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HIGHER ORDER CRITERION FOR THE NONEXISTENCE OF
FORMAL FIRST INTEGRAL FOR NONLINEAR SYSTEMS
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Communicated by Zhaosheng Feng

Abstract. The main purpose of this article is to find a criterion for the nonex-

istence of formal first integrals for nonlinear systems under general resonance.

An algorithm illustrates an application to a class of generalized Lokta-Volterra
systems. Our result generalize the classical Poincaré’s nonintegrability theo-

rem and the existing results in the literature.

1. Introduction

Let us consider the system

ẋ = f(x), x = (x1, . . . , xn)T ∈ Cn, (1.1)

where f(x) is an n-dimensional vector-valued analytic function with f(0) = 0.
In 1891, Poincaré [12] provided a criterion on the nonexistence of analytic or

formal first integrals for system (1.1).

Theorem 1.1 (Poincaré’s nonintegrability theorem). If the eigenvalues λ1, . . . , λn
of the Jacobian matrix A = Df(0) are N-non-resonant, i.e., they do not satisfy any
resonant relations of the form

n∑
j=1

kjλj = 0, kj ∈ Z+,

n∑
j=1

kj ≥ 1,

where Z+ = N∪{0}, then system (1.1) has neither analytic nor formal first integrals
in any neighborhood of the origin x = 0.

In 1996, Furta [6] gave another proof to Theorem 1.1 with the additional as-
sumption that the matrix A can be diagonalized, and furthermore, he obtained a
result about the nonexistence of formal integral for semi-quasi-homogeneous sys-
tems. In 2001, Shi and Li [13] presented a different proof to Theorem 1.1 without
the assumption of diagonalization of A. In 2007, Shi [14] extended Theorem 1.1
and provided a necessary condition for system (1.1) to have a rational first integral.
Cong et al [5] in 2011 generalized the Shi’s result to a more general case. For related
information, see [7] and references therein.
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We note that the above results are all obtained under the condition that the
eigenvalues of A are non-resonant. How about the case when the eigenvalues of A
are resonant? In 2003, Li et al [10] studied the case that A has a zero eigenvalue
and others are non-resonant. In 2010, Liu et al [11] studied the case that several
eigenvalues of A are zero and the others are non-resonant, and Li et al [9] studied
the case that the eigenvalues of A are pairwise resonant. In this paper, we will
extend the above results to the more general case, i.e., the eigenvalues of A are
in general resonance. With the help of the theory of normal form [1] and power
transformations [4], we give a criterion on the nonexistence of formal first integral
for system (1.1) under the case that the eigenvalues of A are in general resonance.

This paper is organized as follows. In section 2, we will build a criterion of
nonexistence of formal first integral of nonlinear systems under general resonance.
In section 3, an algorithm to determine the nonexistence of formal first integrals
of nonlinear systems will be illustrated by studying a class of generalized Lotka-
Volterra systems.

2. Main results

System (1.1) can be rewritten as

ẋ = Ax + F (x) (2.1)

near some neighborhood of x = 0, where A = Df(0), F (x) = o(‖x‖). Let Λ =
(λ1, . . . , λn)T , and

Θ =
{
k = (k1, . . . , kn)T ∈ Zn : 〈k,Λ〉 =

n∑
i=1

kiλi = 0
}
,

then Θ is a subgroup of Zn. Let rank Θ denote the number of the least generating
elements of Θ.

We assume that A is a diagonalizable matrix, and without loss of generality,
A = diag(λ1, . . . , λn). By the Poincaré-Dulac normal form theory [1], there exists
a formal transformation x = y + h(y), such that system (2.1) can be changed to

ẏi = λiyi + F̃ i(y), i = 1, . . . , n, (2.2)

where y = (y1, . . . , yn)T ,

F̃ i(y) =
∞∑
r=2

∑
|k|=r,〈k,Λ〉=λi

F̃ ikyk, i = 1, . . . , n, (2.3)

here |k| =
m∑
i=1

ki, yk = yk11 . . . ykn
n , F̃ ik are constant coefficients. For convenience, we

give the following definition.

Definition 2.1. A function Φ(x) is resonant with respect to Λ, if it can be written
as

Φ(x) =
∞∑
i=1

∑
|k|=i,〈k,Λ〉=0

Φkxk,

where Φk are constants.

