recent years. These problems concern applications (see
[2, 10, 111, 21, 22]) and raise many difficult mathematical problems.

The operator — div a(x, Vu) is called p(x)-Laplacian type operator and is a gen-
eralization of the p(x)-Laplace operator —A ) (u) := — div(|Vu[?(®)=2Vu) and the

generalized mean curvature operator — div ((1 + |Vu|2)(p(m)_2)/2Vu). Therefore,
the problem (1.1) can be viewed as a generalization of the p(z)-Laplace problem

uy — div(|[VulP™®=2Vu) = f in Q= (0,T) x Q
u=0 onXr=(0,T) x 00 (1.2)
u(0,-) = up(-) in Q.
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and the generalized mean curvature problem

up — div ((1 + |vu|2)(”<””)’2)/2vu) —f mQ=0T)xQ
u=0 onXr=(0,T) x9N (1.3)
uw(0,-) = up(:) in Q.

The existence and uniqueness of renormalized solutions to problems and
are nowadays well-known (see [3] 24]).

We recall that the notion of renormalized solutions was introduced for the first
time by Diperna and Lions [13] in their study of the Boltzmann equation. An equiv-
alent notion of solutions, called entropy solutions, was introduced independently by
Bénilan and al. in [4]. Following [4] and using the same notion of solution, Ouaro
and Traoré (see [19]) studied the problem

u—diva(z,Vu) = f in Q

u=0 on 0, (1.4)

where they proved the existence and uniqueness of entropy solution for a data
f € LY(Q). Relying on these results and applying nonlinear semigroup theory, it
is easy to deduce the existence of a unique mild solution for the abstract Cauchy
problem corresponding to and arbitrary L'—data (cf. section 4). In this
paper, we use the abstract semigroup theory to prove the existence and uniqueness
of entropy solution to for arbitrary L!—data.

We recall that Wittbold and Zimmermann in [23] studied and proved the exis-
tence and uniqueness of a renormalized solution to the stationary problem

B(u) —diva(z,Du) —divF(u) > f in Q,
u=0 on 09, (1.5)

where f € LY(Q),Q a bounded domain of RN (N > 1) with Lipschitz boundary
oQ (if N > 2), F : R — RY locally Lipschitz continuous, 3 : R — 2% a set
valued, maximal monotone mapping such that 0 € 3(0), a : Q x RN — RN a
Carathéodory function and p(-) : Q — (1, 00) a continuous variable exponent such
that 1 < min_ g5 p(z) < N. Relying on these above results and applying nonlinear
semigroup theory (see [0]), Bendahmane, Wittbold and Zimmermann proved (see
[B]) the existence and uniqueness of a renormalized solution to the problem .

Apart from the work by Bendahmane and al [3], Zhang and Zhou [24] studied
the problem by using other methods, where they proved the existence and
uniqueness of entropy solutions. They also proved the equivalence between entropy
and renormalized solutions of . The method used in [24] was the following:
They employed first the difference and variation methods to prove the existence
and uniqueness of a weak solution for the approximate problem of under
appropriate assumptions. Then they constructed an approximate solution sequence
and established some a priori estimates. Next, they drew a subsequence to obtain a
limit function and proved that this function is a renormalized solution. Based on the
strong convergence on the truncations of approximate solutions, they obtained that
the renormalized solution to problem is also an entropy solution, which leads to
an equality in the entropy formulation. Finally, by choosing suitable test functions,
they proved the uniqueness of renormalized solutions and entropy solutions and
thus, the equivalence of renormalized solutions and entropy solutions. The main
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operator in problem is more general than the p(-)-Laplace operator of
as we will see later.

The aim of our paper is to extend the results in [19], to the case of parabolic
equations. Inspired by [3] and [24], we first define two notions of solutions of problem
(1.1): The notion of entropy solution and the notion of renormalized solution.
Next, we show that the two notions are equivalent which will permit us to use both
notion when convenient. After that, according to the results in [I9], we prove some
properties of the entropy solutions of problem 7 by using nonlinear semigroup
theory. Next, we prove the existence and uniqueness of entropy solutions to problem
().

This article is organized as follows: In section 2 we recall some results of [19], the
assumptions of problem and some basic notations and properties of Lebesgue
and Sobolev spaces with variable exponents. In section 3, we give the definition of
entropy and renormalized solutions to problem and prove that the two notions
are equivalent. In section 4, using the results of [19], we prove some properties of
entropy solutions to problem . Finally, in section 5 we prove the existence and
uniqueness of entropy solutions of (1.1)).

2. PRELIMINARIES

In this article, we study problem (1.1) with the following assumptions on the
data:

p(+) : @ — R is a measurable function such that 1 < p_ < p, < 400, (2.1)
where p_ := essinf,cq p(x) and py = esssup,cq p().

For the vector field a(-, -), we assume that a(x, £) : QxRY — R¥ is Carathéodory
and is the continuous derivative with respect to & of the mapping A : @ x RY — R,
ie. a(z,§) = VeA(z, §) such that:

A(z,0) =0 for almost every x € Q. (2.2)
There exists a positive constant C; such that

Ja(z, €)| < Cr(ji(z) + [P (2.3)

for almost every z € Q and for every £ € RY where j is a nonnegative function in
L7'0(Q), with s + s = 1,

p@)
The following inequalities hold
(a(mf) - a(xﬂ?)) : (6 - 77) >0, (24)
for almost every x € Q and for every £, € RV, with £ # 1 and
1
clel < a,€).€ < Cp(2) A, €) (25)

for almost every x € 2, C > 0 and for every £ € R¥.
Assumption (2.4) is imposed to obtain uniqueness of the solution to problem

().

Remark 2.1. (1) Strict monotonicity (see assumption (2.4)) of the vector field is
certainly not needed to prove uniqueness of the entropy solution. It was assumed
it here only just for simplicity.

(2) a(z,0) =0 for a.e. x € Q. Indeed for a.e. z € Q fixed, denote z = a(x,0) €
RN, By the continuity of a(z,-), we have lim¢_ga(z,£) = z. Suppose now that
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z # 0 (if z = 0, there is no need to make a proof; this is the case for example
when a(z,&) = |£[P72¢) and choose &y = —sz with s > 0 used to tend toward 0;
then a(z,&) - & = —s(z +€(s)) - 2 = —s|z|? — sze(s) < —s|2|? + s|z||e(s)], where
lims_¢ |€(s)| = 0. Therefore, for s sufficiently small, —s|z|* + s|z||e(s)| < 0, which
is a contradiction by assumption . Thus, z = 0.

(3) As examples of models with respect to assumptions (2.2)-(2.5) for problem
(1.1), we can give the following.
(i) Set A(z,€) = (1/p(x))|€|P®), a(x, &) = |€[P®)=2¢, where p(z) > 2. Then we
obtain the p(z)-Laplace operator

div(|Vu[P®~2Vuy).

. p(z)/2 z)—2)/2
(i) Set A(z,€) = (1/p()[(1+168)" " =11, a(z,§) = (1+1¢P) 7%, where
p(z) > 2. Then we obtain the generalized mean curvature operator

div ((1 + ‘Vu‘2)(p(ﬁf)—2)/2vu).

As the exponent p(z) appearing in and depends on the variable x, we
must work with Lebesgue and Sobolev spaces with variable exponents. We define
the Lebesgue space with variable exponent LP()(Q) as the set of all measurable
functions u : @ — R for which the convex modular

Pp(y(u) = /Q lulP®) da
is finite. If the exponent is bounded, i.e., if p4 < 400, then the expression
[ulpy :=inf {X >0 ppey(u/X) <1}
defines a norm in LP() (), called the Luxembourg norm. The space (LP()(Q), l-Ipcy)
is a separable Banach space. Moreover, if 1 < p_ < py < 400, then LP(')(Q) is

uniformly convex, hence reflexive, and its dual space is isomorphic to LP'()(9Q),
where — + %w) = 1. Finally, we have the Holder type inequality.

p(@) ' p
‘/qu dz| < <[% + 2%>|u|p(.)|v|p/(.), (2.6)
for all u € L) (Q) and v € L ) (Q). Now, let
WO (@) = {u e 1) : [Vl € 2O@) },
which is a Banach space equipped with the norm
[ullpey = lulpey + 1V Ul)lpe)-

The space (W1P0(Q), [lul1 p(.)) is a separable and reflexive Banach space. Next,
we define VVOLP(')(Q) as the closure of C§°(2) in W2()(Q) under the norm

[ull = [(Vul)lp()-

The space (Wol’p(')(Q), [ull) is a separable and reflexive Banach space. For the
interested reader, more details about Lebesgue and Sobolev spaces with variable
exponent can be found in [I2] (see also [16]).

