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MULTIPLICITY AND CONCENTRATION OF SOLUTIONS FOR
FOURTH-ORDER ELLIPTIC EQUATIONS WITH MIXED
NONLINEARITY

WEN ZHANG, XIANHUA TANG, JIAN ZHANG, ZHIMING LUO

Commumnicated by Paul H. Rabinowtiz

ABSTRACT. This article concerns the fourth-order elliptic equation
A%y — Au+ AV (z)u = f(z,u) + pé(@)|ulP"2u, =eRV,
u € HERYN),
where A > 0 is a parameter, V € C(RY,R) and V~1(0) has nonempty interior.
Under some mild assumptions, we establish the existence of two nontrivial
solutions. Moreover, the concentration of these solutions is explored on the
set V~1(0) as A — oo. As an application, we give the similar results and

concentration phenomenona for the above problem with concave and convex
nonlinearities.

1. INTRODUCTION
This article concerns the fourth-order elliptic equation
A%y — Au+ NV (2)u = f(z,u) + pé(@)|ulP2u, =RV,

ue H*(RY), 1)

where A? := A(A) is the biharmonic operator, V € C(RY), f € C(RY x R),
¢e L7 F(RY,R),A>0,u>0and 1 <p<2.

Problem arises in the study of travelling waves in suspension bridge and the
study of the static deflection of an elastic plate in a fluid, see [8, [10, [13]. There are
many results for fourth-order elliptic equations, but most of them are focused on
bounded domains, see [2, [3 4, [5l [14] 18] [19] 20, 31l 0] and the references therein.
Recently, the case of the whole space RY was also considered in some works, see
[T11, 211, 22, 23], 24, 25], 26], 28, 29]. For the whole space RY case, the main difficulty of
this problem is the lack of compactness for Sobolev embedding theorem. In order
to overcome this difficulty, some authors assumed that the potential V satisfies
certain coercive condition; that is,

(A1) V(z) € C(RN,R) and inf,cgn V(x) > a > 0, where a is a positive constant;
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(A2) for any b > 0,meas(V},) < 400, where meas denotes the Lebesgue measure
and V; := {z € RN |V (x) < b}.
The authors in [21], 22| 25] 26] established the existence of infinitely many solutions
under various hypotheses on the nonlinearity. Zhang et al. [28] studied the sign-
changing solutions of problem with Kirchhoff-type. When replacing (A2) by
a more general assumption:

(A3) there is b > 0 such that meas(V;) < +o0,

the compactness of the embedding fails and this situation becomes more delicate.
Recently, the authors in [11 23] considered the following equation with a parameter
under condition (A3),

A%y — Au+ NV (2)u = f(z,u), =R,
u € H*(RY).

With the aid of a parameter, they proved that the energy functional possess the
property of being locally compact. Moreover, the authors of these article proved
the existence of infinitely many high energy solutions for superlinear case. For
somewhat related sublinear case and the existence of infinitely many small negative-
energy solutions, see also [22, 23] [24]. For the singularly perturbed problem

AU+ V(2)u= f(u), xRN,

u e HY(RY), (1:2)

the authors [I5] 6] considered when the potential V is positive and has global
minimum. They obtained the existence of semi-classical solutions. Moreover, they
also shown the concentration phenomenon of semi-classical solutions around global
minimum of the potential V as € — 0.

Motivated by the above papers, we will consider problem with steep well
potential, and study the existence of nontrivial solution and concentration results
(as A — 00). To deduce our statements, we need to make the following assumptions
on potential V:

(A4) V(z) € C(RY,R) and V(z) > 0 on RY;