Lemma 2.2 ([9, 15]). If system (2.1) admits a nontrivial formal first integral Φ(x),
then system (2.2) has a nontrivial formal first integral Φ̃(y) which is resonant with
respect to Λ.
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Lemma 2.3. If rank Θ = m (0 < m < n), then there exist n−m eigenvalues which
are N-non-resonant.

Proof. Assume that any n−m eigenvalues of matrix A are N-resonant, then there
exist n−m constants a1

1, . . . , a
1
n−m ∈ Z+ with a1

1 + · · ·+ a1
n−m 6= 0 such that

a1
1λ1 + · · ·+ a1

n−mλn−m = 0.

Thus τ1 = (a1
1, . . . , a

1
n−m, 0, . . . , 0)T ∈ Θ. Without loss of generality, we assume

that a1
1 6= 0.

Analogously, there exist n − m constants a2
1, . . . , a

2
n−m ∈ Z+ with a2

1 + · · · +
a2
n−m 6= 0 such that

a2
2λ2 + · · ·+ a2

n−m+1λn−m+1 = 0.

Thus τ2 = (0, a2
2, . . . , a

2
n−m+1, 0, . . . , 0)T ∈ Θ. Similarly, we assume that a2

2 6= 0.
Repeating the above process, we obtain

τi = (0, . . . , 0, aii, . . . , a
i
n−m+i−1, 0 . . . , 0)T ∈ Θ, aii 6= 0, i = 1, . . . ,m+ 1.

Obviously, τ1, . . . , τm+1 are linear independent. This is contradict to the fact that
rank Θ = m, the proof is complete. �

For simplicity of presentation, we make the following assumption.
(H1) A = diag(λ1, . . . , λn), rank Θ = m (0 < m < n), and λm+1, . . . , λn are

N-non-resonant. Let

Θ′ =
{
k ∈ Θ :

n∑
i=1

ki ≥ 1, and there exists j ∈ {1, . . . , n} such that k + ej ≥ 0
}
,

here e1, . . . , en are the natural bases of Rn, and a vector a ≥ 0 means every
component ai ≥ 0, for i = 1, . . . , n.

Lemma 2.4. Assume (H1) holds, then there exist m linear independent vectors
τ1, . . . , τm ∈ Qn, such that

(1) for any k ∈ Θ, there exists a = (a1, . . . , am)T ∈ Qm, such that k = a1τ1 +
· · ·+ amτm;

(2) for any k ∈ Θ′, there exists a = (a1, . . . , am)T ∈ Zm+ , |a| ≥ 1, such that
k = a1τ1 + · · ·+ amτm.

Proof. Let B = (α1, . . . , αm)T , P1 = (αm+1, . . . , αn)T , here α1, . . . , αm are the
least generating elements of Θ, and αm+1, . . . , αn ∈ Zn are fundamental solutions
of the linear equations Bx = 0, then P1B

T = 0. Let

R =


2 1 . . . 1
1 2 . . . 1
...

...
...

1 1 . . . 2

 , P =
(
P2

P1

)
,

where P2 is a m × n sub-matrix of R such that P is invertible. Then P1 =
(0, En−m)P , i.e., P1P

−1 = (0, En−m), where En−m denotes the n −m order unit
matrix. Let

τ = (τ1, . . . , τm) = P−1

(
Em
0

)
, (2.4)
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then τ1, . . . , τm ∈ Qn, and they are linear independent. Furthermore,

P1τ = P1P
−1

(
Em
0

)
=
(
0 En−m

)(Em
0

)
= 0,

therefore τ1, . . . , τm are fundamental solutions of the linear equations

P1x = 0. (2.5)

(1) For any k ∈ Θ, there exist b1, . . . , bm ∈ R, such that k = b1α1 + · · ·+ bmαm.
Therefore

P1k = b1P1α1 + · · ·+ bmP1αm = P1B
T (b1, . . . , bm)T = 0.

This means that k is a solution of (2.5), thus there exists a = (a1, . . . , am)T ∈ Qm,
such that

k = a1τ1 + · · ·+ amτm.

(2) For any k ∈ Θ′, by (1), there exists a = (a1, . . . , am)T ∈ Qm, such that
k = a1τ1 + · · ·+ amτm. By (2.4), we have

k = τa = P−1

(
Em
0

)
a,

thus (
a
0

)
= Pk =

(
P2

P1

)
k =

(
P2k
0

)
.