An important role in manipulating the generalized Lebesgue and Sobolev spaces
is played by the modular p,,.) of the space LP()(Q). We have the following result
(cf. [1H]).
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Lemma 2.2. If u,,u € L") and py < +o0, then the following properties hold:

() Ty > 1= [l < pyoy () < Jul’f

(2) Ty < 1= [ul’}) < pyioy () < Jull )

3) |ul,y <1 (respectively =1;> 1) <= p,y(u) < 1 (respectively =1;>1);
p(-) p(-)

(4) |unlpy = 0 (respectively — 400) <= pp(.y(un) — 0 (respectively — +00);

(5) po (u/ulpy) = 1.

Following [3], we extend a variable exponent p : Q — [1,4+00) to @ = [0, T] xQ by
setting p(t, z) := p(x) for all (t,7) € Q. We also consider the generalized Lebesgue
space

LrO(Q) = {u: Q@ — R measurable such that / Qlu(t, z)|P® d(x,t) < oo},

endowed with the norm
s . u(t, ) |p(x)
[ull oo ) = mf{A >0: //Q =57 d(t) < 1},

which shares the same properties as LP() ().
We now recall the main result of [I9] for the study of (1.4). We first recall the
definition of the weak and entropy solutions of (|1.4)).

Definition 2.3. A weak solution of (L.4) is a function u € W' (€2) such that
a(-, Vu) € (L} (Q))N and

loc

/ a(z,Vu) - Vo dx +/ updr = / f(z)pdr, (2.7
Q Q Q
for all ¢ € C§°(R2). A weak energy solution is a weak solution such that u €
1,p(-

W, p( )(Q)
Definition 2.4. A measurable function w is an entropy solution to problem (|1.4))
if, for every t > 0, Ty(u) € Wol’p(‘)(Q) and

/ uTi(u — @) dx —|—/ a(z,Vu) - VI (u — ) dx < / f@)Ti(u—p)dx, (2.8)

Q Q Q

for all p € Wol’p(')(Q) N L>(9).
Now, we recall the two main results in [19].

Theorem 2.5 ([19, Theorem 3.2]). Assume that (2.1)-(2.5) hold and f € L*>(Q).
Then there exists a unique weak energy solution of (1.4)).

Theorem 2.6 ([19, Theorem 4.3]). Assume that [2.1)-(2.5) hold and f € L*().
Then there exists a unique entropy solution to problem (1.4)).

Remark 2.7. Theorems [2.5| and [2.6| were generalized by Bonzi and Ouaro (see [8]
Theorem 3.2 and 4.3]). According to [8, Theorem 3.2], [I9, Theorem 3.2 ] hold for
fe L) (Q).
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3. EQUIVALENCE BETWEEN ENTROPY AND RENORMALIZED SOLUTIONS
Let T}, denote the truncation function at height k, that is
s if |s| <k,
Ti(s) = . . o
Esign(s) if |s| > k.

For the notion of entropy solution to problem (1.1)), we will use the primitive of the
truncation function at height k& > 0 denoted by ©, : R — R™ such that

T 2 : <
O(r) :/ Ty(s)ds = {T /2 2 iffr <k,
0

kel = if || > k.

It is obvious that ©(r) > 0 and ©(r) < k|r|. We denote
TPO(Q) = {u £ Q x (0,T] — R measurable ; Ty (u) € L~ (0, T; WP (),
with VT (u) € (Lp(')(Q))N, for every k > O}.

Next, we define the weak gradient of a measurable function u € Tol’p (')(Q). The
proof follows from [4, Lemma 2.1] due to the fact that Wol’p(')(Q) C Wg’p’ Q).

Proposition 3.1. For every measurable function u € %l’p(‘)(Q), there exists a
unique measurable function v : Q — RY, which we call the weak gradient of u and
denote v = Vu, such that

VTi(u) = vX{jul<k}, almost everywhere in Q and for every k > 0,

where xg denotes the characteristic function of a measurable set E. Moreover, if
u belongs to L'(0,T; W' (), then v coincides with the gradient of u.

The notion of the weak gradient allows us to give the following definitions of
entropy and renormalized solutions to problem ([1.1)). We define the spaces:

V= {ferr(0,1T;Wy " (@) : V] € LPO(Q)},
E={peVNL®Q):¢ €V + L (Q)}.
According to [20], we have E C C([0,T]; L*(9)).

Definition 3.2. An entropy solution to problem ([1.1]) is a function u € ,2—01,1)(-) Q)N
L>(Q) such that the mapping

0,7] 5 ¢t — / Ot — 6)(t, o) da
Q
is a.e. equal to a continuous function for all £ > 0 and all ¢ € E, and
/ Or(u— @) (T)dx — / Ok (up — ¢(0)) dz
Q Q

+ / O T (u — @) dr dt + / a(x,Vu) - VI (u— ¢) dzdt (3.1)
Q Q

— [ mu-g)dds
Q

for all k >0 and ¢ € E.
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Definition 3.3. A function u € 751’11(')(@) N L>(Q) is a renormalized solution to
problem (1.1)) if the following conditions are satisfied: (i)
lim \VulP®) dt dz = 0; (3.2)
nree J(e)e@m<u(t,a) | <n+1)
(ii) for all S in W2°°(R) such that S’ has a compact support,
%S(u) — div [§'(w)a(z, Vu) + S” (va(z, Vu) - Vu| = fS'(u) in D'(Q), (3.3)
S(u)(0) = S(ug) in LY(Q). (3.4)

Remark 3.4. Using the fact that for any function ¢ € V N L>®(Q), there exists
functions ¢,, € D(Q) that converge strongly to ¢ in V and weak-* in L*°(Q), we
see that in and we cannot only use the test functions in D(Q), but also
functions in V' .N L*°(Q). In fact, we can replace by

<%(tu>7 %) +/0 /Q [S"(w)a(a, Vu) - Vo + S” (u)a(z, Vu) - V(u)p] dz dt

:/()T/QfS'(u)(pdmdt,

where (-, -) denotes the duality pairing between V* + L1(Q) and V N L>(Q).

(3.5)

To find more estimates for entropy solutions and also to get useful a priori
estimates of approximate solutions to the equation (5.2)) below, the following inte-
gration by parts formula plays a crucial role.

Lemma 3.5. Let f : R — R be a continuous piecewise C' function such that
f(0) =0 and f' is zero outside a compact set of R. Let us denote F(s) = [; f(r)dr.
If u € V is such that uy € V* + LY(Q) and if 1 € C*(Q), then we have

(ur, f()is) = /Q Fu(T))(T) dr — /Q Fu(0))(0) dz — /Q o F (o) de dt,

where (-,-) denotes the duality pairing between V* + LY(Q) and V N L*(Q).

The proof of the above lemma follows the same lines as the proof of [14, Lemma
7.1]; we omit it.

Next, we have a result showing the equivalence between entropy and renormalized
solutions of (1.1J).
Theorem 3.6. A function u is an entropy solution of (L.1)) if and only if it is a
renormalized solution.

The proof of the above theorem is the same as in constant exponent case; see
[14).

4. PROPERTIES OF ENTROPY SOLUTIONS

In this section, we prove the existence of mild solutions of satisfying an L!-
comparison principle. A classical method to prove that consists in approximating
for € > 0, by an implicit time-discretization

us — us
272_1 =diva(z,Vui) + ff inD'(Q), fori=1,...,n,
ti —ti (4.1)

uf € Wy ") n L= (9),
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where n € N, 0 =t§ <t <--- <t <T and ff € L>®(Q2), i =1,...,n such that

.n

n t:
S [0 150 - ot — 0, (15—t .
i=171t-1 =5

T—t, =0, [up—ugllpi) —0 ase—0.

The function u, is piecewise constant, defined by

€

ue =wui on (t_1,t5], i=1,...,m; u(0) = ug.

This method is actually the method of nonlinear semigroup theory. Naturally, we
are led to give the following concept.

Definition 4.1. A mild solution of (1.1) is a function u € C([0,T]; L*(£2)) which
is the uniform limit of the piecewise constant function ..

The main result of this section is the following.

Theorem 4.2. For any (ug, f) € L () x LY(Q), there exists a unique mild solution
u of . Moreover, the following contraction principle holds: for any 0 <t < T,
if u (resp. 1) is a mild solution of with respect to (ug, f) € L () x LY(Q)
(resp. (iig, f) € LY(Q) x LY(Q)), then

t ~
umw—awmmménw—awumyﬁéHﬂﬁ—f@mﬁmm&

According to the nonlinear semigroups theory (see [0]), the preceding result is,
essentially, a consequence of the result of Proposition below. Before stating the
proposition, we need to recall some definitions. Let A be a (possibly) multivalued
nonlinear operator in L' () that is A : L(Q) — P(L'(Q)); as usual, A is identified
with its graph {(u,v) € L*(2) x L'(Q);v € Au}. The operator A is called accretive
if

lu—aly <|lu—1a+o(w—"20)|, forany (u,v),(a,0) €A o>0;
i.e., for any o > 0, the resolvent of A, (I + cA)~!, is a single-valued operator and
a contraction in the L' —norm.