(A5) Q =int V~1(0) is nonempty and has smooth boundary with Q = V=1(0).
This kind of hypotheses was first introduced by Bartsch and Wang [6] (see also [7])
in the study of a nonlinear Schrédinger equation and the potential AV (z) with V/
satisfying (A3)—(Ab) is referred as the steep well potential. It is worth mention-
ing that the above papers always assumed the potential V' is positive (V > 0).
Compared with the case V' > 0, our assumptions on V are rather weak, and per-
haps more important. Generally speaking, there may exist some behaviours and
phenomenons for the solutions of problem under condition (A5), such as the
concentration phenomenon of solutions. Very recently, in [27], the authors consid-
ered this case, and proved the existence and concentration of solutions when the
nonlinearity is only sublinear. Besides, we are also interested in the case that the
nonlinearity is a more general mixed nonlinearity involving a combination of su-
perlinear (f(z,u)) and sublinear (&(z)|uP~2u, & € L%(RN7R+) and 1 < p < 2)
terms. To the best of our knowledge, few works concerning on this case up to now.
Based on the above facts, the main purpose of this paper is to prove the existence of
nontrivial solutions and to investigate the concentration phenomenon of solutions
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on the set V~1(0) as A — oco. In order to state our results, we need the following
assumptions for superlinear term f(z,u):
(A6) f e C(RN xR) and |f(z,u)| < c(1+ |u|?7!) for some ¢ € (2,2,), where
2, =20 N > 4,2, =00 if N <4
(A7) f(z,u) = o(|ul|) as |u| — O uniformly for z € RY;
(A8) there exists § > 2 such that 0 < 0F(z,u) < uf(z,u) for every z € RY and
u # 0, where F(z,u) = [ f(z,t)dt.

On the existence of solutions we have the following result.

Theorem 1.1. Assume that the conditions (A3)—(A8) hold, and £ € L5 (RN, RT)
(1 < p < 2), then there exist two positive constants Ag and po such that for every
A > Ay and 0 < p < pg, problem (L.1)) has at least two nontrivial solutions u
(i=1,2).

On the concentration of solutions we have the following result.

Theorem 1.2. Let ul, (i = 1,2) be the solutions of problem (L.1) obtained in
Theorem and p € (0, po), then ul — uf in H*(RN) as X — oo, where uf €
H?(Q) N Hy () are nontrivial solutions of the equation

A% — Au= f(o,u) + pé(@)[ul~2u, in O,

1.3
u=Au=0, on . (1.3)

A model of nonlinearity is
9(w, ) = 0720 + i€ () [ulP~2u (1.4)

with l < p<2<g<2,and¢€ Lﬁ(RN,R"‘). Clearly, g(x,u) satisfies (A6)—
(A8). Following [I], the nonlinear term g(z,u) is called concave and convex nonlin-
ear term. Therefore, our results can be applied to the concave and convex nonlinear
term case. As a consequence, we have

Corollary 1.3. Assume that the conditions (A3)—(A5) are satisfied and let the
nonlinearity be of the form , then there exist two positive constants Ay and
o such that for every A > Ag and 0 < p < pg, problem has at least two
nontrivial solutions v} (i =1,2).

Corollary 1.4. Let v}, (i = 1,2) be the solutions of problem (L.1)) obtained in
Corollary and p € (0,p0), then ui — uf in HX(RN) as A\ — oo, where u}) €
H?(Q) N Hy(Q) are nontrivial solutions of the equation

A?u — Au = |[u|7 20 + pé(z)[ulP~2u,  in Q,
u=Au=0, ondQ.

Remark 1.5. Compared with the previous works, our results seem more general
and complete, which is reflected in the following aspects. On the one hand, our
assumptions on V are much weaker, and the existence and multiplicity of nontrivial
solutions are obtained without any symmetric assumption. On the other hand, more
importantly, we also explore the phenomenon of concentrations of these solutions
as A — 00, which seems to be rarely concerned in the previous studies.

(1.5)

The rest of this article is organized as follows. In Section 2, we establish the
variational framework associated with problem , and we also give the proof
of Theorem [I.I} In Section 3, we study the concentration of solutions and prove
Theorem [[.21
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2. VARIATIONAL SETTING AND PROOF OF THEOREM [I.1]

Below by || - ||s we denote the usual L*-norm for 2 < s < 2,, ¢;, C, C; stand for
different positive constants. Now, we establish the variational setting of problem

. Let
E= {u € H2(RN) : / (JAul® + |Vul?> + V(2)u?) do < +oo}
RN
be equipped with the inner product
(u,v) = / (AuAv + Vu - Vo + V(z)uv)dz, wu,veE,

RN

and the norm
1/2
l|lull = (/ (JAul® + [Vul® + V(m)uz)dx) , uek.
RN
For A > 0, we also need the inner product
(u,v)x = / (AuAv + Vu - Vo + AV (z)uwv)dz, u,v € E,
RN

and the corresponding norm |u||3 = (u,u)s. It is clear that ||ul| < |luf|x, for A > 1.

