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DETERMINATION OF AN UNKNOWN SOURCE TERM
TEMPERATURE DISTRIBUTION FOR THE SUB-DIFFUSION
EQUATION AT THE INITIAL AND FINAL DATA

MOKHTAR KIRANE, BESSEM SAMET, BERIKBOL T. TOREBEK

ABSTRACT. We consider a class of problems modeling the process of deter-
mining the temperature and density of nonlocal sub-diffusion sources given by
initial and finite temperature. Their mathematical statements involve inverse
problems for the fractional-time heat equation in which, solving the equation,
we have to find the an unknown right-hand side depending only on the space
variable. The results on existence and uniqueness of solutions of these prob-
lems are presented.

1. INTRODUCTION

Many instances are known in which the practical needs lead to the problems of
determining the coefficients or the right-hand-side of a differential equation from
some available data about the solution. These are called the inverse problems of
mathematical physics. Inverse problems arise in various areas of human activ-
ity such as seismology, mineral exploration, biology, medicine, quality control of
industrial goods, etc. All these circumstances place inverse problems among the
important problems of modern mathematics.

The purpose of this paper is to study inverse problems for the nonlocal heat
equation with involution of space variable . We consider the heat equation with
variable coefficient

t DX U(x,t) — Upy (1) + EUge(a + b — z,t) = f(x), (1.1)
for (z,t) e ={—-0<a<z<b<oo, 0<t<T <oo},0<a<l, >0, where
D¢ is the Caputo derivative (see definition and ¢ is a real number.

Differential equations with modified arguments are equations in which the un-

known function and its derivatives are evaluated with modifications of time or space

variables; such equations are called, in general, functional differential equations.
Among such equations, one can single out, equations with involutions [3].

Definition 1.1 ([IL2I]). A function w(z) # = maps bijectively a set of real numbers
T', such that

is called an involution on T.
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Equations containing involution are equations with an alternating deviation (at
z* < z being equations with advanced, and at * > = being equations with delay,
where z* is a fixed point of the mapping w(x)).

Furthermore, for the equations containing transformation of the spatial variable
in the diffusion term, we can cite Cabada and Tojo [4], where an example that
describes a concrete situation in physics is given: Consider a metal wire around a
thin sheet of insulating material in a way that some parts overlap some others as
shown in Figure

TEYD = TOH

Ty TG0

T'(0)

FI1GURE 1. An application of heat equation with involution

Assuming that the position y = 0 is the lowest of the wire, and the insulation
goes up to the left at —Y and to the right up to Y.

For the proximity of two sections of wires they added the third term with mod-
ifications on the spatial variable to the right-hand side of the heat equation with
respect to the wire:

or 0T

o*T
E(yat) = aa—gﬂ(y,t) + ﬂTyQ(iy’t)’

where T is the temperature at (y,t). Such equations have also a purely theoretical
value.

Concerning the inverse problems for local and nonlocal heat equations, some
recent works have been done by Kaliev [5], [0], Kirane [9} [10], Sadybekov [I7, [18].

The heat equation also describes the diffusion process. So, the equation of the
form with fractional derivatives with respect to the time variable is called
the sub-diffusion equation. This equation describes the slow diffusion [20]. When
a= %, ¢ = 0 the equation was interpreted by Nigmatullin [I6] within a percolation
(pectinate) model. The solution (in an unbounded domain in the space variable)
was investigated by Mainardi [12] and others by means of integral transformations.

Now, for the formulation of the problems, we need to define the fractional dif-
ferentiation operator.

Definition 1.2 ([7]). The Riemann-Liouville fractional integral I® of order o > 0
for an integrable function is defined by

U0 = g [ -9 ods, e o],
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where I' denotes the Euler gamma function.
Definition 1.3 ([7]). The Caputo fractional derivative of order 0 < o < 1 of a
differentiable function is defined by

d

D) = I f @), t€ab].

2. STATEMENT OF PROBLEMS

This article concerns two inverse problems of the time fractional heat equation
with involution type in the space variable.

Problem 2.1. Find a couple of functions (u(z,t), f(z)) satisfying equation ,
under the conditions
u(z,0) = p(z), =z € [a,b], (2.1)
u(z, T) =v(x), =z € la,b,
and the homogeneous Dirichlet boundary conditions
u(a,t) =u(b,t) =0, te][0,T], (2.3)
where ¢(z) and 1 (x) are given sufficiently smooth functions.