According to the choice of P2, we obtain that (a1, . . . , am)T ∈ Zm+ , and |a| ≥ 1. �

Lemma 2.5. Assume (H1) holds, and τ1, . . . , τm be given in Lemma 2.4. Then
under the change of variables

zi = yτi1
1 . . . yτin

n , i = 1, . . . ,m,
wj = ym+j , j = 1, . . . , n−m, (2.6)

system (2.2) becomes

żi = ziF̄
i(z), i = 1, . . . ,m,

ẇj = λm+jwj + wjF̄
m+j(z), j = 1, . . . , n−m,

(2.7)

where z = (z1, . . . , zm), F̄ i(z) (i = 1, . . . , n) are formal power series with respect to
z, F̄ i(0) = 0.

Proof. By Lemma 2.4 and (2.3), we have

żi = zi

(
τi1
F̃ 1(y)
y1

+ · · ·+ τin
F̃n(y)
yn

)
, i = 1, . . . ,m,

ẇj = λm+jwj + wj
F̃m+j(y)
ym+j

, j = 1, . . . , n−m,
(2.8)

where
F̃ i(y)
yi

=
∞∑
r=2

∑
|k|=r,〈k,Λ〉=λi

F̃ iky
k1
1 . . . yki−1

i . . . ykn
n , i = 1, . . . , n. (2.9)

Obviously, for every monomial yk11 . . . yki−1
i . . . ykn

n in the above expression, the ex-
ponents (k1, . . . , ki− 1, . . . , kn) ∈ Θ′. By Lemma 2.4, there exist a = (a1, . . . , am)T

in Zm+ with |a| ≥ 1, such that

(k1, . . . , ki − 1, . . . , kn)T = a1τ1 + · · ·+ amτm.
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Therefore

F̃ i(y)
yi

=
∞∑
r=2

∑
|k|=r,〈k,Λ〉=λi

F̃ iky
a1τ11+···+amτm1
1 . . . ya1τ1n+···+amτmn

n

=
∞∑
r=2

∑
|k|=r,〈k,Λ〉=λi

F̃ ik(yτ111 . . . yτ1n
n )a1 . . . (yτm1

1 . . . yτmn
n )am

=
∞∑
r=1

∑
|a|=r

F̄ iaz
a1
1 . . . zam

m , i = 1, . . . , n.

(2.10)

By (2.8) and (2.10), we can get (2.7), and the lemma is proved. �

Remark 2.6. It should be pointed out that there are similar arguments in [3, 4]
as used in Lemma 2.4 and Lemma 2.5. Here, to ensure that F̄ i(z) (i = 1, . . . , n) in
(2.7) are formal power series with respect to z, we give a different way to calculate
τ1, . . . , τm.

Lemma 2.7. Assume that (H1) holds. If system (2.1) has a nontrivial first integral,
then system (2.7) has a nontrivial formal first integral which is independent with
w1, . . . , wn−m, and the system

ż = zF̄ (z) (2.11)

has a nontrivial formal first integral, where zF̄ (z) := (z1F̄
1(z), . . . , zmF̄m(z)).

Proof. Assume that (2.1) has a nontrivial formal first integral Φ(x), then by Lemma
2.2, Φ̃(y) = Φ(y + h(y)) is a formal first integral of system (2.2), and Φ̃(y) is
resonant with respect to Λ, therefore Φ̃(y) can be written as

Φ̃(y) =
∞∑
i=1

∑
|k|=i,〈k,Λ〉=0

Φ̃ky
k1
1 . . . ykn

n , (2.12)

where Φ̃k are nonzero constants.
Note that for every monomial yk11 . . . ykn

n in (2.12), (k1, . . . , kn)T ∈ Θ′. By
Lemma 2.4, there exists a = (a1, . . . , am)T ∈ Zm+ , |a| ≥ 1, such that

(k1, . . . , kn)T = a1τ1 + · · ·+ amτm.

Thus

Φ̃(y) =
∞∑
i=1

∑
|k|=i, 〈k,Λ〉=0

Φ̃ky
a1τ11+···+amτm1
1 . . . ya1τ1n+···+amτmn

n

=
∞∑
i=1

∑
|k|=i, 〈k,Λ〉=0

Φ̃k(yτ111 . . . yτ1n
n )a1 . . . (yτm1

1 . . . yτmn
n )am

=
∞∑
i=1

∑
|k|=i, 〈k,Λ〉=0

Φ̃kz
a1
1 . . . zam

m =: Ψ(z).

