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POSITIVE SOLUTIONS FOR SECOND-ORDER
BOUNDARY-VALUE PROBLEMS WITH SIGN CHANGING
GREEN’S FUNCTIONS

ALBERTO CABADA, RICARDO ENGUICA, LUCIA LOPEZ-SOMOZA

Communicated by Pavel Drabek

ABSTRACT. In this article we analyze some possibilities of finding positive
solutions for second-order boundary-value problems with the Dirichlet and
periodic boundary conditions, for which the corresponding Green’s functions
change sign. The obtained results can also be adapted to Neumann and mixed
boundary conditions.

1. INTRODUCTION

In the literature, the existence of positive solutions for boundary-value problems
(BVP) has been widely studied, in particular for second-order BVP with periodic
and Dirichlet boundary conditions. A standard technique consists in obtaining the
existence of positive solutions through Krasnoselskii’s fixed point theorem on cones,
or to use fixed point index theory. In these cases, the positivity of the associated
Green’s functions is usually fundamental to prove such results. In this paper we
are able to prove existence of solutions for several problems where the associated
Green’s function changes sign.

Hill’s operator properties have been described in several papers, where existence
and multiplicity results, comparison principles, Green’s functions and spectral anal-
ysis were studied. Some of these results can be originally found in [4, [5, [6] 12} [15].

Positivity results for BVP where the Green’s function can vanish are treated
for example in [8, [I3]. Graef, Kong and Wang [§] studied the periodic BVP (with
T=1)

u”(t) + a(t)u(t) = g(t)f(u(t), te€(0,T),
w(0) = u(T), '(0) =(T),
with f and g nonnegative continuous functions and ¢ satisfying the condition
minsep,779(t) > 0. They assumed the Green’s function to be nonnegative and
to satisfy the condition

T
oglslgT/o G(t,s)dt > 0. (1.1)
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Webb [13] considered weaker assumptions to prove the existence of positive solutions
of the previous problem, but he still assumed Green’s function to be nonnegative.
Despite our results do not require the Green’s function to be nonnegative, they
could be applied to this particular case, obtaining positive solutions assuming an
integral condition weaker than (see Remarks and [3.11]).

On the other hand, some existence results for BVP with sign-changing Green’s
function have been considered in [7, [I0], where the authors asked for the existence
of a subinterval [c,d] C [0,T], a function ¢ € L'([0,7]) and a constant ¢ € (0, 1]
such that the Green’s function G satisfies the condition

|G(t, s)| < ¢(s) for all t € [0,T] and almost every s € [0, 77,

1.2
G(t,s) > cp(s) for all t € [c,d] and almost every s € [0,T]. (12)

It must be pointed out that, if we consider a periodic problem with constant
potential a(t) = p? for which the related Green’s function changes its sign (i.e.
p>n/T, p+#2kn/T, k=1,2,...), condition is never fulfilled for any strictly
positive function ¢. This is due to the fact that in such situation the Green’s
function is constant along the straight lines of slope equals to one (see [2 3] for
details). Meanwhile, as we will prove on Section our results can be applied
without further complications for this case.

Moreover, for the Dirichlet BVP with constant potential a(t) = p? with sign-
changing Green’s function (i.e. p > n/T, p # kn/T, k = 1,2,...), as a direct
consequence of expression below, it is immediate to verify that condition
holds if and only if p? lies between the first and the second eigenvalues of the
problem (% < p < 2%) but it is never satisfied for p > 2% However, as we will
point out in Section [5] our results can be applied for any nonresonant value of
p > w/T. Despite this, we must note that the imposed restrictions increase with p.