Problem 2.2. Find the couple of functions (u(x,t), f(x)) in the domain € satisfy-

ing equation (|1.1)), conditions (2.1)), (2.2) and the homogeneous Neumann boundary
conditions

us(a,t) = ug(b,t) =0, tel0,T). (2.4)

A regular solution of problems and [2.2]is the pair of functions (u(z,t), f(z))
where u € Cg% () (space of two times and one time continuously differentiable
functions on Q according to x and t respectively) and f € C([a, b]).

Note that similar problems for the heat equation and their fractional analogues
have been considered in [2], [8) [I5] [19].

3. SPECTRAL PROPERTIES OF THE STURM-LIOUVILLE PROBLEM WITH
INVOLUTION

Application of the Fourier method for solving problems 2.1] and 2:2] in the form
u(z,t) = 7(x)u(t) leads to the eigenvalue problem defined by the equation

™(z)—et"(a+b—2)+ A(z) =0, a<z<b, (3.1)

and one of the following boundary conditions
7(a) =0, 7(b)=0, (3.2)
(a) =0, 7'(b)=0. (3.3)

It is easy to see that the Sturm-Liouville problem for equation with one of
the boundary conditions , is self-adjoint. It is known that the self-adjoint
problem has real eigenvalues and their eigenfunctions form a complete orthonormal
basis in L?([a, b]) [14]. To further investigate the problems under consideration, we
need to calculate the explicit form of the eigenvalues and eigenfunctions.

For |e| < 1 problem ({3.1)), (3.2)) has eigenvalues

_ (14¢e)(2km)?
>\2k - (b — a)2 ) ke N7



4 M. KIRANE, B. SAMET, B. T. TOREBEK EJDE-2017/257

(1—&)((2k + 1)m)?

A = keNy=NU[0
2k+1 b —a)? ) € No [0]
and eigenfunctions
2 2k
Yok = sin — 1 (x —a), keN,
b—a b—a (3.4)
2 2% + 1 '
T b_asin( bira)ﬂ(zfa), k € No.
Similarly, problem (3.1]), (3.3]) has eigenvalues
(14 ¢)((2k + 1)m)?
= keN
H2k+1 (b — a)z ) € 0,
(1 —e)(2km)?
=—"———"—, keN
H2k b—aZ € No,
and corresponding eigenfunctions
1
Z 7
0 vb—a
2 2k +1
ki1 = || g 008 (« bia)ﬂ) (x —a), keNy, (3.5)
2 2k
2ok = b—aCOSb—W (x—a), keN

Lemma 3.1. The systems of functions (3.4)), (3.5) are complete and orthonormal
in L?([a,b]).

Proof. We prove completeness. System (3.4)) is complete in L?([a, b]) if the equalities

b J—
/ f(@)sin2kre—%dx =0, keN,
a b—a
b x—a
/ f(z)sin(2k + 1)7Tb_ adm =0, keNy,
for f € L*([a,b]) lead to f(z) =0 in L?([a,b]).
Further, replacing m7=2 by &, we have:
T b—a )
f(—f—ka) sin2kfdé =0, keN,
0 Y

/Wf(b_aﬁ-i-a)sin(%—i—1)§d§:O, k € Ny.
0

7r
From the second equation we obtain

[f(b“ua) sin(2k + 1) d¢

™

s

/2 _ _
= [ e apsinehs gds+ [ 5P e+ a)sinah + e
0 ™ s

jus

2

/2 b—a b—a
:/ (f(7§+a) ff(bfig)) sin(2k + 1)£ d€ = 0.
0 71-

™
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Then by the completeness of the system {sin(2k + 1)}ren, in L2([0, 5]) [13], we
obtain f(2=%¢ +a) = f(b— 22%¢), 0 < £ < .
Similarly

/7r f(b_—ag +a) sin 2K€ dé
0 T

/2 _ ™ _
=/O f(b7Ta€JrCL)Sir12lﬂ§df§+/g f(bTaf+a)sin2k§d§

/2 b—a b—a
=A (f(T§+a) +f(b— Tf))sm%gdg =0.

Then by the completeness of the system {sin 2k{}ren in L2([0, 5]) [13], we have

f(b—a a):ff(bfb_a

Whereupon, f(b*T“g +a) = 0 in L*([0, 5]), and consequently f(b*7“§ +a) =0in
L2([0,7]). From this it follows that f(z) = 0 in L?([a,b]).
The completeness of the system (3.5)) is proved similarly. ([l

s
£), 0<¢<y.