Since (2.2) is changed to (2.7) under the transformation (2.6), Ψ(z) is a first
integral of (2.7). It is clearly that Ψ(z) is independent with w1, . . . , wn−m, so it is
also a first integral of (2.11). �
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Expand F̄ (z) as
F̄ (z) = F̄p(z) + F̄p+1(z) + . . . ,

where p ≥ 1, F̄k(z)(k = p, p + 1, . . . ) are the k-th order homogeneous polynomial.
We can get the following lemma easily.

Lemma 2.8. If system (2.11) has a nontrivial formal first integral Ψ(z), then the
lowest order homogeneous terms Ψq(z) is a first integral of system

ż = zF̄p(z). (2.13)

System (2.13) can be treated as a quasi-homogeneous system of degree p + 1
with the exponents s1 = · · · = sm = 1 (for more detail, see [6]). Let ξ be a
balance of vector field zF̄p(z), i.e., ξ is a nonzero solution of the algebraic equations
1
pξ + ξF̄p(ξ) = 0, then system (2.13) has a particular solution z0(t) = t−

1
pEmξ.

We make the change of variables

z(t) = t−
1
pEm(ξ + u), s = ln t,

then system (2.13) reads
du
ds

= Ku + F̂ (u),

where

K =


1
p + F̄ 1

p (ξ)
. . .

1
p + F̄mp (ξ)

+


ξ1
∂F̄ 1

p (ξ)

∂z1
. . . ξ1

∂F̄ 1
p (ξ)

∂zm

... . . .
...

ξm
∂F̄m

p (ξ)

∂z1
. . . ξm

∂F̄m
p (ξ)

∂zm


is the so-called Kovalevskaya matrix associated to the balance ξ,

F̂ (u) =
1
p
Emξ + (ξ + u)F̄p(ξ + u)− ∂zF̄p(z)

∂z
u
∣∣∣
z=ξ

= O(‖u‖2).

Now we can state our main result.

Theorem 2.9. Assume that (H1) holds, ξ is a balance of vector field zF̄p(z), µ =
(µ1, . . . , µm) is the eigenvalues of Kovalevskaya matrix associated to the balance ξ.
Let

Ω =
{
k = (k1, . . . , km)T ∈ Zm+ : 〈k, µ〉 = 0

}
.

(1) If rank Ω = 0, then system (2.1) does not have any nontrivial formal first
integrals in the neighborhood of x = 0;

(2) If rank Ω = l > 0, then system (2.1) has at most l functionally independent
formal first integrals in the neighborhood of x = 0.

Proof. (1) Assume that system (2.1) admits a formal first integral in a neighborhood
of x = 0, then by Lemma 2.7, system (2.11) admits a formal first integral, and
by Lemma 2.8, system (2.13) has a homogeneous first integral. According to [6,
Theorem 1], we know that µ1, . . . , µm are N-resonant, which contradicts with rank
Ω = 0.

(2) Assume that system (2.1) admits l+ 1 functional independent first integrals
Φ1(x), . . . , Φl+1(x) in a neighborhood of x = 0. By Lemma 2.2, Lemma 2.5 and
Lemma 2.7, after a sequence of transformations, we can see that system (2.11) have
l+1 formal first integrals Ψ1(z), . . . ,Ψl+1(z). Since the sequence of transformations
which transform (2.1) to (2.11) are local invertible, hence Ψ1(z), . . . ,Ψl+1(z) are
functional independent in the neighborhood of z = 0. According to Ziglin lemma
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in [17], system (2.11) has l + 1 first integrals Ψ̃1(z), . . . , Ψ̃l+1(z) whose lowest or-
der homogeneous terms Ψ̃1

q1(z), . . . , Ψ̃l+1
ql+1

(z) are functionally independent, and by
Lemma 2.8, Ψ̃1

q1(z), . . . , Ψ̃l+1
ql+1

(z) are l+ 1 first integrals of quasi-homogeneous sys-
tem (2.13). By [8, Theorem B], we get rank Ω ≥ l + 1, which contradicts with the
assumption of theorem. The proof is complete. �

3. Example

Based on the arguments in Section 2, one can give an algorithm to test whether
a given system admits formal first integral or not, see the next example.