Set E\ = (E,||-]|x), then E} is a Hilbert space. By (A3)-(A4) and the statement
of proof of [23] Lemma 2.1], we can demonstrate that there exists a positive constant
7o (independent of \) such that

||UHH2(RN) < ’}/0||UH)\, for all u € FE\.

Furthermore, the embedding Ey — L*(R") is continuous for s € [2,2,], and E) —

Li (RYM) is compact for s € [2,2,), i.e., there are constants vs,v0 > 0 such that
llulls < vsllull 2@y < vsyollully, forallu € Ey, 2 <s < 2. (2.1)
Let .
Py (u) = 3 / (|Au]® + [Vu? + AV (z)u?) dz — U (u), (2.2)
RN
where

U(u) = /}RN F(z,u)dx + % /RN &(x)|u|Pda.

By a standard argument and Holder inequality, it is easy to verify that &, €
Cl(E)\,R) and

(@) (u),v) = /N [AulAv + Vu - Vo + AV (z)uv] dz — (V' (u), v), (2.3)
for all u,v € Ey, where -
(V' (u),v) = . flz,w)vdz + M/RN () ulP~2uvda.
We say that I € C'(X,R) satisfies (PS) condition if any sequence {u,} such

that I(up,) — d, I'(u,) — 0 has a convergent subsequence. To prove our result, we
need the following Mountain Pass Theorem.

Theorem 2.1 ([I7, Theorem 2.2]). Let X be a real Banach space and I € C*(X,R)
satisfying (PS) condition. Suppose I(0) =0 and

(1) there are constants p,n > 0 such that Iyp, o) > 1,
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(2) there is an constant e € X \ B,(0) such that I(e) < 0, then I possesses a
critical value B > n.

Lemma 2.2. Assume that (A6), (A7) are satisfied, and & € L%P(RN,]R‘F). Then
there exist three positive constants o, p and 1 such that ®\(uw)||u|=p =1 > 0 for

all e (Oa ,U‘O)

Proof. For any € > 0, it follows from conditions (A6) and (A7) that there exist
C. > 0 such that

C.
F(z,u) < |u|2 + —S|ul?, for all u € Ey. (2.4)
q
Thus, from (2.1), (2.4) and the Sobolev inequality, we have that for all u € E},
C 2,2 C.~i~4
[ Fawdr< [ wdos S [ jurde < 2050 + =200 g,
RN 2 Jrw q Jrv 2 q
which implies that

1
Baw) = el = [ Flade =2 [ @pupas

1 133e Cevgs 50
> §IIUII§ — 2 ull} = == [l - %II&IIﬁHUIIS’ (2.5)
1 a—p  CevIng 1570
= [l |5 (1 =2398e) lully™? = == lul§ ™ = E20 e .
Take ¢ = ﬁ and define
1 Cevdng
g(t) = ZR‘? - Mtq—l’, for t > 0.
q

It is easy to prove that there exists p > 0 such that

q—2 { (2-p)g )]2_2

max g(t) = g(p) =

120 ~ 4g—p) [4Civ5(a—p
Then it follows from ([2.5)) that there exist positive constants 1o and 7 such that
(I),\(u)|‘|u”)\:p > for all p € (O,/Ao). ([l

Lemma 2.3. Assume that (A6)—(A8) are satisfied, and & € LfZP(RN,R‘*‘). Let p
be as in Lemma[2.9 Then there exists e € Ex with |le||x > p such that ®x(e) < 0
for all p > 0.

Proof. By (2.4) and (A8), there exists ¢ > 0 such that
F(z,u) > c(jul’ —u?), V(z,u) e RN xR.
Thus, for t > 0, u € Ey, we have

t2
D) (tu) = —||uH>\ / F(z,tu)dx — H/ &(x)|tulPdx
RN P JrN
12 o
—||u\|)\ — ctg/ lul®dx + ct2/ lu|?dx — ftp/ &(x)|ulPde,
RN RN p RN

which implies that ®y(tu) — —oo as t — oco. Therefore, there exist ¢y > 0 and
e := tou with |le||x > p such that ®,(e) < 0. This completes the proof. O

IN
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To find the critical points of ®y, we shall show that ®, satisfies the (PS) condi-
tion, i.e. any (PS) sequence {u, } has a convergent subsequence in E). Since there
is no compactness of the Sobolev embedding, the situation is more difficult. To
overcome this difficulty, we need the following convergence results.

