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NONEXISTENCE OF SOLUTIONS TO SOME INEQUALITIES
AND SYSTEMS WITH SINGULAR COEFFICIENTS ON THE
BOUNDARY

LIUDMILA UVAROVA, OLGA SALIEVA, EVGENY GALAKHOV

Communicated by Jesus Ildefonso Diaz

ABSTRACT. We obtain sufficient conditions for the nonexistence of positive
solutions to some elliptic inequalities and systems containing the p-Laplace
operators and coefficients possessing singularities on the boundary.

1. INTRODUCTION

The problem of sufficient conditions for nonexistence of solutions to systems of
nonlinear elliptic differential equations and inequalities with singular coefficients has
been studied by many authors. For the Laplacian and heat operator with a point
singularity inside the domain, pioneering results in this direction were obtained by
Brezis and Cabré [I] by means of comparison principles. For higher order operators
that do not satisfy the comparison principle, Pohozaev [I1] suggested the nonlinear
capacity method. Later it was developed in joint works with Mitidieri and other
authors (see, in particular, the monograph [10] and references therein). This method
allowed one to obtain a number of new sharp sufficient conditions of non-solvability
of differential inequalities in various functional classes. The method is based on
deriving asymptotically optimal a priori estimates of the solutions by means of
algebraic analysis of the integral form of the inequality under consideration with a
special choice of test functions. Applications of this method to different types of
elliptic inequalities and systems containing degeneracy, point singularities, gradient
terms etc. can be found, for example, in [4] 5] @].

In the present paper, a modification of the nonlinear capacity method is used in
order to obtain dimension independent sufficient conditions of non-solvability for
some quasilinear elliptic inequalities in a bounded domain with coefficients having
singularities near the boundary. This distinguishes the problem setting suggested
here from the aforementioned works in this field, where singularities appeared at
single points or at infinity. In [9], some results concerning the case of boundary
singularities are also obtained, but they are dimension dependent.

For the proof of nonexistence results by the nonlinear capacity method, test
functions with different geometrical structure of the support are constructed, which
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takes into account the specific nature of problems under consideration. Our first
results in this direction were published in [6}, [7].

The rest of the paper consists of two sections. In §2, we establish nonexistence
results for scalar quasilinear elliptic inequalities, and in §3, for systems of such
inequalities.

From here on, letter ¢ denotes different positive constants, which may depend
on the parameters of the problems under consideration.

2. SCALAR INEQUALITIES

Consider the problem
—div(|Du[P~2Du) > f(x)u?|Dul®, =€,

u(z) >0, zeQ, 21)

where € is a bounded domain with a smooth boundary, f(x) € C(Q) is a positive
function.

Solutions to will be understood in the weak (distributional) sense according
to the following definition.

Definition 2.1. A nonnegative function u € Wﬁ)cp(Q) will be called a weak (distri-
butional) solution of [2.1) if f(z)u?|Dul* € L{ () and for each nonnegative test
function ¢ € C}(2) it holds

/|Du\p*2(Du,D¢)da:z/f(z)qu|Du|S¢dz. (2.2)
Q Q

Remark 2.2. Similarly to [10], it can be shown that if such a solution exists and
is strictly positive in €2, then still holds for test functions of the form ¥ = w7
with v € R and ¢ € C}(Q). If u vanishes somewhere in Q and v < 0, one can use
test functions ¢ = (u + §)7¢ and take 6 — 0, which yields the same results as in
the previous case. Therefore we will assume in the sequel that v > 0 whenever it
exists.

We use the notation p(z) = dist(z, 9Q), and
Qe ={2€Q:p(x)>kn} (n>0,k=1,2).

Theorem 2.3. Let f(z) > cp~“(x) (z € Q) with some constant ¢ > 0, p > 1,
g>p—1,5>0, and @« > g+ 1. Then problem (2.1) has no nontrivial (distinct
from a constant a.e.) weak solutions.

For other definitions of a solution, the nonexistence condition can be different.
In particular, for the so-called very weak solution in the semilinear case p = 2, it
becomes a > 2 (see, e.g., the survey [3]).