The operator A is called T-accretive if ||(u —4) |1 < ||[(u —@)" +o(v — )1,

for any (u,v), (4,0) € A, o > 0; equivalently, if

[ w-ore [ w-orzo
{u>a} {u=a}

for any (u,v), (4,0) € A. Finally, the operator A is called m-accretive (resp. m—T-
accretive) if A is accretive (resp. T-accretive) and, moreover, R(I + cA) = L'(),
for any o > 0 (cf. [6] ).

Proposition 4.3. There exists an operator

A={(u, f) € L*(Q) x L*(Q);u is an entropy solution of (1.4)}
such that

(i) A is T-accretive (and even completely accretive, cf. [5]);
(i) R(I+ocA) =LY ), for any o > 0;

(iii) D(A) = LY(Q).
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Proof. (i) Let u (resp. @) be a weak solution of ([T.4)) for f (resp. f) € L®(). We
use +T3(u— @) as test function in (2.7) for k > 0 to get upon addition

1 _ N N
/Q(u - u)%Tk(u —a)tdr + / (a(z,Vu) — a(x,Va)) - V(u—0)" dz

{lu—al<k}
1 .
= / (f - f>ETk(u —a)t da.
Q
Letting & tend to 0 and using assumption (2.4), we obtain
/(U —a)tdx < /(f — f)signd (u — @) dz
Q Q
< / (f = f)+ d$+/(f — f) signg (u — @) dx (4.2)
{u=1a} 0

= [(w—a)*, (f = H*],
where for g,h € L'(2), the bracket [g,h] denotes the right-hand side Gateaux
derivative of the L'-norm at ¢ in the direction of A, i.e.,

[g,h] = lim lg + Allx = llglhy = / |h|dm—|—/ hsigng(g) dz,

A0 A {9=0} Q

with 7 € R + sign,(r), the usual sign-function which is equal to —1 on (—o0,0),
equal to 1 on (0, +00) and equal to 0 for r = 0.

Now, let f, f € LY(92) and u, 4 be two entropy solutions of with f and f as
data respectively. Then [19], there exist (uy, fn) and (4, f,) such that w,, 4, are
weak solutions of with f,, fn € L>(f) as data and such that: u, — wu and
Uy, — U in measure, f, — f and fn — f in L1(Q), as n approaches co.

According to [19], u, — w a.e. in , 4, — 4 a.e. in Q. By setting f,, = T,,(f),
fn=1T, (f) and using , we have

/ (t — 1) e < / (Fu — fo) signd (u— @) da
Q

Q

S/QTn(f)signg(u—ﬂ)d$+/ﬂTn(f)sign3-(u_ﬁ)dx
<|fllh + ||f|\1 < 4o00.

Therefore, by Fatou’s lemma, we deduce that

/Q(u —a)Tdx < liminf/ﬂ(un — Gip) T da. (4.3)

n—-+o0o

From , we have
A(Un - ﬁn)+ dr < [(un - ﬁn)+7 (fn - fn)+]

Note also that [-, -] is upper semi-continuous which gives
tim s [, = i) ¥ (= £2)] < [(u =), (7 = 7], (4.4)

Finally, we use and to obtain
[ do < [w= ), - £,
Q
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Assertion (ii) is a direct consequence of [19, Theorem 4.3].
YLt

(iii) As L>(Q) = LY(Q), we will prove that L>(Q) ¢ D(A) . Let a > 0,
and f € L°°(9). We denote uq := (I + @A)~ f. Then (uq,=(f — ua)) € A. As
f € L>=(Q) then, according to Theorem a is a weak energy solution of (|1.4)).

Let’s take ¢ € D(2) as a test function in (2.7)) to obtain

oz/Q a(x,Vuy) - Vo dx —l—/ U dr = Qf(x)qﬁda:. (4.5)

Q

The following Lemma provides L*°-a priori estimates of a solution u and is crucial
for the next of the proof.

Lemma 4.4. Let u be a weak energy solution of (L.4), then
[ulls < Cllflls, for1<s< +o0.

Proof. The proof is rather classical (see. [I9]). For the sake of completeness, let us
recall the arguments. For p € Py = {p € C°(R);0 < p’ < 1, suppp’ is compact,
0¢ suppp}, we take p(uy) as a test function in (4.5)) to obtain

/Q pluta) () de

—a / a2, Vug) - Vplua) de + / p(ua e de
Q Q

= a/ la(z, Vug) — a(x,0)] - Vuap' (ua) dz + a/ a(z,0) - Vuap (us) dz
Q Q

(4.6)

+ /Qp(ua)ua dx

> a [ a(e.0) Vua () do + [ plua)ua do
Q Q
= / p(uq)uq dz  (by the divergence formula).
Q
Next, we choose p such that p(k) = |k|*~2k for 1 < s < 400 in ([4.6) to obtain

/|ua|572uafdx2/ |tue|® da. (4.7)
Q Q

By Hélder inequality, from (4.7)) we obtain

’

s 1/S
[ ol do < 11 [ (ot o)
Q Q

lualls < I1f]ls- (4.8)
As f € L>(Q), then (4.8) implies ||ta oo < I f]|oo- O

Now, let us come back to the proof of Proposition We take u, as a test
function in (4.5) to obtain

a/a(x,Vua)Vuadx:f/uidxqt/ f(@)uq dx
Q Q Q

< lluallgll fllp-

which gives

(4.9)
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Then, by Lemma [4.4] and (2.5), from we deduce that
a/Q (Ve |P@de < C||fll,llflly < oo (because f € L=(Q)). (4.10)
Now, by using the Holder type inequality, for all ¢ € D(Q), we have
|o¢/ﬁa(x,Vua) : V¢dx|

< Cra / () + [Vual?® 1) V|dz
Q

(4.11)
< Callilly IVl + Cal (Vual @) | 98]0
_a U a
< C'max (al "= (appy(Vua)) = ,ozl Pt (ozpp(,)(Vua))M) + Ca.
According to (4.10)), from (4.11)) we deduce that
‘a/ a(x,Vug) - Vodz| — 0 as o — 0. (4.12)
Q
From (4.5) by using (4.12]) we obtain
uq — f as a— 0, in D'(Q). (4.13)

Note also that (uq)a>0 is uniformly bounded by Lemma then up to a subse-
quence, u, — f in LP(2), for all 1 < p < 400 and a.e. in Q.

Now, |Juallp < ||f[lp for all 1 < p < +oco by Lemma [£.4] then by the Lebesgue
dominated convergence theorem, we deduce that

uq — f asa—0,in LP(Q2), V1 < p < 4o0. (4.14)

As Q is bounded, implies
o — f in LY(Q) as a — 0. (4.15)
Therefore, by (4.15), we deduce that D(A) = L*(Q). O

By Proposition the nonlinear operator A is m-accretive in L(£2). Then,
by the general theory of nonlinear semigroups (see [6]) we conclude that the ab-
stract evolution problem corresponding to (1.1)) admits a unique mild solution

u € C([0,T); LY(Q)) for any initial datum ug € (A)H'”LI(Q) and any right-hand
side f € L1(0,T; LY(Q)).

Lemma 4.5. Let u be an entropy solution to problem (L.1|), then

lull o< 0,751 () < 1fller @) + lluoll (@), (4.16)
VT (W)l oo ()

1/p_ 1/
§k:max{(||fHL1(Q)+||U0||L1(Q)) " @) + ol i) m}-

Proof. Step 1: Proof of (4.17). Taking ¢ = 0 as a test function in (3.1]), we obtain

/Q O (u)(T) dz /Q O (o) d + /Q a(z, V) - VT (u) da dt

(4.17)

(4.18)
:/ fTk(u) dzx dt.
Q
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By the definition of O, we have O (u) > 0. Using hypothesis (2.5, inequality

(4.18) becomes
1
—/ |VTk(u)|p(‘r)dxdt§/@k(uo)dz+/ fT(uw) dx dt
Clo Q Q

g/k|u0|dx+/ fTi(u) de dt
Q Q

gk(/ |u0|dx+/ /] dad),
Q Q

then, according to Lemma [2.2] we deduce that
VT ()| ro) (@)
1/p_ 1/
< kmaX{(HfHLl(Q) + lluollre) "5 (1@ + luollzr @) p+}-

Step 2: Proof of . In the following, we use the function 5, : R — R defined
by:
Sn(s) = /S hn(r)dr, where h,(s) =1— |T1(s — T, (s))]. (4.19)
Note that S,, satisfies ’
Sn(r) = Sp(Tns1(r)), 17| Loe ) < 1, (4.20)
supp Sy, C [—(n+1),n+1], S = 1_pn_1,—n] — Lppnt1]-

Let t; € (0,7) and 0.(t) = (1— @)Jr Then 0, is continuous on [0, +0), . = 1
on [0,t1],0. =0 on [t1 + €, +00) and 6, is linear on [t1,t; + €]. Using ¢ = %Tk(u)ee
as a test function in (since entropy and renormalized solutions are equivalent)
and taking S = S,,, we obtain

/ /6 (u) dx dt

/ / S’ (w)a(z, V) - V(Ti(u)8.)dz dt

1 / / £8" ()T (w)f. de dt

77/ /S" a(xz,Vu) - VuTy (u)0 dzx dt.