Furthermore, in [7, [10] the authors proved the existence of solutions in the cone

Ko={ueC[0,T]: min u(t) > cllull},
t€le,d]
that is, they ensured the positivity of the solutions on the subinterval [¢, d] but such
solutions were allowed to change sign when considering the whole interval [0, T].
As far as we know, positive solutions for BVP with sign-changing Green’s func-

tion can be tracked only as back as 2011 in the papers [I1], [16]. In the first of these
papers, Ma considers the one-parameter family of problems

u”(t) + a(t) u(t) = Ag(t) f(u(t), te(0,T),

w(0) = u(T), ' (0)=u'(T). (1.3)

By using the Schauder’s fixed point Theorem, the author obtains the existence of
a positive solution for sufficiently small values of A\. These existence results are not
comparable with the ones we will obtain in this paper. In the second paper, Zhong
and An [I6] study the following autonomous periodic BVP, with constant potential

p € (0, 5%
u’ + p*u= f(u), t € (0,T), u(0)=u(T), ' (0)=u(T). (1.4)

In this case, it is very well known that the related Green’s function Gp(t,s) > 0

for all p € (0, Z] and it changes sign for p € (Z, 2Z] (see [2, [3]). With this, it can
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be defined the constant

00 if p € (0, 7],
6 = T Gh(t,s)ds
infrep B TEES gy € (2, 22,

fOT Gp (t,s) ds

and using the Krasnoselskii’s fixed point Theorem, the authors prove the following
existence result:

Theorem 1.1. [I6] Theorem 3] Suppose that the following assumptions are fulfilled:
(1) f:]0,00) — [0,00) is continuous.
(2) 0 <m=infy>0{f(u)} and M = sup, 5o {f(u)} <M < cc.
(3) M/m <, with M/m = oo when m = 0.
Moreover, if 6 = oo assume that
f(=) f(z)

lim 2 < p? < lim 2.

T—00 I r—0t T

Then problem (1.4) has a positive solution on [0,T].

Concerning this specific case, along this paper we improve the range of the values
p for which the result is still valid. Furthermore, we apply our study to nonconstant
potentials and nonautonomous nonlinear parts.

As we will see, some of the positivity conditions imposed for the periodic BVP
cannot be adapted for the Dirichlet BVP, so the approach that must be used needs
to be considerably modified, by using, in this case, a different type of cones.

The rest of this article is organized the following way: In Section [2] we state some
preliminary results considering the Hill’s operator. In Section [3| some new results
concerning the existence of a positive solution for the Hill’s periodic BVP in the case
that the Green’s function may change sign are proved. Moreover, in this section,
such existence results are generalized to other boundary conditions. In Section [4]
we improve Theorem for the periodic problem with a constant potential. In
Section [5| we approach the Dirichlet BVP, also in the case of a constant potential,
where as far as we know, no results for sign changing Green’s function were proved
before.

2. PRELIMINARIES
Let L[a] be the Hill’s operator related to the potential a
Lia)u(t) =u"(t) +a(t)u(t), te€l0,T|=1,

where a: I = R, a € L*(I), a > 1.
Let X C W21(I) be a Banach space such that the homogeneous problem

Lla)u(t) =0, fora.e. tel, ueX (2.1)

has only the trivial solution. This condition is known as operator L[a] being non-
resonant in X. Moreover, it is very well known that if this condition is satisfied
and o € L'(I), the nonhomogeneous problem

LlaJu(t) = o(t), fora.e. tel, ueX

has a unique solution

u(t) :/0 G(t,s)o(s)ds, tel,
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where G is the corresponding Green’s function.

We denote 2z > 0 on I if x >0 on I and fOT x(s)ds > 0. Tt is said that operator
Lla] satisfies a strong maximum principle (MP) in X if

u€ X, Lljalu>=0onI = u<0in (0,7).
Analogously, L[a] satisfies the antimaximum principle (AMP) in X if
w€X, LlaJu=0onI = u>0in (0,7).

The next result is a direct consequence of [3, Corollaries 1.6.6 and 1.6.12], and it
ensures that the maximum and anti-maximum principles for the periodic problem
are equivalent to the constant sign of the Green’s function.

Lemma 2.1. The following claims are equivalent:

(1) The related Green’s function G of problem (2.1)) satisfies G(t,s) > 0 (< 0)
onlxI.
(2) Operator L[a] satisfies a strong mazimum (antimazimum) principle in X .