Lemma 2.4. Suppose that u, — ug in Ex. Then, passing to a subsequence
P (un) = Pa(upn — uo) + Pa(uo) + o(1), (2.6)
D) (up,) = D) (un, — ug) + D3 (uo) +0(1) as n — oco. (2.7)

Particularly, if {un} is a (PS) sequence such that ®x(u,) — d for some d € R,
then
Dy (up —ug) = d—Px(ug) and P\ (u, —up) — 0 (2.8)

after passing to a subsequence.

Proof. Since u, — ug in E), we have
(Un,ug)r — (ug,uo)r, asn— oo.
which yields
Hunlli = (Up, — g, Un, — Ug)x + (U0, Un)x + (Un — g, ug)x
= llun — uollX + lluolX + o(1).
It is clear that

(unv (b))\ = (un — U, (b))\ + (an d)))\ for all (]S € E)\'
Hence, to obtain (2.6) and ([2.7)), it sufficient to check that

/RN (2, 1n) — Fla,un — o) — (@, u0)] dz = o(1), (2.9)
/RN §(@) [lun|” — |un — uol” — |uo[P] dz = o(1), (2.10)
[ () = f@e, = ) = o)) 6de = o1) VOB (211)

/N &(x) (|un|p72un — |ty — ug P72 (ty, — ug) — |u0|p72u0) ¢dx = o(1)
R

for all ¢ € E). (2.12)
Here, we only prove (2.9)and(2.10)), the verification of (2.11) and (2.12)) is similar.

Take wy, := U, — up, we have w,, — 0 in Ey and w,(z) — 0 a.e. x € RY. Tt follows
from (A6) and (A7) that

|f(z,u)| < elu] + CelulTt V(z,u) € RN xR, (2.13)
1
|F(z,u)] < / |f (2, tu)|Juldt < elu|® + C.|u|?, V(z,u) € RY x R. (2.14)
0
Then

1
P (2,00 + o) — Fl@,wn)] < / (@ wn + Cuo)|upldC

1
= / (elwn + Cuolluo| + Cclwn + Cuo|?™ uo|) d¢
0

< e1 (elwn|uo| + £uol?® + Celwn |9 uo| + Celuol?) .



EJDE-2017/250 FOURTH-ORDER ELLIPTIC EQUATIONS 7

By Young’s inequality, we have
|F (2, wn +ug) — F(z,w,)| < co (€|wn|2 + elug|? + elwn|? + Cg|u0|q) ,

so that, using , we obtain

|F (2, wn +ug) — F(z,w,) — F(z,u0)| < cs (E\wn|2 + €|u0\2 + elwn|? + Cg|u0|q) ,
for n € N. Let

H, () := max {|F(z,w, + uo) — F(z,w,) — F(z,u0)| — cs¢ (|an|2 + |wn|?),0} .
It follows that

0< H,(z) <cs (E|UO|2 + Celuol?) € LY(RM).

Thus, using Lebesgue dominated convergence theorem,

H,(x)dx — 0, asn — oo. (2.15)
RN

From the definition of H,(z), we have
|F(z,wy, + ug) — F(z,w,) — F(z,u0)| < ez (Jwn|® + [wn|?) + Hy(z),
for all n € N. which, together with (2.15)) and (2.1)), we obtain

/ |F(2,wy, + ug) — F(z,w,) — F(z,u0)|dz < cze ([|wn )3 + lwnll?) + & < cae,
RN
for n sufficiently large, hence
/ [F(z,up) — F(z,up —ug) — F(x,up)] dx = o(1)
RN

that is, (2.9) holds.
Observe that £ € L=% (RN, R*), thus, for any € > 0 we can choose R, > 0 such
that

2—p

([, i)™ <c 10

By Sobolev’s embedding theorem, u, — ug in E) implies u,, — ug in L?OC(RN),

and hence,

lim |y, — uo|*dz = 0. (2.17)

n—oo BR
€

By (2.17)), there exists Ny € N such that

/ [un, — ug|?dz < €2, for n > Ny. (2.18)
Br.