Since S!/(s) = 0 for |s| ¢ [n,n + 1], we can write
S (w)a(z, Vu) - VuTy(u) = S (u)a(z, VTnii(w)) - V(Tha1 (w)Th(u) € LYQ).

Since 6. — 1[g¢,] and is bounded by 1 as € — 0, using Lebesgue dominated conver-
gence theorem in equality (4.21] -7 we obtain

/tl/s )eTi(u) dedt + /tl/s’ Ya(z, Vu) - V(Ty(u)) dz dt

/ /S” V) - VuTy(u) dz dt (4.22)

k:/ / S (u u) dz dt.

(4.21)

\Hw
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Let n > M. We have Ty (u) = Ti(Sp(u)) (since S,(s) = s on [-M, M],|S,(s)| >
M and sign(S,(s)) = sign(s) outside [—M, M]), (S, (u))(t1) — u(t1,-) in L(Q),
Sn(ug) — ug in L1(Q2) and S, (u) — 1 a.e. in Q as n — +oo. Since |S”(s)] < 1 and
S!(s) # 0 only if |s| € [n,n + 1], using we can write

|/ /S” (2, Vu) - VuTg(u) d dt|

< / ‘a(x,Vu) : Vu‘ dz dt
{n<lul<n+1}

<k o (j(x) + \vu|P<m>*1)|vu| dz dt
{n<lu|<n+1}

< k;/ C’l ) + [Vu[P@)- 1) IVullfp<juj<ns1y dr — 0 asn — 4-o0.

Passing to the limit in as n — 400, we obtain

k/tl/“tTk )dz dt + & /t/ (2, VTi(u)) - V(Ti(u)) dx dt

h (4.23)
= f/ /ka(u)dxdt,
kJo Ja
for all t; € (0,T). By (2.5)), from (4.23), we obtain
I I
f/ /utTk(u) da dt < f/ /ka(u) dx dt.
kJo Ja kJo Ja
Letting £ — 0 in the inequality above, we obtain
t1 ty
/ / wg signg (u) de dt < / / fsigng(u) dx dt.
o Ja 0o Ja
which implies
lu(ts, e < N1f L) + lluollr @), forall ¢y € (0,T)
i.e.
[ull Lo 0,750 () < [1f 1) + lluollzr (o)
This completes the proof. ([

Now, for any continuous and monotonic function 1, we define the proper lower
semi-continuous and convex or upper semi-continuous and concave function

0= () dr

To prove the existence of weak solutions, we need an energy estimate similar to the
one given in [I, Lemma 1.5].

Lemma 4.6. Let ¢ € C%1(R) be monotone, let u be a measurable function such
that u € LP-(0,T; Wy*)(Q)). Then By(u) € L®(0,T; L () and, for almost
every t € [0,T7,

/ By (u(t))E(t) dz — / By (u0)€(0) de

//uﬂ/) §dxdt+//B¢ )¢, da dt

(4.24)
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for any € € COY(Q) such that P(u)é € L*(0,T; Wy ' (Q)).

For the proof of the above lemma, see the proof of [9, Lemma 4].
By a weak solution of (L.1]) we understand a solution in the sense of distributions
that belongs to the energy space, i.e.,

weV={feLl(0,T; Wy " () |V /| € LPO(Q)},
du (4.25)

5 diva(z,Vu) = f in D'(Q), u(0,-) =ug.

To complete this section we prove the following proposition.

Proposition 4.7. Assume that (2.1)-(2.5) hold, ug € L>(Q), f € L=(Q) and u
is the unique mild solution of (1.1). Then w is a weak solution of (L.1)).

Proof. For i =0,1,...,n, let u§ be the unique weak energy solution of

efi +uiy € (I +ed)yj

We have .
us
/a(x,Vu) V(pd:r—i—/ godx—/f pdz, (4.26)
Q Q
for all p € Wl’p(')(Q). Taking ¢ = u§ as test function in , integrating over
(t5_q, tl) and summing up the 1nequahtles over ¢ =1,...,n, we obtain

te Q

:Z/Z / Tus da dt.
i=17t1 7/

By (2.5) and as Bjpq4 is convex, from (4.27)) we deduce that

n € n €
[ Bra(u§) — Bra(uj_,) / 1/
dz dt + — [ |Vus|P® da dt
Z/t / € ; v, Cla
<Z / / ffus da dt.

Consequently, if we set e = ¢S —t5_,, then f.(t) = ff and uc(t) = u for t € (¢5_,, 5],
i=1,...,m; u(0) = u§. It follows that

/Q [Braue(T)) — Bra(uc(0))] dm+% /0 ' /Q V[P dar dt

T
S/ /feuedxdt.
0o Ja

As Brq(ue(T)) — Bra(uc(0)), ue, fe € L*(R), we obtain

T T
/ / |Vu|P® dedt < C = / / |V, [P~ dxdt < C. (4.28)
0 Q 0 Q

Using the Poincaré inequality with constant exponent, we deduce that (u¢)eso is

uniformly bounded in LP-(0,T; WO1 P (')(Q)). So, there exists a subsequence still
denoted (ue)eso, such that

ue —u in LP=(0,T; Wol’p(')(Q)) as € — 0, (4.29)

(4.27)
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Vue — Vu in (Lp(')(Q))N as € — 0. (4.30)

Since (Vue)eso is uniformly bounded in (Lp()( ) by (2.3) we deduce that

(a(x, Vue))€>0 is uniformly bounded in (LP )N and then we can assume that

a(z,Vue) = @ in (Lp O )N as € — 0. (4.31)
From (4.26)), we have
(t) — uc(t

/Qa(:r,,V(ue))-V(pdx—k/ﬂueee_e)apdm:/ﬂfé(t)god:c, (4.32)

for all o € WP (Q). Then, taking ¢ € WL1(0, T; WHH(Q)NL>®(Q)NE, ¢(T) = 0
as a test function in 7 we obtain

/ / @, Vue(t w(t)dde/OT/QWw(t)dxdt
/ /f6 t) dzx dt.

‘We have

T _ —
/ /Mw)dm
Q
L ] [t
€
T
o Jao €
T—e
:/ /“f(t ddt+/ /u t)dzdt
0 Q € T—e¢
0 T—e¢
_/ /L(S) (s +€)duds — / /uE P(s+¢€)dxds
—eJO € Q
T—e
/ /U;e et e dmdt-l—/ /us dxdt
0 Q T—cJQ

/ “075 ) dz dt,
0 Q

T

- — u(t)y de dt — / uop(0)dzdt ase— 0,
0o Ja Q

where u(t) = ug for t < 0. Therefore, taking limit in (4.33) as ¢ — 0, we obtain

/OT/ﬂq).dexdt_/OT/Quwdmdt—/ﬂuow(O)dxdt
:/T/f(t)wdxdt.
0 Q

Thus, to complete the proof of Proposition [£.7, we only need to show that ® =
a(z, Vu). To do so, we apply the Minty-Browder’s method. Firstly, we prove that

(4.33)

(4.34)

lim sup/ Qa(x,Vue).Vu dx dt < / ® - Vudzdt. (4.35)
e—0 Q
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Using (4.27)), we have

T
/ / a(x,Vue) - Vue dx dt
0 Q

. (4.36)
< / [de(ue(T)) - Bm(uo)} dw + / / foue dz dt.
Q o Jo
Since Brq(uc(T')) > 0, then by Fatou’s lemma, we have
/ lim i(I)lf Bra(ue(T))dz < hm 1nf/ Bra(u(T (4.37)
Q €E—
Because of the lower semi-continuity of Bjg, we have
Bra(u(T))dz < / lim 1nf Bra(ue(T)) dx. (4.38)
Q Q <0

Inequalities (4.37) and (4.38) imply
/QBM(U(T))dx < ligi)iglf/QBId(ue(T)) dz,
ie.
_ 11m1nf/ Bra(ud(T)) dz < — / Bra(u(T)) dz.
Then, passing to the limit in as € — 0 and according to Lemmawe have

T
lim sup/ / a(x,Vue) - Vue dx dt
0o Jo

e—0

T
<- /Q | Bra(u(T)) = Bra(u(0))| do + /0 /Q fudz dt (4.39)
= <f - 'U:t,u>.
Now, we prove that
/ Qa(@, Vu).VEdr dt = / Q® - VEdz dt, (4.40)

for any & € LP-(0,T; VV1 P0) (€Q)).
By the monotonicity of a, for any p € LP-(0,T; Wol’p(')(Q)),