Proof of Theorem[2.3 Assume that there exists a nontrivial weak solution u of
inequality (2.1). Introduce a family of functions ¢, € C(€2;[0,1]) of the form

en(@) = £)() with

1, ze€ Qs s
6 () = {07 o 23)
[Dgy(z)| <en™ (x€9) (2.4)



EJDE-2017/30 NONEXISTENCE OF SOLUTIONS 3

and A > 0 sufficiently large. Then, using a test function ¢ = 7, with 1-p <~y <0

in , we obtain
| st ipuf, do
g/ﬂ(\DuP_QDu,D(u”(pn))da?
:y/Qqﬂ_l\DuV’(pndx+/Qu"|Du|p_2(Du,D<pn)dx
<5 [ w0 Dy dat [ DU Dy do,
whence

[ @ ipup ey o+ bl [0 Dupe,ds < [ Dup Dy da,
Q Q Q

Representing the integrand on the right-hand side of this inequality in the form

(a+vy

A |Du|yfy/s<p%/52y/su

ys—(@+v)y
s

Dul? 1Y Dy o,

where y will be chosen below, and applying the parametric Young inequality with
the exponent s/y, we obtain

1 . _
3 | Fut DU, dat bl [ w0 Dupg, da

s=(a+7) (p=1-v)s . -
<o [ W DU D [ e da,
Q

Apply the Young inequality with the exponent z,

—(a+v) (p—1-y)s sy v
c/ e | D == | Dy |+v f = on "V dx

Q
(ys—(g+7)y)= (p—1—y)s=z
< %/ u ye— ety |Du| = ©n dx (2.5)
Q

’
sz

yz! 11— 3%
vy OV dx,

Ry
Q

1 1 _
where;—i—;—l.

We choose y and z so that

(p—1—-y)sz=p(s—y),
’ys—(q+v)yz
s—y

:’y_]-v

i.e.,

_ o slpty-1)
y_y’y_ 9
plg+7)—s(y—1)

__ plplg+7) =s(y=1) = (p+v—-1)]

T = Dlplg+y) —s(y—1) —sp+v - 1)

Note that for v = 0, by our assumptions ¢ > p —1 > 0 and s > 0, we have
s _pgts _ pats
Yo p—1 q

zZ=Z

S
:p+6>p>1,
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ZO:p(q—1)+s+1:1 g—(p—1)+s
(p—1)q p(g—1)
Hence by continuity, for |vy| sufficiently small, one has i > 1and 2, > 1, as

> 1.

required for applying the Young inequality.
For such y and z, and ¢,, with properties (2.3), (2.4) and sufficiently large A > 0,
(2.5) implies

1
5 [ e, et O [ oo pure, ar
Q Q (2.6)

a(pty=1)—p(a+y)+sy+qg—p+1
<cn qFs—p+1

Taking n — 0, for sufficiently small v < 0 we obtain a contradiction to the assumed
non-triviality of u, which proves the theorem. (I

Similar arguments yield an analogous result for the problem with variable expo-

nents
— div(|DulP® =2 Du) > f(2)u?®@ |Du)* @z e,

u(z) >0, zeQ,

where p(x),q(z), s(x), f(x) € C(2) are appropriate positive functions. This prob-
lem will be considered in detail in future article.

(2.7)

3. SYSTEMS OF INEQUALITIES

In this section we consider the system of inequalities
—div(|Du|P~2Du) > f(z)v?|Dv|?®, =z €,
—div(|Dv|?"2Dv) > g(x)uP*|DulP?, 2z € Q, (3.1)
u,v>0, xe€f,
where 2 is a bounded domain with a smooth boundary.
We assume that p,q > 1, and f,g € C(2) are positive functions such that
f(z) > agp~*(x), g(x) > bop~?(z) for x € Q, where ag, by > 0.
The solutions of (3.1]) will be understood in the weak (distributional) sense ac-
cording to the following definition.

Definition 3.1. A pair of nonnegative functions (u,v) € W,-2(Q) N Wt4(Q)

loc loc

are called a weak (distributional) solution of (3.1) if f(x)v®|Dv|%2 € L (Q),

loc

g(x)uPr|Du|P2 € L (), and for any nonnegative test functions 1,12 € CA(€) it
holds

[ 1Dup2Du, Doy d = [ gy Do da,
" 2 (3.2)
/ | Dv|9"2(Dv, Dipo) d > / g(x)uPt|Du|P21)q dx.
Q Q
Similarly to Remark 2:2] we can assume that u > 0 and v > 0 whenever they
exist, and use test functions of the form 13 = uYp and ¥y = v with p € C}(Q).
Theorem 3.2. Letpy +ps >p—1, g1 +q2 > q— 1 and either
B=1-p)@a+a@)+(@-1-q)¢g-1)>0 (3.3)
or