Hence, by (2.1)), (2.18]) and the Hélder inequality, for any n > Ny, we have

B e@)un —uolPda
P JBg,
—p

Z(/BRE |€(x)|ﬁdx)27 (/BR |, — u0|2da:>p/2 (2.19)

SN 2,

IN

IN



8 W. ZHANG, X. TANG, J. ZHANG, Z. LUO EJDE-2017/250

On the other hand, by (2.1)) and (2.16]), we have

H/ &(z)|uy — uglPda
P JrRN\Bg,

<2/ - e)|5da) /RN\BR( o = fds)”

I 2.20
< e unlly + uoll) (2:20)
1
< 567575 (lunlIX + NluollX)
1
< 0 (B + [luollX)
Since € is arbitrary, combining (2.19) with (2.20)), we have
2 [ €@~ uoPde = o) (2.21)
P Jrwy

B[ @ e~ uoP) e <2 [ @, — uold
b Jry D JrN
Therefore
7
B[ @) (unl? = = wol? o) = o),
b Jrwy
that is, (2.10]) holds.

Now, we consider the case {u,} is a (PS) sequence such that ®,(u,) — d and
@’ (uy,) — 0. It follows from (2.6) and (2.7) that
Dy (up —ug) =d— Px(uo) +0(1), @\ (uy —ug) = —P (ug) + o(1), (2.22)

we show that @) (ug) = 0. For every ¢ € C5°(RY), it follows from (2.13) and the
fact that u, — ug in L{ (RY) that

loc

/ (F (@ un) — (2, u0)) iz = / (F(rsun) — f(r,u0)) il = of1)
RN

supp ¢
and

P / €(2) (|unl?2un — [o[P~2uo) ez
RN

= M/ §(x) (|un|p72un - |u0|p72u0) wdx = o(1)
supp ¥

which implies
(@) (u0). ) = Tim (@) (1), ) = 0.
Hence, @/ (up) = 0, which together with the second equation of (2.22)) shows that

@ (uy, — up) — 0 as n — oo. Consequently, (2.8) holds and the proof is complete.
O

Lemma 2.5. Let (A3)—(A5), (A6)—(A8) be satisfied, there exists Ao > 0, any (PS)
sequence of ® has a convergent subsequence for all X > Ag.

Proof. We adapt an argument in [9]. Let {u,} be a sequence such that @ (u,) — d
and @', (u,) — 0 for some d € R; thus

1
Lt d+ [lunllx = ®x(un) = 2 (®3(un), un)

0
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Maal + [ | G f @) = Pla )] do

Q::M—t

(L

1
+ [ (G e,

hence
1 1
L dot funlat = [ €G@lunlPde
p 0 RN
> oLy W+/ Lt f (@) — Fla,un)| d
= 2 9 ’an A - H’U,n x,un x,un X.
Since
1 1 1 1 2 22e p/2
_ npd<7_7 md n2d
G [ c@lupde < C= g [ @) T ([ unPas)
11 )
= (= el
1 1
< (1; 5)#7270”5” (e
Hence,
1 1 » »
Lt ol + (5 = B l€] ol
11 ) 1
> G D2+ [ Runf@ ) — Flo,un)]de
2 0 ]RN 9
1 1

> (5 = )l

This proves that {u,} is bounded in E\. Then, passing to a subsequence, we may
assume that u,, — ug in E)y. Taking w,, := u,, — ug, we have

1
— /\V(x)wida:+/ widx
Ab J{oerN .V (2)>b} Vi

1
< S llwall3 + o(0),

IN

||wn||§
(2.23)

since w,, — 0 in E) and V(z) < b on a set of finite measure. Combining this with
(2.1) and the Holder inequality, we obtain for 2 < o < ¢ < 2,
2(g—0o) q(o— 2)
lwallg < llwally ™ lwallg *

2(g—o)

1.a=¢2 2g=0c) (c—2)
< (5) " lenl” (arollwnlln) = + o0(1) (2.24)

ae=2) 1 49=2 -
< (0) = () 7 lenliS + 0(D).