/ Qa(z,Vp).V(u. —p)dedt < / Qa(x,Vue).V(ue — p) dz dt. (4.41)

Since u, is a weak energy solution of e ff+u§_; € (I+eA)uf then, by [19, Proposition
4.11], Vu, converges in measure to Vu. We can then extract a subsequence such
that Vue — Vu ae. in Q. Then according to (2.3), we may apply Lebesgue
dominated convergence theorem and pass to the limit in as € — 0 to obtain

liminf// a(x,Vue).V(ue — p) dxdtz//Qa(x,Vp).V(u—p)dxdt. (4.42)

e—0

Combining (4.39) and ( , we have

(f —u,u // (z,Vp).V(u— p)dzdt,

for all p € LP- (0, T; Wy ") ().
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Choosing p =u+0cf,0 € R, ¢ € LP-(0,T; Wol’p(‘)(Q)), we obtain
(f —ug,08) < O’// a(z,V(u+ 0§)).VEdx dt. (4.43)
Q

Dividing inequality (4.43) by o > 0, resp. ¢ < 0 and passing to the limit with
o | 0, resp. o 10, we obtain

(f —u, &) = //Qa(x,Vu).V§dxdt, (4.44)

for any & € LP-(0,T; Wol’p(')(Q)). By (4.34), we have

T
/ /@-Vzpd:vdt
0 Q

_/()T/Quq/)tdxdt+/ﬂuo¢(0)dz+/()T/Qf1/)dxdt (4.45)
= (f —u, ).

Combining (4.44) and (4.45) yields (4.40). To conclude, we pass to the limit in
(4.33)) as € — 0 to obtain

/:/ﬂﬂédwdt:—/OT/Qu@dacdt—/Q(ugb)(o)dw

. (4.46)
+/ / a(z,Vu) - Vo dz dt,
0o Ja
for all ¢ € EN L>(Q). Hence u is a weak solution of (L.I). O

Our aim is to prove that this weak solution is also an entropy solution of .
The proof of this result consists of two main steps. Firstly, we prove e—uniform
a-priori-estimates in certain Bochner spaces as well as in appropriate variable expo-
nent Lebesgue spaces for u. and Vu.. Secondly, we pass to the limit in the entropy
relation as € — 0.

5. EXISTENCE AND UNIQUENESS OF AN ENTROPY SOLUTION

Theorem 5.1. Let (2.1)-(2.5) hold. Let ug € L*(Q), f € LY(Q). There exists a
unique entropy solution for (1.1).

The proof of the above theorem is done in several steps.

5.1. A priori estimates. As ug € L'(Q), f € L*(Q) and L™ is dense in L', then

we can find two sequences of functions (fe)e>0 C L*(Q) and (u0,6)€>0 C L>(Q)
strongly converging respectively to f and wug such that
IfellLr@) < Ifllzv@)s  luoelloi@) < lluollzr ) (5.1)

Now, let u. be a weak solution to problem (L.1)) with f. and g . as data, i.e.

/OT/Qngbdxdt:_/OT/Qufd)t dwdt—/ﬂuo,eQS(O,')de

T (5.2)
—l—/o /Qa(x,Vug) -Vodzdt,

for all ¢ € ENL>®(Q).
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Lemma 5.2. The estimates in Lemma[].5 hold with u replaced by u., and all the
constants are independent of €, i.e.

el Lo 0,521 ) < I fllzr(@) + lluollLr (o), (5.3)
VT (ue)ll oo (@)

1/p— 1/
< kmax{(||f||L1(Q) + HUOHIA(Q)) p , (HfHLl(Q) + ||U0||L1(Q)) p+}.

The proof of the above lemma is similar to that of Lemma [4.5]

(5.4)

5.2. Basic convergence results. The a priori estimates in lemmas and
together with the C([0, T]; L(Q))-convergence guaranteed by nonlinear semigroup
theory, imply the following basic convergence results.

Lemma 5.3. For a subsequence (u6)€>0 as € — 0:

Ue = U a.e in Q, (5.5)
VTi(ue) = VTi(w) in (LPO(Q))N, (5.6)
Tio(ue) — Ti(w)in LP-(0,T; Wy ") (2)) (5.7)

for all k > 0.

Proof. Proof of (5.5)). Let u,, and u., be two weak solutions of problem (|I.1)).
Choosing 0.7 (ue, —ue,) as a test function corresponding to u., and 0. (e, — U, )
as a test function corresponding to u.,, we obtain

T
/ / ef(uq)tTI (uel - 'U/ez) dx dt
o Ja
T
= / / Oca(x,Vue,) - VT1 (te, — Ue,) dz dt (5.8)
o Ja

T
—|—/ /ngqu(uel — U, ) dx dt
0o Ja
and

T
/ /QE(UEQ)tTl(ueg — U, ) dx dt
0o Ja
T
= / / Oca(x,Vue,) - VT (te, — e, ) dx dt (5.9)
0o Ja

T
[ ] ot ) de
0o Ja
Adding (5.8) and (5.9), then by using (2.4) and letting e approach zero we have

t1
/ / (uﬁl - uez)tTl (ue1 - uez) dx dt
0 Q
t1
= / / (a(‘r7 vuﬁl) - a(x7 Vu52)) ’ vTl (u€1 - uez) dx dt
0 Q
t1
+/ / (fez_fel)Tl(uel—ng)d$dt
0 Q
t1
S / / (f52 _fel)Tl(uel _u€2>dxdt
0 Q

(5.10)
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From ([5.10) we deduce that

/Q@l(uﬁl — U, ) (t1) dx

5.11
< /991(%,51 —Uo,e,) AT + || fe, — ferllLr () (5.11)

< ||u0751 - u0762||L1(Q) + erz - f61 HLl(Q) ‘= Geqey-
By the definition of ©1, we have

[(ue; —ttey)(t1)]? :

B s e if ue, (B1) —ue, (t1)] < 1
91(u61 - uez)(tl) = ? .

(e, —ue ) (t1)] 3f Jue, (T1) — ue, (81)] > 1.

On the set {|ue, — ue,| > 1}, we have W < e, (B1) — te, (t1)]- Then,

from (5.11) we deduce

/ (u€1 - uﬁz)z(tl) dm+/ |u61(t1) _uﬁz(t1)| dx
(e, —uey| <1} 2 (e, —ue,|>1} 2

< / O1(Uey — Uey ) (1) dT < Ay -
Q

Using Holder inequality,
/Q iy (£1) — ey (£2)] e
- / htey (£2) — ey (£2)] e + / tey (£2) — 1y (£2)] dz
{‘uél 7’“‘62 |<1}

{‘uq*ueg‘zl}
1/2
< (/ e, (t1) — ey (t1)]? dm) meas(Q)'/2 + 2a,, .,
{\ugl—uG2\<1}

< (2meas(Q))/2a}/? + 2a,.,.

5.12
Since (fe)_., and (uo,) ., are convergent respectively in L'(Q) and Ll(Q(), wg,
have a¢, e, — 0 for €1, e — 0. Thus from we deduce that (u6)6>0 is a Cauchy
sequence in C ([0, T]; L*(£2)) and u, converges to u in C([0, T]; L*(2)). Then we find
an a.e. convergent subsequence (still denoted by (ue) in ) such that u. — u
a.e. in . The proof of is complete.

Proof of (5.6) and (5.7). By (5.4), the sequence (VTk(ue))6>0 is bounded in
(LP(~)(Q))N; hence the sequence (Tk(ue))6>0 is bounded in Wol’p(')(Q). Then, up
to a subsequence we can assume that for any k > 0, (T (uc))

e>0)

>0 converges weakly to

o, in Wol’p(‘)(Q) and so (Tk(ue))€>0 converges strongly to oy in LP-(Q). By (5.5),
we have ue — u a.e. in Q. As for k > 0, T}, is continuous, then T (u.) — Tk (u) a.e.
in Q and o, = Ty (u) a.e. in @, which yields (5.7)). Using also the boundedness of

(VT (ué))€>0 in (Lp(')(Q))N, we can find a subsequence (still denoted by (ue)eso0)
from (ue)eso such that VT (u.) converges weakly to VT (u) in (Lp(')(Q))N, ie.
(]

(5-6) holds.
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5.3. Strong convergence. We start by recalling a suitable time-regularization
procedure, which was first introduced by Landes (see [I7]) and employed by several
authors to solve nonlinear time dependent problems with L' or measure data (see
e.g. [7]). We denote this time regularized function to T, (u) by (T, (u)),, with > 0.