Example 3.1. Consider the generalized Lotka-Volterra system
ẋ1 = x1 + a1x1x1x2 + a2x1x3x4 + a3x1x5x6,

ẋ2 = −x2 + b1x2x1x2 + b2x2x3x4 + b3x2x5x6,

ẋ3 =
√

2x3 + c1x3x1x2 + c2x3x3x4 + c3x3x5x6,

ẋ4 = −
√

2x4 + d1x4x1x2 + d2x4x3x4 + d3x4x5x6,

ẋ5 =
√

3x5 + e1x5x1x2 + e2x5x3x4 + e3x5x5x6,

ẋ6 = −
√

3x6 + f1x6x1x2 + f2x6x3x4 + f3x6x5x6,

(3.1)

where ai, bi, ci, di, ei, fi ∈ R, i = 1, 2, 3. Lotka-Volterra equations can be used
to describe cooperation and competition between biological species in ecology. In
1988, Brenig [2] introduced generalized Lotka-Volterra equations. By transform-
ing the original equations into a canonical form, he discussed the integrability of
some type generalized Lotka-Volterra equations. As an application, we consider the
nonexistence of formal first integral for above Lotka-Volterra system.

Obviously, the eigenvalues of Jocabi matrix at x = 0 of system (3.1) are

λ1 = 1, λ2 = −1, λ3 =
√

2, λ4 = −
√

2, λ5 =
√

3, λ6 = −
√

3,

and system (3.1) is a normal form. Let

Ω =
{
k = (k1, . . . , k6)T ∈ Z6

+ :
6∑
i=1

kiλi = 0
}
,

Θ =
{
k = (k1, . . . , k6)T ∈ Z6 :

6∑
i=1

kiλi = 0
}
,

then rank Ω = rank Θ = 3, and (1, 1, 0, 0, 0, 0)T , (0, 0, 1, 1, 0, 0)T , (0, 0, 0, 0, 1, 1)T

are the least generating elements of Θ. Making the change of variables

z1 = x1x2, z2 = x3x4, z3 = x5x6, w1 = x2, w2 = x4, w3 = x6,

system (3.1) becomes
ż1 = z1(α1z1 + α2z2 + α3z3),

ż2 = z2(β1z1 + β2z2 + β3z3),

ż3 = z3(γ1z1 + γ2z2 + γ3z3),
ẇ1 = −w1 + b1w1z1 + b2w1z2 + b3w1z3,

ẇ2 = −
√

2w2 + e1w2z1 + e2w2z2 + e3w2z3,

ẇ3 = −
√

3w3 + f1w3z1 + f2w3z2 + f3w3z3,

(3.2)
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where αi = ai + bi, βi = ci + di, γi = ei + fi, i = 1, 2, 3.
By Lemma 2.8, we need only to investigate the formal first integral for the system

ż1 = z1(α1z1 + α2z2 + α3z3),

ż2 = z2(β1z1 + β2z2 + β3z3),

ż3 = z3(γ1z1 + γ2z2 + γ3z3).
(3.3)

System (3.3) is a quasi-homogeneous system of degree 2 with exponents s1 = s2 =
s3 = 1. Assume α1 6= 0, then ξ = (− 1

α1
, 0, 0)T is a balance of system (3.3). Making

the change of variables

z1 = t−1(− 1
α1

+ u1), z2 = t−1u2, z3 = t−1u3, t = es, (3.4)

system (3.3) reads

u′1 = −u1 −
α2

α1
u2 −

α3

α1
u3 + u1(α1u1 + α2u2 + α3u3),

u′2 = (1− β1

α1
)u2 + u2(β1u1 + β2u2 + β3u3),

u′3 = (1− γ1

α1
)u3 + u3(γ1u1 + γ2u2 + γ3u3),

(3.5)

where ′ means the derivative with respect to s. Here the corresponding Ko-
valevskaya matrix is

K =

−1 −α2
α1

−α3
α1

0 1− β1
α1

0
0 0 1− γ1

α1

 .

Obviously,

µ1 = −1, µ2 = 1− β1

α1
, µ3 = 1− γ1

α1

are eigenvalues of K. Let

Ω1 =
{
k = (k1, k2, k3)T ∈ Z3

+ :
3∑
i=1

kiµi = 0
}
.

By Theorem 2.9, we have the following results.