(@a=1—=q)(p1+p2)+(B-1-p1)(p—1)>0. (3.4)
Then problem (3.1) has no nontrivial solutions.
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Proof. Let (u,v) be a nontrivial solution of system (3.1, and ¢, € C§°(Q [ ]) be
functions of the same form as in the proof of Theorem | which satisfy (2.3]) and

).
Using a test function ¢ = u”¢, in (3.2)), and 12 = vV¢, in (3.2)), where v is a
number such that p;1 +p2 —p+1<v<0,q1 +¢92 — g+ 1 <~ <0, we obtain

/fv‘h\Dv|qzu"’go77 dx < 7/u7_1|Du|pg0n dm+/u7|Du|p_1|Dg0n|dx, (3.5)

/gup1|Du|p207cp,, dx < 7/1)”_1|Dv|qcp,, dx + /v7|Dv|q_1|Dgpn|dx. (3.6)
We use the representations

W Dulr ™ =t Dl T Dy (37)

VT Duli™Y = v [ DulP i 01 [ Duft 1t (3.8)

to apply to the right-hand sides of (3.5)) and (3.6]) the parametric Young inequality
with exponents denoted by ¢; and cg, respectively. We choose the parameters so
that
ajcp =v—1, biex =p,
B ) (3.9)
p—1-b1 po’
and
agca =7y —1, baca =g,

Y—az @1 (3.10)
qg—1—by q
The purpose of this choice consists in preparation to the consequent application of
the Holder inequality, in order to obtain, under a suitable choice of the parameters,
J buPr|DulP2, dz and [ av® |Dv|’hgpn dz
Solving the systems of equations (3.9) and -, we obtain
_ b= 1)(( — Dp1 —p2)
pp1+p2(l—7)
p, = P = Dp1 —3p2) (3.11)
pp1+pa(l =)
_ppitpa(l—9)
(p—Dp1 —yp2’

)

and
(v=D((g - g1 —vq2)

as = )
? qq1 +g2(1 —7)
— gy —
b, = 1@ = Dar =742). (3.12)
a1 + g2(1 — )

_ 49t q2(1—7)
(=g —vq2

Substituting (3.11)) and (3.12) in (3.7) and (3.8)), we have the representations

(p—1)p1 —vp3
pp1+p2(1—7)

1 (=1 (p=1)p1 —¥P2) p((p—1)p1 —7p2)
u7|Du\p_ =y rritr2(I-7) | u| PPz (=7 o

p1(pty—1) pa(pty—1)  —2=Dpi—ypy 2
X Pp1+p2(1=7) |Du‘pm+p2(1 " oy pp1Fpa( "’>




6 L. UVAROVA, O. SALIEVA, E. GALAKHOV EJDE-2017/30

(g—1)a1 —vq2

1 (=1 ((a=1)a1 —va2) a((g—1)a1 —v92) Tas(ios
’U’Y|D'U|q_ =y  aat2(-1) ‘D’U| qq1 Ta2(1—7) @1‘7”1 22107
91 (a+7—1) a2(g+y—1) —la=Dai—vdy

X pea1taz(@=7) |D’U| 291 +az(0=7) ) aa1+a2=7)
Note that for v = 0 we have

+ —1 +
Cl:q(h QQ>(q )Q1 (J221+ q2

G-Da (gD @ Da

and similarly co > 1. Hence the same inequalities ¢; > 1 and ¢, > 1 hold by
continuity for |y| sufficiently small. Thus, applying to the right-hand sides of (3.5
and (3.6 the parametric Young inequality with the exponents ¢; and ¢y from ((3.11

and (3.12)) respectively, we arrive at

/qu1|Dv|qzu7<pn dx—i—%/u"’_ﬂDuP’cpn dx

pp1+p2(1—7)

p1(p+y—1) po(p+y—1) | D p1+p2
< cﬂ,/u D | Dipn|

p1+P2 p1+pp —— 0
| U| ppitp2(l=7v) 4 d{E,
p1+p2

¥n
/gup1|Du|p2v7Lpn dx + % v’ Do, dx
ga1ta2(1=7)

a1(a+y—1) az(at+v=1) | D q1+az
<, [o"aER py et Dol
—= aa3tap (1= 4 )

q1+a2

where the constants ¢, and d, depend only on p,q,p1,q1,p2,q2 and . Applying
the Holder inequality with the exponents

dy = P1+p2, d — p1+ P2 ’
p+y—1 prtpe—p—v+1

, = Q1+ q2 dy = q1+ g2
q+y—-1 n+e-—gq—v+1

respectively (note that under our assumptions for v = 0

Q1+ Q2

:p1+p2 N
q—1

dq 1, dy = >1
p—1

and hence by continuity d; > 1 and ds > 1 for any || sufficiently small), we obtain