It is defined as the unique solution (T}, (u)), € LP-(0,T; Wol’p(')(Q)) NL>(Q), with
V(T (u)), € (Lp(')(Q))N, of the equation
O (Tn(w)p + p((Tn(u)y — Tr(u)) =0 in D'(Q), (5.13)
with the initial condition
(Tn(w))pli=0 = wf in Q, (5.14)
where wj) is a sequence of functions such that

wh € WoPO (@) N L), [whllr~@ <n

wh — T, (up) a.e. in Q as p — oo, (5.15)
Ly w
;Hwo HW01~P('>(Q) — 0 as pu— oo.
Following [I7] we can prove that
(T (w))

L eI (0T WP @) N L¥Q), (Tu(w)ull=@) < 1.
(Tn(u)), — Th(u) ae. in Q, weak-* in L*(Q) (5.16)
and strongly in LP- (0, T} Wol’p(')(Q)).
To continue our proof of Theorem we need the following result.

ot

Proposition 5.4. For all k > 0 we have:
(i) a(z, VTk(uc) — alz, VTi(u) in (L Q)"
(il) VTi(ue) — VTi(u) a.e. in Q,
(iii) a(z, VTk(ue)) - VTi(ue) — a(x, VTi(u)) VT (u) strongly in L'(Q) and a.e.
in Q,
(iv) VTi(u) — VTi(u) in (LPO(Q))".

Proof. (i) The sequence (a(z, VT (uc))) ., is bounded in (L' (Q))N according to

([2:3). We can extract a subsequence such that a(z, VTj(ue)) — (i in (Lp'(')(Q))N.
We have to show that ¢ = a(x,VIi(u)) a.e. in Q. To this end, we take a
subsequence (u.)eso such that u, — u almost everywhere in Q. For h > 2k, we
introduce the function

we = T, (e = Tu(ue) + Th(ue) = (T(w) ),

where (Tk(u))u is the approximation of Tj(u) defined in (5.13)). The use of w, as

a test function to prove the strong convergence of truncations was first introduced
in the stationary case in [I8], then adapted to parabolic equations in [20]. The
advantage in working with w, is that since

Ve = V(e = T(ue) + Ti(ue) = (Ti(w),,) e,

with E, = {|u6 —Th(ue)+ T (ue) — (Tk(u))u| < 2/{}7 in particular we have Vw, = 0
if |ue| > h + 4k. Thus the estimate on Tj(u.) in LP-(0,T} W&p()(ﬂ)) appearing
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in Lemma implies that w, is bounded in LP-(0,T} W&’p(')(ﬂ)). Then by the
almost everywhere convergence of u. to u as € — 0, we deduce that

we — Tay (u ~ Th(u) + Ti(u) — (Tk(u))#) (5.17)

in LP-(0,T; Wol’p(')(Q)) and a.e. in Q.
In the following, we set M = h + 4k, moreover we will denote by w(e, p, h) all
quantities (possibly different) such that

lim lim limsup |w(e, pu, h)| = 0. 5.18
plm  lim HOP| (e, 1, h)] (5.18)

Similarly we will write only w(e) or w(e, i), to mean that the limits are made only
on the specified parameters. Choosing w, as a test function in (5.2]) we have

T T T
/ /(ue)tw6 dx dt +/ / a(x,Vue) - Vwe da dt = / / fewedzdt.  (5.19)
0o Ja 0o Ja o Ja

Notice that

T
|/ / few, dz dt|
o Jo

T
< /0 /Q |f€ - fHTQk(ue - Th(ue) + Tk(ue) — (Tk(u))u)‘ dx dt
+/0 /Q|fT2k(’LL5 — T (ue) + T (ue) — (Ti(u)),)| dz dt
T T
< Qk/o /Qlfe —f|da:dt+/0 17T (te = Talud) + Ticwe) = (T(w))| d .

Since f. is strongly compact in L'(Q), using (5.5)), the definition of (T} (u))u and
the Lebesgue dominated convergence theorem, we have

T T
lim lim lim | / fewe dx dt’ < lim / / | fTox(u — Th(u)| dx dt = 0.
0o Ja h=too Jo Jao

h—~+o00 p—~+00 €—0

Thus, recalling the notation introduced in ([5.18)), we have proven that

T
/ fewedx dt = w(e, p, h). (5.20)
0o Ja

Let us estimate the second term in ([5.19)). Since Vw, = 0 if |u| > M = h+ 4k, we
have

T T
/ / a(x,Vue) - Vwe dr de = / / a(x, VI (ue)) - Vwe dt dt.
0o Ja 0o Jo
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Next we split the integral in the sets {|u.| < k} and {|u.| > k}, so that we have,
recalling that h > 2k,

/ / a\x, VTM Ue ) VTQk;( Th(ue) —l—Tk(uE) — (Tk(u))#) dx dt

—// o, Vue) - V(e — (Ty(w),) da dt
{|Us\§k} (521)

* /~/{|u5|>k} a(z, VT (ue)) - V(ue — Th(ue)) dx dt
_ // a(x, VI (ue)) - V(Tg(w), dedt =1 + I + I5.
{luc|>k}

Let us estimate I5. Since ue — Tj,(ue) = 0 if |ue| < h, using (2.3), Remark [2.1] and
Young inequality, we obtain

|12

< // la(x, Vue)||Vue| dz dt
{h<Jue| <M}

< // C1L( () + | VueP® | Ve | dx dt
{h<|uc| <M}

g// C’lj(:c)|Vu€|dxdt+// C1|Vu|P® da dt
{h<|uc|<M} {h<|uc| <M} (5.22)
g// Qi |p’<w>dxdt+// G\ ) da dt
{(h<lucl <My P- {h<|uc|<M} P—
+ / / C1 | Vu|P™ da dt

{h<uc|<M}
<C / / C1|Vu|P® dz dt

{h<|u.|<M}

+c’// |j ()P ) da dt.
{h<|uc|<M} P_

The functions j(t,z) and (Vu5)6>0 are bounded in LP- (0, T; Wol’p(')(Q)) and in

Lr-(0,T; Wol’p(')(Q)) respectively, and meas{h < |u.| < h+4k} converges uniformly
to zero as h tends to infinity with respect to €. Then, passing to the limit in
as € — 0 and h — 400 respectively, and using Lebesgue dominated convergence
theorem, we obtain

I = w(e, h).

>0 is bounded in LP=(0, T} Wol’p(')(Q)),
N

(2:3) implies that (a(z, VTM(uE)))E>O is bounded in (LP/(‘)(Q)) . The almost
everywhere convergence of u to u, as € — 0, implies that [V T (u)|X{ju,|>%} strongly

converges to zero in LP-(0,T; Wol’p(')(ﬂ)). So that, by the Lebesgue dominated

For I3, let us remark that, since (Vue)
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convergence theorem, we have

lim sup // a(x, VT (ue)) - VI (u) dx dt = 0.
{lue|>k}

e—0

Thus, we obtain
I3 = //{|u5|>k} a(z, VI (ue)) - V(Ti(uw)), dx dt
= // a(x, VT (ue)) - VT (u) de dt
{lue|>k}
+ /{ e VT ) V(T — Tio) o
— w(e) + //{ T (00) D (k) i) v

Using the fact that (a(z, VTM(ue)))oO is bounded in (Lpl(')(Q))N and thanks to
(5.16)), we can apply the Lebesgue dominated convergence theorem to obtain

//{ |>k} a(x, VT (ue)) - V((Tk(u))p — Ti(u)) dz dt = w(e, p),

therefore we conclude that I3 = w(e, p).
Then from (5.21), according to the fact that I> and I3 converge to zero, we
obtain

T
/ / a(x,Vue) - Vw, dx dt
0 Ja (5.23)

= // a(z, Vue) - V(ue — (Ti(u)),) de dt + w(e, p, h).
{lue|<k}

Putting together (5.19)), (5.20) and (5.23)) we have

T
/0 /Q(ue)twE dx dt + //{|ue<k:} a(z, Vue) - V(ue — (Tg(uw)),) dr dt (5.24)
= w(e p, h).

For the first term of (5.24)), we can apply [20, Lemma 2.1] to obtain

T
/ /(ue)tw6 dx dt > w(e, u, h).
0o Jo
Hence (5.24]) becomes

//{I - a(x,Vue) - V(ue = (Ti(u)),) drdt < w(e, p, h). (5.25)

Since V(Tx(u)), — VI (u) strongly in (Lp(')(Q))N as u — +oo, we deduce from
(.25) that

/0 /Qa(x, VT (ue)) - V(Ti(ue) — (T (w))) de dt < w(e, p, h). (5.26)
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Therefore, passing to the limit in (5.26]) as e tends to zero, p and h tend to infinity
respectively, we deduce that

limsup/ / a(z, VT (ue)) - V(Tk(ue) — (Tk(u))) dx dt < 0. (5.27)

e—0

Now, let ¢ € D(Q) and X € R*. Using (5 and (2.4]), we obtain

)\hm/ / a(z, VT (u.)) - Vo dz dt

> limsup/ / a(z, VT (ue)) - V [Ti(ue) — Ti(u) + Ap| da dt
e—0 Jo Jo

. (5.28)
> limsup/ / a(z, V(T (u) — Ap)) - V[T (ue) — T (u) + A dxdt
0o Ja

e—0

ZA/O /Qa(m,V(Tk(u)—)\go))-Vgodxdt.