Theorem 3.2. Assume α1 6= 0.
(1) If rank Ω1 = 0, then system (3.1) does not have any nontrivial formal first

integrals in the neighborhood of x = 0;
(2) If rank Ω1 = l1 > 0, then system (3.1) has at most l1 functionally indepen-

dent formal first integrals in the neighborhood of x = 0.

It is not difficult to see that if α1, β1, γ1 are Z-non-resonant, and rank Ω1 = 0,
by Theorem 3.2, we get nonexistence of formal first integrals in the neighborhood
of x = 0. Furthermore, we can obtain following conclusions.

Corollary 3.3. (1) If α1, β1, γ1 are Z-non-resonant, then system (3.1) does
not have any nontrivial formal first integrals in the neighborhood of x = 0;

(2) If α1 = β1 = γ1 6= 0, α2 = α3 = 0 and γ3
β2
6∈ Q, then system (3.1) does not

have any nontrivial formal first integrals in the neighborhood of x = 0.
(3) If α1 = β1 = γ1 6= 0, α2 = α3 = 0 and γ3

β2
∈ Q, then system (3.1) has at

most one nontrivial formal first integral in the neighborhood of x = 0.
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Proof. The first case is obvious, we omit it. Let us consider the cases when α1 =
β1 = γ1 6= 0, and α2 = α3 = 0. In this situation, we need to consider

u′1 = −u1 + α1u
2
1,

u′2 = u2(α1u1 + β2u2 + β3u3),

u′3 = u3(α1u1 + γ2u2 + γ3u3),

u′0 = −u0,

(3.6)

where u0 = e−s. It is clearly that µ1 = −1, µ2 = 0, µ3 = 0, and rank Ω1 = 2 > 0.
Let

Θ1 =
{
k = (k1, k2, k3, k4)T ∈ Z4 :

4∑
i=1

kiµi = 0
}
,

where µ4 = −1.
By the Poincaré-Dulac normal form theory, system (3.6) can be reduced to the

canonical form
u′1 = −u1 + u1ϕ

1(u2, u3),

u′2 = u2(β2u2 + γ3u3) + ϕ2(u2, u3),

u′3 = u3(γ2u2 + γ3u3) + ϕ3(u2, u3),

u′0 = −u0,

(3.7)

where ϕ1(u2, u3) = O(|(u2, u3)|), ϕ2(u2, u3) = O(|(u2, u3)|2) and ϕ3(u2, u3) =
O(|(u2, u3)|3). The subsystem of system (3.7),

u′2 = u2(β2u2 + β3u3) + ϕ2(u2, u3),

u′3 = u3(γ2u2 + γ3u3) + ϕ3(u2, u3)

is a semi-quasihomogeneous system with exponents s1 = s2 = 1, and its quasi-
homogeneous cut is

u′2 = u2(β2u2 + β3u3),

u′3 = u3(γ2u2 + γ3u3).
(3.8)

Note that if β2 6= 0, then (− 1
β2
, 0) is a balance of (3.8), and the corresponding

Kovalevskaya matrix is

K ′ =

(
−1 −β3

β2

0 1− γ3
β2

)
.

Obviously, µ̄1 = −1, µ̄2 = 1− γ3
β2

are eigenvalues of K ′. Let

Ω2 =
{
k = (k1, k2)T ∈ Z2

+ : k1µ̄1 + k2µ̄2 = 0
}
.

By Theorem 2.9, we know that if rank Ω2 = 0, then (3.1) does not have any
nontrivial formal first integrals in the neighborhood of x = 0; if rank Ω2 = l2 > 0,
then (3.1) has at most l2 functionally independent formal first integrals in the
neighborhood of x = 0. Therefore we get the proofs of last two cases. �

Remark 3.4. If Ω2 = l2 > 0, one can use the same idea as the change of variables
(3.4) to get a new system like (3.5) to do more investigations. While, one particular
case should be noted is that, if there exist i0 ∈ N, such that for every j > i0,
rank Θj = rank Θi0 = li0 ≥ 2, we can not get the nonexistence of formal first
integral for system (3.1). And this case always implies the partial existence of



10 Z. G. XU, W. L. LI, S. Y. SHI EJDE-2017/274

formal first integral for (3.1), i.e., (3.1) may have li0 − 1 formal first integrals in a
neighborhood of x = 0.
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