4. MAIN RESULTS

For problems 2.1] and [2.2] the following theorems hold.

Theorem 4.1. Let |e| < 1, ¢, € C3([a,b]) and ¢ (a) = o (b) = v (a) =
w(i)(b) =0,t=0,1,2. Then the solution of the problem exists, is unique and
it can be written in the form

u(x,t)
)+ i (1 = Eatp1,1-a(—A2k+1t¥)) sin /\1%“ (- a)( 2 )
Pok+1,1 2k+1,1
= (0 Barpnioa(oen Do) 22 o
. i (1 = Eat81,1-a(—Aokt®)) sin ?ikg (z— a)( 2) (2) )
%2} - )
k=1 (1 - Ea+5,1,1—a(_)‘2kTQ))1)\72ks ! !

f@) = —¢"(x) + ep"(a+b—x)

> (1= 5)(‘sz+1 1 ¢2k+1 D \/m
+ sin T—a
) U v ey 0y Rk s e

k=0
2 2
b3 0O ) o e
k:l (1- Oé+,3»1,1*04( Ao 1)) 1+4¢ ’

2 2 2
where Phrrs = (9" @) yanen)s 501 = (0" (@), yan), Y1 = (7(@), yarr),
Qk 1= (W"(2),y21), and Eq 1 m(2) is the Mittag-Leffler type function

k
(ap +1)
a m 7l7
L ZOC'alm Clast,m) pl;[OFoszrm
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Theorem 4.2. Let ¢,v € C3[a,b] and ¢ (a) = ¥ (b) = ¥ (a) = v (b) =
0,2 = 0,1,2. Then the solution of problem exists, is unique and it can be
written in the form

u(z,t) = p(x) + %(1/10,2 —%0,2)

< (1= Eaypi,1—al(—p2rt®))cos /12 (x —a)

(2) (2)
_|_
kzz:l (1= Eaypi1—al—papTe)) 2 ( 2ha ek *
. i (1 = Eayp11-al—pars1t®)) cos |/ FH2 (z — a) (2 @ 5,
k=0 (1 = Easpii-al(—poea1 T) 552 e R

fa) = —¢"(x) +e@"(a+b—x)

o0 (2) 2)
(1-¢
Z )(Par2 — Vak2) cos « | 12k (z - a)

+
Eoipi1—a(—parTe)) l—e

k:l
00 (2) (2)

n Z (1+¢) 902k+1 2~ 1/’2k+1,2) cos . | P2kt (¢ —a)
= (1= Eaypri-a(—paeaT) —V 1+e ’

o2 = (0(2),20),  Pss = (@), 226)s  Pon1 o = (@ (x), z2041),

Yoo = (V(x),20), Y5y = (W"(2), 22), W10 = (" (2), 2241)-

where

5. PROOF OF EXISTENCE OF THE SOLUTION FOR PROBLEM [2.1]

We give the full proof for problem [2.I] The existence of the solution of problem
is proved analogously.

As the eigenfunctions for system of problem form an orthonormal basis
in L?([a,b]) (this follows from the self-adjoint problem (3.I), (8.2)), the functions
u(x,t) and f(z) can be expanded as follows

= /A A
t) :Zu2k+1,1(t) sin 4 / 1%“ +Zu2k1 )sin 4/ ljkg(ﬂf—a)a (5.1)
A
Zfzkﬂlsmw QkH +Zf2k18m\/ +5(x a), (5.2)

where fort+1,1, for1, U2kt1,1(t), vak,1(t) are unknown. Substituting (5.1)) and (5.2 .
into (1.1]), we obtain the following equation for the functions u2k+171(t), Uag 1 (t)
and the constants for11,1, for1:

tP D11 (1) + Ao rtokr1.1(t) = fortii,
t7PDYugp 1 (1) + Mgtk (t) = for1-
Solving these equations [7], we obtain

fort1,1

3 + Copr1Eayp1,1—a(—A2k41t?),
2k+1

Ugk+1,1(t) =
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fora
Aok

where the constants 02k+1, Czk, for+1.1, for,1 are unknown. To find these con-
stants, we use conditions Let ©2k4+1,15 P2k,1, V2k+1,1, Y2k,1 be the coeflicients
of the expansions of p(z) and 1/)

Poki11 = \/: / ) sin th (z — a)dz,
Por,1 = F/ ) sin \/Z(a: — a)dz,
Yokt1,1 = \/:/ P(x \/T“(x —a)dz,
Yok,1 = \/:/a Y(z) sin \/z(x — a)dz.