Dividing (5.28)) by A > 0 and by A < 0 respectively, passing to the limit with A\ — 0
it follows that

T T
lim/ / a(x, VT (ue)) - Vodrdt = / / a(x, VI (u) - Vo dzdt.
=0Jo Ja 0o Ja

This means that for all & > 0,

T T
/ / (xVedr = / / a(x,VTy(u) - Ve dzdt.
0o Ja 0o Jo

Hence ¢ = a(x, VT (u)) a.e. in @ and we have
alz, VIi(ue)) = alz, VTi(u) in (L'0(Q))
(ii) From (5.26)), we have

/ / (2, VTk(ue)) — a(, VTk(w))) - 9 (T(ue) — (Te(w))) da dt

N

(5.29)
—/0 /Qa(ac, VTi(w) - V(Tk(ue) — (Th(w))) de dt + w(e, p, h).

The weak convergence of VT (u) to VT (u) in (LPO) (Q))N allows to conclude that

lim sup /0 /Q a2, VTk(w)) - V(Te(u) — (Te(w))) da dt = 0.

e—0

Therefore, passing to the limit in (5.29)) as € tends to zero, p and h tend to infinity
respectively, we deduce that

T
limsup/ /(a(x, VTi(ue)) — alz, VIg(uw))) - V(Ti(ue) — (Tr(v))) dz dt = 0.
e—0 0 Q
(5.30)
Now, set
ge(t,x) = [a(x, Vue) — a(z, Vu)] : V[Tk(ug) - Tk(u)] >0.

ge(t,r) — 0 strongly in L'(Q) as € — 0. Up to a subsequence, g.(t,z) — 0 a.e. in
@, which means that there exists w C @ such that meas (w) = 0 and g.(¢,2) — 0
in Q\w.
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Let (¢,2) € Q\w. Using assumptions (2.5 and([2.3)), it follows that the sequence
(VTk(ue(t,z)))€>o is bounded in R x RY and so we can extract a subsequence

which converges to some 6 in R x R, Passing to the limit in the expression of
ge(t, x), it follows that
0= [a(x,0) — a(z, VTk(w))] - [0 — Ti(u)]

and it yields § = VTj(u) for all (t,2) € Q\w. As the limit does not depend on
the subsequence, the whole sequence (VT (uc(t, ))) ., converges to 6 in R x RY.
This means that VT (u.) — VT (u) a.e. in Q.

(iii) The continuity of a(z, &) with respect to & € R x RN gives us

a(z, VI (ue)) — a(z, VIi(u)) a.e. in Q.

0

Therefore,
a(x, VT (ue)) - VI (ue) — a(z, VI (u)) - VIg(u) a.e. in Q.
Setting z. = a(x, VT (u.)) - VIi(ue) and z = a(x, VI (u)) - VI (u), we have
2e>0, z—zae inQ, z€ L' Q),

//ngdxdta//dexdt
//Q|ZE—Z|dxdt:2//62(z—ze)+dxdt+//Q(ze_Z)dxdt

and (2 —2.)T < z, it follows by using the Lebesgue dominated convergence theorem

that
lim // |ze — z| dx dt =0,
e—0 Q

which implies

a(x, VT (ue))-VTi(ue) — a(x, VI (u))-VTi(u) strongly in L'(Q) and a.e. in Q.

To prove (iv), we need the following lemmas.

and as

Lemma 5.5 ([15]). Let u,u, € LPO(Q), n = 1,2,.... Then the following state-
ments are equivalent to each other:

(1) lim,, ., o |’U,n — u|p(.) =0;

(2) hmn—>oo pp(~)(un - u) = O;

(3) un converges to u in Q in measure and lim,, .o pp(.)(Un) = ppc)(u).
Next we have a Lebesgue generalized convergence theorem.

Lemma 5.6. Let (f,)nen be a sequence of measurable functions and f a measurable
function such that f, — f a.e. in Q. Let (gn)nen C LY (Q) such that for all n € N,
|fnl < gn ace. in Q and g, — g in LY(Q). Then

//Cgfndwf/(gfdx.

Now, set fo = |[VTi(u) [P, f = |[VTi(u)[P®), g = a(z, VTi(uc)) - VI (uc) and
g =a(z,VTi(u)) - VI (u). We have:
e f. is a sequence of measurable functions, f is a measurable function and
according to (i), fe — f a.e. in Q.
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e Using (iii), we have (gc)eso C LY(Q), g — g a.e. in Q, g — g in LY(Q)
and using (2.5), we have | f¢| < Cge.
Then, by Lemma, we have fo fodrdt — fo f dx dt, which is equivalent to

say
/ / VT (ue) [P da dt — / / | VT (w)|P@®) da dt.
Q Q

We deduce from (ii) that the sequence (VTj(uc))
measure. Then, by Lemma [5.5 we deduce that

lim / / VT4 (1) — VT (w)P®) da dt = 0,
Q

>0 converges to VT (u) in Q in

e—0
which is equivalent to saying that VT (u.) — VT (u) in (Lp(')(Q))N. O

5.4. Existence of entropy solutions. For a given a,k > 0 defines the function
T o(s) = To(s — Ti(s))-
s —k sign(s) ifk<|s| <k—+a,
Tio(s) = ¢ a sign(s) if [s| > k + a,
0 if |s] < k.

Let ue be a weak solution of (1.1)). Using 0.7} 4(uc) as a test function in (5.2) and
letting € goes to zero, we find

t1 ty
/ / (ue)tTh o (ue) dz dt + / / a(x, Vue) - VT q(u.) de dt
o Jao 0o Jo

S (5.31)
_ / / T (ue) da dt.
0o Ja
We have
ty
/ / (ue)tTh,a(ue) dx dt
o Ja
t1
- / /(ue)tTa(ue  T(u)) da dt
0o Jo
ty
= / / (ue)iTy(ue F k) dx dt (5.32)
0 {lue|>k}
ty
= / / (ue F k)tTo(ue F k) dx dt
0 {lue|>k}
= / Ou(ue Fk)(t1)dx — / O, (ug.c Fk)du.
{lue|>k} {luo,c|>k}
Using (2.5) and ([5.32)), from (5.31]) we obtain
/ Ou (1, F k) (t1) d — / Ou (o, T k) do
{luel>k} {luo,e|>k}

1
+ = / / V[P da dt
C JJik<iuc <hta

ty
S/ /feTk,a(ue) dxdtv
0 Q
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which yields

// VP dz dt
{k<|uc|<k+a}

_C:(// |f€|dxdt+/ |u07ﬁ|d:c).
{luc|>k} {luo,e| >k}

Recalling that u, — v a.e. in @, we have

(5.33)

klim meas{(t,z) € Q : |u¢| > k} =0 uniformly with respect to e.
— 400

Therefore, passing to the limit in (5.33]) with ¢ and k tending to zero and infinity
respectively, we conclude that

i // |VulP®) da dt = 0.
k—+oc0 {(t,2)eQ:k<|uc|<k+a}

Choosing a = 1, we obtain the renormalized condition (3.2), i.e.,

lim // \VulP®) de dt = 0.
k—too J J{(t2)€Qik< uc | <k+1}

Now, let ¢ € D(Q) with ¢(.,T7) = 0 and S in W2°°(R) which is piecewise C*
satisfying that supp S’ C [-M, M] for some M > 0. Taking S'(u.)¢ as a test
function in (5.2)), it yields

/OT/gl(us)tS'(uE)godmdt+/OT/QG(%VW) V(S (ue)p) da dt
:/T/ feS (ue) da dt.
0o Ja

We have (ue)iS'(ue)p = (S(uc)),p and V(S (uc)p) = ' (uc)Ve + 87 (uc) Vuce.
Then, equality becomes

/OT/Q(S(ue))tsﬁdﬂcdtJr/OT/QS’(uE)a(x,Vue).v(pdxdt

T
+/ /S”(ue)a(x,Vue) -Vuepdr dt (5.35)
0o Ja

/OT/QfES’(ue)cpdxdt.

We consider the first term on the left-hand side of (5.35]). Since S is continuous,
(5.5)) implies that S(u.) converges to S(u) a.e. in @ and weakly—= in L>°(Q). Then
(S(ue))e converges to (S(u)); in D'(Q) as € — 0, that is

/ / (ue) <pdxdt—>/ / ) dx dt.