For convenience, let F(z,u) = 1 f(z,u)u— F(z,u). It follows from Lemma 2.4/ and

(221 that

F(x,wy)dx

RY (2.25)
=Py (wn) — %(@’A(wn),wn> — (% — %),u/RN E(x)|wn|Pdz — d — @y (ug).
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Therefore, there exists M > 0 such that
| Flw,wn )dz| < M. (2.26)

Now we note that _%5 > max{l T} because g € (2,2,). Fix7 € (max{1, §}, q%z)’
from , we know if |u| > 1, then |f(x,u)] < cglu|?7L. Choose Ry so large that
-1
% < % - qufw, whenever |u| > R;. Then, for |u| large enough, we have
0<F <1 <7l G
< (%U) = guf(x,u) > [5 - W]Uf(ﬂ%u)

1 T—1
< [ - HE—use),

which implies that, for |u| sufficiently large

flz,u 1
| (|u|7)| < iuf(:n u) — F(x,u) = F(z,u). (2.27)
Combining this with (2.24)), (2.26) with ¢ = 27 € (2,2,) and the H6lder inequality,

we obtain for large n,

/ fx, wy)wpdx
|“-’n|ZR1

- (/|°Jn>R1 ‘f(ii| de ) (/W1L|>R1 lw"‘adx)wa

< ([, Fni) ol 22

—2) 2(g—

2q(0—2) 1
< MY 0g) 85 () T ol +-o1)

er(55)" Iwallf + o(1).

q(oc—2)
where ¢z = M (v,70) e > 0, 6, = 35;:;; > 0. In addition, using (2.13]) and
(2.24), we have

/ fla,wy)wpdr < / (e + C’ER;FQ) wfldr
|wn|<R1 |wn| <Ry

C.Ri™®
< S5 a3 + 0(1) (229)

cs
= & Jnl} +0(1),
where cg = CERTQ. Consequently, combining (2.21)), (2.28) with (2.29)), we obtain
o(1) = (@) (wn), wn)

— Jlwn2 — / £ (s wn)onde — g / £(2)|wnlPdz

> [1 -2 — er(55) " Jllonl +01).
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Choosing Ay > 0 large enough such that the term in the brackets above is positive
when A\ > Ay, we obtain w,, — 0 in E), thus u, — ug in E),. This completes the
proof. O

Define

R m PO

where I'y = {y € C([0,1], Ey) : 7(0) = 0,7(1) = e}.
Proof of Theorem[1.1. By Theorem [2.1] and Lemmas [2.2] and [2.3] we obtain that,
for each A > Ag, 0 < p < pg, there ex1sts (PS) sequence {u,} C E, for &, on E,.
Then, by Lemma we can conclude that there exist a subsequence {u,} C E\
and u} € Ey such that u, — u} in E\. Moreover, ®,(u}) = d) >n > 0.

The second solution of problem will be constructed through the local min-
imization. Since £ € L7 (RN, RT), we can choose a function ¢ € E) such that

/ £(@)|plPdz > 0.
RN

Thus, by (A8) we have

019) = S0l - [ Fior - [ cloiraa
(2.30)

Zol?2 = 2= p
<SR- [ ewlopas <o,

for I > 0 small enough. Hence, there exists p; > 0 such that 3 := inf{®(u) : u €
Bm} < 0. By the Ekeland’s variational principle, there exists a minimizing sequence
{u,} C B,, such that ®(u,) — (8 and ®} (u,) — 0 as n — oco. Hence, Lemma
implies that there exists a nontrivial solution u3 of problem satisfying

Or(13) <0 and [|ud[x < pr-

Moreover, (2.30) implies that there exists lp > 0 and x < 0 are independent of A
such that ®(lp¢) = k and ||lp¢||x < p1. Therefore, we can conclude that

Pr(u3) <k <0< n<dy=®y(u)) forall A > Agand 0< p < po.