We first find Copy1.

uok,1(t) = + CokEatp11—al—A2rt®),

foks1,1
A2k+1,1

u2k+1,1(0) = + Copt1 = P21+1,1,

fort1,1
ug(T) = % + Cont1Ba+8,1,1—a(— Aok 1TY) = Yort1,1,
2k+1
ar+1,1 — Copg1 + Copr1Eaypi1—a( Aok T%) = Yopq1,1-
Then
P2k4+1,1 — 1/12k+1,1
1= Eatp1,1-al—A2k1T?)

The constant far41.1 is represented as

Cokt1 =

fort1.1 = Aak+1(P26+1,1 — Cokt1)-
Now we find Coyy.

ugk,1(0) = for, Lt Cok = gk,

Aok
ugp1(T) = fz;c: + ConEotpi1,1—a(—AakT%) = op 1,

w1 — Cop + ConEaypi1—a(—A2T) = Yop 1.

Then we obtain
C Pak,1 — V2k,1
2k

1= Eaipii-a(—AkT?)
For the constant fo 1, we found

for,1 = Aok (2r,1 — Car).
Substituting uaky1,1(t), wer1(t), fok+1,1, fak,1 into (5.1) and (5.2), we find

u(e,1) = ¢(2) + Y Cotr (Bagpra-a(—Aoat®) = Dsiny | 7 (x —a)
k=0

+ Z CZk(EaJrﬁ’l,l,a(—)\tha) — 1) sin \/ %(.’L‘ — a).

k=1




8 M. KIRANE, B. SAMET, B. T. TOREBEK EJDE-2017/257

Suppose that
eD(@)=0, ©D0b)=0, i=0,1,2
YD(a) =0, »D(b)=0,i=0,1,2.
we have
P2k+1,1 — Yar+1,1

1= FEatpi1—a(—Aok+1T?)

(2) (2
Pok+1,1 ¢2k)+1,1

(1 = Batp1,1—a(—Agpp 7)) 22621

Cokt1 =

Similarly, for Cs; we obtain
(2) (2)

Copp = — Por,1 — Yak,1
(1= Easp11-a(—AaxT®)) 72
Then
u(z,t)
ayy ain /A
)+ i (7 Pospia(ZAanat®))sin 50 (e a)( @ g2 )
— 1 _ Ea_l,_ﬁ 1 1_0(( )\2k+1Ta)) >\2k+1 2k‘+1 1 2k+1,1
« Aok _
S — Eaypa1-a(—A2kl?))sin/ $25 (2 — a) 2 ),
o (1= Batp1-a(—AorTe)) 125 ’
Similarly,
flz) = —¢"(x) +ep”(a+b—x)
00 (2)
(1 —e)(Popy11 w2k+1 ) A2k+1
+ sin Tr—a
kZ:O Eotpii—a(—Aag+1T?)) 1- 5( )
oo (2) (2)
n Z (1+e)(pop1 — Yor1) st/ A2k (z—a)
P (1- Ea—i—ﬂ,l,l—a( Ao T™)) 1+e¢

Now for the convergence of the series, we have the estimate

2 2
D+ D

Pok+1,1
lu(z,t)] < Clo(x |+C’Z + Soe
- an L1—a(—A2k1 1)) G5
(2) (5.3)
+ Cz |‘P2k,1| + Wzk’l
k=1 (]- - Ea+ﬁ,1,1fa(_>\2kTa))1)\7J2rk€

where C'is a constant. Similarly for f(z) we obtain the estimate
[f(@)] < Cle(@)] + Clo(a+b - )]

O+ ),

> [P5k.1
+C :
Z (1- Ea+5,1,17a(_)\2k+1Ta)) (5.4)

(2) | (2)

+ [Yor

‘C Pak,1 ,
Z (1- a+ﬁ,1,1—a(*>\2kT“))
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where C' is a constant.