/fv‘“|Dv|q"‘u'Y<p77 dac+|l2|/u7_1\Du|p<pn dx

p+171
P1+p2
<ec ( uP' | Du|P? da:)
<cy( [ gu[DulP ey (3.13)
ppy+p2(1—7v) po—p—
___pty=1 |Dgpn| p1tp2—p—+1 7p1+‘;21+‘;2 s
p1+p2—p—7+1
X( 9 e pp1tpa(l=7) _ ¢ dx ?
p1t+p2—p—v+1
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/gupl|Du|p21ﬂg077 dx + %/v”il\qugpn dx

at~y—1

<d,( [ fomipofep,do)

a91+a2(1—7)

aq1+a2(1—7) 1
q1+q2—q—v+1
n

_ e S—r——
/f q1+gz+7q I |D<‘07]‘QI e dx

Further, using test functions ¢1 = 13 = ¢, in (3.2)), we obtain

/cwa|D1)|‘12c,077 dx < /|Du\p71|D<py,|da:,

buP* |DulP2p, dz < [ |Dv|* YDy, |dx.
¥“n n

We use the representation

|DulP~" = u®| Dul’ i w3 DulP~ b (g, )%

sy
Dot = o Do o Dol >d*f
n ©n

Q“H

80

91+92—g—~+1
qa1+42

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

for applying to the right-hand sides of (3.15]) and (3.16|) the triple Young inequality,
with the exponents c3, d3, es and c4, d4, e4 respectively.

parameters so that

azc3 =7y —1, bzc3=p, azd3= —pi,

1 1 1
A —by)ds —psy, A1,

(p 3)d3 = pa, +d3+63

and

ascs =y —1, byca=4¢q, asds= —qu,

1 1 1
(@ —1—b4)ds = g2, *+d*+*=1~

4 es

Solving the systems of equations (3.19)) and ( -, we obtain

~ (y=Dpi(p -

1)

Coppi+pa(l—7)°

)
20)

)

__rmp—
pp1+p2(l—7)’
pp1 + p2(1 —

c3=—
Pl(p—

d ~ pp1+p2(l—7)

R B CAS .

(P-DA-7)"

pp1+ p2(1—7)

Tt m-pr)(1—7)

Here we choose the

(3.19)

(3.20)

(3.21)
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and
_ (0 =Dalg—1)
qq1 +q2(1—7)’
__an(g—1)
qq1 +q2(1 =)’
_an + g2(1—1)

ca D (3.22)
4y = 10 +ga(1 —7)
(-1 —7)°

s = qq1 + g2(1 —7)
@+ (@—qg+1)(1—79)

Note that for v = 0 one has

3 = = T2
pip—1) pi(p—1) pp—1)
- —1)+p1+ +
g, = PP p2_plp—1)+m P2, Pty
p—1 p—1 p—1
. pp1 + p2 S p1+ P2
3=
prt+p—p+l prt+p—p+1
and similar estimates for c4,dy4, e4. Then it follows by continuity that for || suffi-
ciently small all these exponents also exceed 1, similarly to the previous arguments.

Substituting (3.21]) and (3.22) in (3.17)) and (3.18)), we have the representations

-1
o — pp1+p2  pi(p—1)+p1+po . + P2 -1

> 1,

1 G —Vp1(p—1) pp1(p—1) P1(P*11)
|Du|P™" = wrriFr2(=7) | Dy| Pr1Fp20=%) (pﬁplﬂ’?( -

p1(p—1)(1—7v) pa(p—1)(1—v) (p=1)(A=7v)
X, PP1+P2(1=7) |DU| pp1+p2(1—7) (b‘Pn) pp1+P2(1—7)

(p-na-y QBT
T ppiFpo(l—a) 1 PAC
X g ppitr2(i=7) Pn ,
(v=1)a; (a—1) aq1(a—1) __a1a—l)
|l)U|q_1 = paaitaz(I—7) |D’U| aq1+a2(1=7) (p;;‘“*”(l"*)

a1 (@-1)(1—v) 92(g—1)(1A—v) (g=1)(A=2)
X v 991 +a2(1—) |D1;| aq1+a2(1—7) (b(pn) aq1+a2(1—7)