For the other terms on the left-hand side of ([5.35| -, as supp S’ C [-M, M], we have
S (ue)a(x, Vue) = S (ue)a(z, VT (ue)),
S” (ue)a(x, Vue) - Vue = 5" (ue)a(x, VI (ue)) - Vg (ue).
Using and Proposition we have
S (u)a(e, VT (ue)) — S'(w)ale, VT (w) in (2P O(Q))Y

(5.34)
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S (ue)a(x, Vg (ue)) - VT (ue) — S” (w)a(x, VI () - VI (v)  in LYQ).
For the right-hand side of (5.35]), thanks to the strong convergence of f., we have

feS'(ue) — fS'(w) in LYQ).
Therefore, we can pass to the limit in (5.35)) as € — 0 to obtain

/ / godxdt—f—/ /S/ a(z,Vu) - Vo dz dt

/ /S” a(xz,Vu) - Vup dz dt (5.36)

2/0 /QfS'(u)godxdt.

Employing the integration by parts formula for the evolution term, we obtain

/ / (pdxdt
:/S( (T, z))p (Tx)dz—/S(uo (0,z) dx—/ / )edadt

/S (ug)p(0, 2 dx—/ /S Jedxdt (since p(T,z) =0).
Therefore, we deduce from ) that

f/S(uo O:def// )i dz dt

/ / [S'(w)a(z, Vu) - Vo + 57 (w)a(z, Vu) - Vup| dz dt (5.37)

:/O /QfS’(u)godzzzdt.

This complete the proof of the existence of a renormalized solution, and then of the
entropy solution (cf. Theorem [3.6)).

5.5. Uniqueness of the entropy solution. Now, we prove the uniqueness of
the entropy solution. By Theorem it is enough to prove the uniqueness of the
renormalized solution. Let u and v be two renormalized solutions for problem .
Let S,, be defined as in . We choose T, (Sn(u) - Sn(v)) as a test function in
both the equations solved by u and v. Subtracting the equations, we have

/ /(S" (©)), T (Sn (1) = Sn(v)) da dt
/o / alw, Vu) = S, ()a(z, Vv)) - VTi(Sa(u) = Su(v)) do dt

{0

T
+ /0 / (S7(uw)a(z, Vu) - Vu — Sy (v)a(z, Vv) - Vo) Ti (Sn(v) — Sp(v)) d dt

{O

T
/ / f(S S1 () Tx (Sn(u) — Sp(v)) dx dt. (5.38)

0

2
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We set

T
Jo = /0 /Q (Sn(u> - Sn(v))tT,C (Sn(u) _ Sn(v)) da dt
T
Jy = /0 /Q (S5 (w)a(z, Vu) — S, (v)a(z, Vv)) - V1 (Sn(u) — Su(v)) dz dt
T
== / / (Sl (wale, Vu) - Vu — Sl/(v)a(z, Vo) - Vo) T (Sn(u) = Sa(v)) da dt
0 Q

T
Js = /0 /Qf(sn(u) - Sn(v))Tk (Sn(u) _ Sn(v)) do di.

We estimate Jy, Ji, Jo and J3 one by one. Recalling the definition of ©(r), Jy can
be written as

Jo = /Q@k (Sn(u) - Sn(”))(T) dx — /Q O (Sﬂ(u) - Sn(v))(O) dr.

Because v and v have the same initial condition, and by the properties of O, we
obtain

Jo = / O (Su(u) — Sn(0))(T) dz > 0. (5.39)
Q
We deal with J; splitting it as below

h= // (a(l‘,Vu) —CL<JJ,V’U)) -V(u—wv)dzxdt
{ISn (w)—Sp (v) | <kIN{|u|<n,|v|<n}

+ // (a(z, Vu) — S, (v)a(z, Vv))
{18n (u)=Sn (v)|<E}N{|u|<n,|v[>n}

-V(u— Sy (v)dzdt

+ // (8] (u)a(z, Vu) — S, (v)a(z, Vo))
{‘Sn(u)_sn(U)lgk}m{‘u|>n}

SV(Sn(u) — Sp(v)dzdt := JL + J? + J3.

Since {|S(u) — Sp(v)| < k,|ul > n} C {|u] > n,|v] > n — k}, we have, using the
fact that S/, (t) =0 if |[¢| >n+1 and |S],(¢)] < 1:

73| g// \a(z, Vo) ||Vl dz dt
{n<lul<n+1}
+// la(z, Vu)||Vv| dz dt
{n<|u|<n+1}N{n—k<|v|<n+1}
+// la(x, Vv)||Vu| dx dt
{n<lul<n+1}0{n—k<|v|<n+1}

+// la(x, Vv)||Vu| dz dt.
{n—k<|v|<n+1}

Using assumption (2.3)) and Young’s inequality, from the first integral in the right-
hand side of ([5.40)), we obtain

// la(x, Vu)||Vul| dz dt
{n<lul<n+1}

< // C1 (it @) + [VulP@ )| V| da dt
{n<Ju|<n+1}

(5.40)
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g// Clj(t,x)|Vu\dxdt+// C1|Vu|P® dz dt
{n<lul<n+1} {n<[ul<n+1}
g// Qi@ da:dt+// | vur@ da dt
{n<luc|<n+1} P- {n<Ju|<n+1} P-
+// C1|Vul|P® dz dt
{n<lul<n+1}

< C// |Vu|P®) da dt + C' // i ()P @) da dt.
{n<lul<n+1} {n<lul<n+1}

Function j(z) is bounded in LP-(0,T; Wol’p(')(ﬂ)) and meas{n < |u < n+ 1}
converges uniformly to zero as n tends to infinity. Using the condition (3.2]), we
can conclude that

lim // la(x, Vu)||Vu| dzdt = 0.
nree S S n<ul<nt1}

Similarly, we prove that all the other integrals in the right-hand side of
converge to zero as n — +oo. Thus J; converges to zero. Changing the roles of u
and v, the same arguments prove that J? also converges to zero. We use Fatou’s
lemma to obtain

liminf J; > //{|u—v|§k} (a(z,Vu) — a(z, Vv)) - V(u— v) dz dt. (5.41)

n—-+4oo

Let us study the limit of J, now. We have
T
Jy = / / Sy(w)a(z, Vu) - VuTy (S, (u) — Sy (v)) dodt
o Ja

T
" -Vu v) — Sp(u)) dzdt :== J} 2.
+/0 /QS,L(v)a(z,Vv) VT (Sn(v) = Sp(w)) dzdt := Jy + J3

By symmetry between J3 and JZ2, it is sufficient to prove that JJ tends to zero.
Since [S]/(s)] <1 and S//(s) # 0 only if |s| € [n,n + 1], using (2.3) we can write

|J21| < k// la(x, Vu) - Vu| dz dt
{n<|ul<n+1}

<k C1(j(x) + [VuP@ =) [Vu| dz dt
{n<lul<n+1}

< kz/ 4 (j(x) + |Vu|p($)_1) IVull{n<iuj<ni1y drdt — 0 asn — 400.
)

We conclude that
lim Jy; =0. (5.42)

n—-+o0o

Let us recall that by definition of S,, we have that S/, converges to 1 for every s in
R. Then

f(S! (u) — S (v)) — 0 strongly in L'(Q) as n — 4o0.
Using the Lebesgue dominated convergence theorem, we deduce that

lim Js = 0. (5.43)

n—-+o0o
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Putting together (5.39)), (5.41)), (5.42) and (5.43)), from (5.38)), we obtain that as n
tends to infinity,

// (a(x, Vu) — a(z, Vv)) - V(u—v) dzdt <0
{lu—v|<k}

and then letting k& goes to infinity (recall that v and v are finite a.e. in Q), we
deduce that

//Q (a(z, Vu) — a(z, Vv)) - V(u —v) dedt < 0.

The strict monotonicity assumption (2.4)) then implies that Vu = Vv a.e. in Q.
Then, let &, = Ty (Tny1(u) — Toy1(v)). We have &, € LP-(0,T; Wy () and,
since Vu = Vv a.e. in @,

0 on {|lul <n+1,lv|<n+1}

Oflul > n+ Lol > n+ 1)
vé-n =
1{|u7T,,L+1(v)\§1}VU on {|lul <n+1,v|>n+1}

o1y 1)<y Vo on {[ul >n+1,|v] <n+ 1}

But, if |s| >n+1,[t| <n+1and [t — Thy1(s)| < 1, then n < |t| < n + 1, which
implies

/ V&P da dt < / [VulP®) dz dt + / IVolP® da dt
Q {n<|ul<n+1} {n<|v|<n+1}

—0 asn— 4oo.

Then, &, — 0 in LP-(0,T; Wol’p(')(Q)), and thus in D'(Q) as n — +oo. Since
&, — T1(u —v) a.e. as n — 400 and remains bounded by 1, we also have &, —
Ti(u —v) in D'(Q). Hence, T1(u —v) = 0, i.e. w =v on Q. Therefore we obtain
the uniqueness of the renormalized solution to , and then the uniqueness of
the entropy solution.
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