Since by hypotheses of Theorem [4.1] the functions ¢, ¥(?) are continuous on
[0, 7], then by the Bessel inequality for the trigonometric series the following series
converge:

Z |@2k+1 1|2 §C||@(2)($)||%2(a,b)a (5.5)
k=

2
ST 1S <Ol @)12, 0y, (5.6)
k=1

2
S 011 P P @3, (0 (5.7)
k=0

o0

2
ST WGP <Ol @)12, 0, (5.8)
k=1

which implies the boundedness of the set

{S"gc)ﬂ 1Y giﬂ 1#’%)17 éi)l .
Therefore, by the Weierstrass M-test (see[I1]), series and converge ab-
solutely and uniformly in the region €.

Now we show the possibility of termwise differentiation of the series ([5.3]) twice
in the variable x and once in the variable ¢. For this purpose, we prove that
the obtained term by term differentiation of the berieb converge absolutely and
uniformly in the domain Q. Given the estimates and . we have

o0

|uea (2, )| < Cle” (2) |+CZ 1-
k 0

+ C, 2k+1 1
Z Eotpi,1-a(— >\2kTO‘))

Ea+ﬂ 1,1—a( /\2k+1T°‘))

(2) (2)
i |902k+1,1| + |w2k+1,1|
(1—

Diu(z,t)| < C
| ( Ea+ﬁ 1L1—a(—=A2k41T%))

k=0

< 0

. i 2k+1 1+ |w2k+1 1
(1= Easp1,1—a(—A2T*))

Hence the obtained solution satisfies (|1.1)) point-wise; by construction, it satisfies
the conditions (2.1)-([2.3)).
6. PROOF OF UNIQUENESS FOR THE SOLUTION OF PROBLEM [2.2]

Suppose that there are two solutions {uj(z,t), fi(x)} and {ua(z,t), f2(x)} of
problem [2:2] Denote

u(z,t) = uy(z,t) — ua(x,t),
f(@) = fi(z) — fa(2).
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Then the functions u(z,t) and f(x) satisfy (1.1) and the homogeneous conditions

and . Let

b
up,2(t) = \/%/ u(z, t)dx (6.1)

U 1a(t) = \/bT / " () cos \/’ﬁﬁ (@—a)de,keN,  (62)
s 2 (t D/ u(z, ) cos 1“ (z — a)dz, k € N, (6.3)
Jo2 = \/ﬁ /a f(z)dx

Forsrz = E / " () cos \/m(m —a)dz,k €N, (6.5)
Jok2 = F/ f(z F(az —a)dz, k € N. (6.6)

Applying the operator D% to the equation ((6.1) we have

DUogt /Da .’Et
bfa

(ugs(x,t) — gy (a+b—z,t))dz + fo 2.

\/ b—a
Integrating by parts and taklng into account the homogeneous conditions (2.1))
and (2.2]), we obtain

DQUO’Q(t) = fo’g, ong(O) = 0, UQQ(T) = 0
Consequently, fo.2 = 0,ug2(t) = 0.
In a similar way for the functions (6.2)), (6.3]), (6.4), (6.5), one can prove
that
fort12 =0, for2 = 0, uap1,2(t) = 0, ugk 2(t) = 0.
Further, by the completeness of the system (3.5) in L?([a,b]) we obtain

f&)=0,u(z,t) =0, 0<t<T,a<z<h.

Uniqueness of the solution of the problem is proved.
Uniqueness of the solution of problem 23] can be proved similarly.

6.1. Analytical and numerical examples. As an illustration, we present here
a simple example solution for the inverse problem 2.1 with a = 0,b = w. For this
purpose, we consider the following choice of conditions (2.1)):

u(z,0) =0, wu(x,T)=sinz, z€]0,x],
i.e., we have
p(z)=0 and ¢(z)=sinz.
Calculating the coefficients of the series solutions as given in Theorem [4.I] we obtain

| = Barpiaoa(—(1—)t)
u(x,t) = — sinz,
T N (i RS
1—¢ .
xT) = SIinx.
) = o = T
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If « =1/2 and 8 =0, then

Eyy10/2(—(1—e)t?)

=exp(—(1 —e)%z) — t 72 exp(—(1 — )%t)(—1 + erfe(—(1 — €)V1))
These solutions are illustrated in Figures [2] 3] [

2 T A I I

FIGURE 3. Graphs of u(z,t) and f(x) (right) for ¢ = 0.9 and for
T=2.
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FIGURE 4. Graphs of u(z,t) and f(z) (right) for e = 0.8 and T = 2.
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