(q—1)(1—~) (wfq}rfl()l(qf)l)
T g1 Fao(l—7) 991 tq2(l—=7
X g qq1+az (1 ’Y)(pn

Applying to the right-hand sides of (3.15)) and (3.16]) the triple Young inequality
(3-21)),

with the exponents c3, ds, es, ¢4, d4, €4 from (3.22) respectively, we arrive
at

[ o oty

pr1(p—1)

< (/u,y_lLDu‘pSD77 dx) pP1+p2(1—7)

X (/gupl‘D'l”ngD dx)% (323)
n

ppj+p2(1—v)

(/ ___e-0a-m D, |Fitez-pt00-7) pitlpy —pt DA -7)
g

P1F(r2—pF D=7 dp) RO

pp1+p2(1—7)

b
PFra-prDa—7) !
n
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[ ouiDul g da
q1(q—1)
~—1 q aq1+ta2(1—7)
< (/U | D] wndx)
(a=1(1-) (3.24)
q q qq1+a2(1—7)
X (/fv 1| Do| 2(,0,,(11”)
991 +a2(1=7) +(a2—a+1)(1-7)
__ (a=1)(-v) D a1 F(az—a+D(T—7) aaztazzan )L
X (/g Q1+(42*Q+1)<17’v)| n| dx) aarta(i="

991 +a2(1—7) 1
q1+(g2—q+1)(1—7)
n

Using (3.13) and (3.14)), from the previous estimates we derive

/fv‘“ | Dv| 2, dx

p1(p—D)(pty—D+(p1+p2)(P—1)(A—7)

(pr1+p2(1=7))(P1+P2)
P P
< D7</gu ' Du|P? ¢, da:)

p+y—1 pp1+pa(l—7) » _ o
~ pi1Fpo—p— P ey 1(p=1)(P14+po2—p—~+1)
o R | % 2| PR CIE O (3.25)
pp1tpa(l=v) 4 €z
p1t+p2—p—7y+1

pp1+p2(1—7) 1) (1—
X g Pit2—p+DI=7) dz
pp1t+p2(1—7) 1 ’
p1+(P2—p+1)(1—7)
n

[ ou1Dul g, da

a1(a—=D)(g+v=1)+(q1+92)(g—=1)(1—~)

(aa1+a2(1="))(q1+a2)
q1 q2
< EW(/fv | Dv| %2y, dx)

_ g+y—1 991+a2(1—7) g1(qa—1)(q1+92—g—~+1)

" g q1+q2*qf'v+1|D4pn|t11+qu*'v+l d (201 F42 (1=)) (a1 Fa3) (326)
991 +a2(1-7) ¢ x
q1+a2—q—v+1
n

__aa1tea=y) g 1) (1—
__ (@=1H0-y) |D(p,7| a1 +(az—g+DH(1—7) %
X g q1+(a2—q+1)(1—7) dz
_antea-v) 4
q1+(a2—q+1)(1—7)
n

where D, and E, > 0 depend only on p, q,p1,q1,p2, g2 and 7.
Then by (2.3) and (2.4)) we have

1251
[ seiDettoy o < o [ ipupeyan) e (3.27)

i
[owripuroy iz < o [ o, ds) . (3.28)

where after simplifying the obtained expressions one gets

p=1 o (B-l-p)p-1)

17P1+p2’ ! p1+ p2
¢-1 _(a-1-aq)(g—1)

= ) 2
Q1+ q2 Q1+ Q2

K2
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Substituting (3.27)) in (3.28]) and vice versa, we obtain

[(B=1-p3)(a1+a2)+(a—1—q1)(¢=1)](p—1)

/fv‘h ‘D’U|qz<pn dxr < cn (p1+p2)(a1+92) —(P—1)(¢—1) ,

[(a—1—q3)(p1+p2)+(B—=1—p1)(P—D](g—1)

/gupl |DU|p2§0n dr < cn (p1+r2)(a1+a2)—(p—1)(a—1)

Passing to the limit as  — 04, due to (3.3) and (3.4) we obtain a contradiction,
which completes the proof. (Il

Similar necessary conditions for existence of solutions can be formulated for

higher order equations and systems [2], [8], as well as for systems of quasilinear
elliptic inequalities with variable exponents. We leave the latter subject for a future

art

icle.
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