This completes the proof. (I

3. CONCENTRATION OF SOLUTIONS
Here we study the concentration of solutions and give the proof of Theorem
Define

dy = inf max Dy g2 Q)ﬁHl(Q)( (1))
Verko t<

where N
Iy = {y € C([0,1], H*(Q) N Hy(2)) : 7(0) = 0,7(1) = e},
and @[ g2 ()nmi(o) 18 a restriction of @y on H?*(Q) N Hy (). Note that

1
Balironig o) = 5 | (AuP + Vo = [ Flaude =g [ s@)uPda

and dy independent of A. From the above arguments, we conclude that functional
@ |2 (@)nmz (o) has a mountain pass type solution @ such that ®|g2(q)nmz o) (@) =
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do. Since (H2(Q)NH(Q)) C E) for all A > 0, it is easy to see that 0 < 1 < dy < dp
for all A > Ag and 0 < p < po. Take Cy > dp, thus

0<n<dy<dy<Cpy, forallx>Agand0<p < -

Proof of Theorem- We follow the arguments in [7]. For any sequence \,, — 00,
let u;, := uy be the critical points of ®,, obtained in Theorem . 1 for ¢ = 1,2.
Slnce

Py (u2) < k< 0<n<dy, =y (ul) (3.1)

n n

and

[ 1 7 %
(I))\n (un) - 5<(I)/)\n (un)7 un>

= (G-l + [ Gy~ Fa)ds

) [ comire

=GPt~ E=5) [ @l ra

it follows that
[lun[Ix,, < co, (3.2)
where the constant co is independent of \,,. Therefore, we assume that ui — ug in

E,, and v}, — u} in LT (RY) for 2 < ¢ < 2,. From Fatou’s lemma, we have

n—oo n

P12 - i 2 ol
V(z)ug| dr < liminf V(z)|u;,|“dr < liminf =0,
RN n—o0 RN A

which implies that uf = 0 a.e. in RN \ V=1(0) and u} € H%(Q) N HL(Q) by (A5).
Now for any ¢ € C5°(€2), since () (uj,), ) = 0, it is easy to verify that

/ (AufAp + Vuf - V) dz — / Iz, ub)pdr — ,u/ (x) Jub [P ulypdx = 0,
Q Q RN
which implies that uf is a weak solution of problem (1.3)) by the density of C§°(£2)
in H2(Q) N H ().

Now we prove that ui — uf in LY(RY) for 2 < ¢ < 2,. Otherwise, by Lions
vanishing lemma [1Z] 19], there exist § > 0, Ry > 0 and z,, € RY such that

/ [ul® — i |?de > 6.
BRU(fn)

Since ul, — u in LE (RY), |z,| — oo. Hence meas (Bg,(z,)NV;) — 0. By
Hoélder’s inequality, we have

7 712
/ jut, — w2z
BRry(zn)NV,

- N
< (meaS(BRo(l'n)me))% (/ |u;*u6 2*) — 0.
RN

Consequently,

lup I3, = Anb |, [*dze
Brg (zn)N{z€RN:V (2)>b}
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=M\pb Jul, — ub|*dx
Bry (xzn)N{z€RN:V (2)>b}

= )\nb(/ Jul, — ub|*dx — / |, —ué|2dx+0(1))
Br, (zn) Br, (zn)NV5

— 007
which contradicts (3.2)).

Next, we show that uf, — uf in H*(RY). From (®} (u},),ul) = (®} (ul,),uf) =

0 and the fact that u, — u} in LY(RY) for 2 < ¢ < 2., we have
lim [ju [}, = lm (up, up)s, = Lm (up,up) = [up)?,
n—oo v n—oo n—oo
therefore _ _
lim sup [[uy, [ < [Jug|*.
n—oo

On the other hand, the weak lower semi-continuity of norm yields

g |* < lim inf fJu, |* < Tim sup [Jup,[|* < lim u, 13,
n—00 n—oo n— 00

thus, u!, — u} in E), and so
ul, — uf  in H2(RY).
Using (3.1) and the constants x,n are independent of \,, we have

1
7/ (|Aué2+|Vu(1)|2)dx—/F(a:,u(l))dx—ﬁ/ E(x)jug|Pde >n >0
2 Jo Q P Jry

and
1
f/ (JAuG]? + |Vud|?) dz — / F(x,ud)dx — H/ E(z)|ud|Pdr < Kk <0,
2 Ja Q P Jrwy
which implies that u$ # 0 and u} # u3. This completes the proof. (]
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