We will consider now the periodic boundary-value problem
u'(t)+at)u(t) =0, tel, u(0)=u(T), ' (0)=u(T), (2.2)
and we will denote its related Green’s function as Gp.
Now, let Ap be the smallest eigenvalue of the periodic problem
u’'(t) + (a(t) + N u(t) =0, fora.e. tel, u(0)=u(T), «(0)=u(T),
and let A4 be the smallest eigenvalue of the anti-periodic problem
W' () + (a(t) + N u(t) =0, fora.e. t€l, u(0)=—u(T), u'(0)=—u(T).
In [I5] it is proved that Ap < A4. The following result relates the constant sign of
the periodic Green’s function with the sign of these eigenvalues:
Lemma 2.2. [I5, Theorem 1.1] Suppose that a € L'(I), then:
(1) Gp(t,s) <0 on I x I if and only if \p > 0.
(2) Gp(t,s) >0 on I x I if and only if \p <0 < A4.

If we consider other boundary-value problems, such as the Neumann problem

u () +alt)u(t) =0, tel, «'(0)=1d'(T)=0; (2.3)
the Dirichlet problem

W' (t)+at)u(t) =0, t eI, wu(0)=u(T)=0; (2.4)
and the mixed problems

u'(t) +a(t)u(t) =0, tel, u(0)=u(T)=0; (2.5)

u'(t) +a(t)u(t) =0, tel, u(0)=1u(T)=0; (2.6)

denoting by Gy, Gp, Gp, and Gy, the related Green’s functions and Ay, Ap,
An, and Az, the corresponding smallest eigenvalue of each of the problems, we
know that the following results are satisfied (see [6]):

Lemma 2.3. (1) Gn(t,8) <0 on I x I if and only if Ay > 0.
(2) Gn(t,8) >0 on I x I if and only if Ay <0, Apry >0 and Ay, > 0.
(3) Gn changes sign if and only if min{ Ay, A, } < 0.
(4) Gp(t,s) <0 on (0,T) x (0,T) if and only if Ap > 0.
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(5) Gp changes sign if and only if A\p < 0.

(6) G, (t,s) <0 on[0,T) % [0,T) if and only if Apg, > 0.
(7) Gy changes sign if and only if Ay, < 0.

(8) G, (t,s) <0 on (0,T] x (0,T] if and only if Apr, > 0.
(9) G, changes sign if and only if Ay, < 0.

3. PERIODIC BOUNDARY-VALUE PROBLEMS

Consider now the nonlinear and nonautonomous periodic boundary value prob-

lem

u’(t) +a(t)u(t) = f(t,u(t), te I, u(0)=u(T), u'(0)=u'(T).

We will assume that problem ([2.2]) is nonresonant and A4 < 0. From Lemma
it is clear that in this case the related Green’s function changes its sign on I x I.
On the other hand, it is well-known that there exists vp, a positive eigenfunction

on I, unique up to a constant, related to Ap; that is, vp is such that
vp(t) +a(t)vp(t) = —Apvp(t), a.e. tel,
vp(0) = vp(T), vp(0) =vp(T).
Therefore,

T
vp(t) = —)\p/o Gp(t,s)vp(s)ds

and, since vp is positive and Ap < 0, we have that

T
/ Gp(t,s)vp(s)ds >0 Vtel
0

and, consequently,

/OT Gh(t, s)vp(s)ds > /OT Gp(t,s)vp(s)ds Vtel,

where GJIS and G are the positive and negative parts of Gp.
Since the Green’s function changes sign, it makes sense to define
fo GH(t,s)vp(s)ds
teI fo p(t,s)vp(s)ds

(>1).

Moreover, to ensure the existence of solutions of problem (3.1)), we will make the

following assumptions:

(H1) f:Ix]0,00) — [0, 00) satisfies L'-Carathéodory conditions, that is, f(-,u

is measurable for every u € R, f(¢,-) is continuous for a.e.

for each r > 0 there exists ¢, € L'(I) such that f(t,u) < ¢,(t) for all

w € [—r,r] and a.e. ¢t € I.

(H2) There exist two positive constants m and M such that mop(t) < f(¢,z) <
Mup(t) for every t € I and « > 0. Moreover, these constants satisfy that

M
T,LS’Y-

(H3) There exists [c,d] C I such that fcd Gp(t,s)dt > 0, for all s € I and

fcd Gp(t,s)dt > 0, for all s € [c,d].
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Remark 3.1. We note that condition (H2) includes, as particular cases, hypotheses
(2) and (3) in Theorem imposed in [I6]. This is so because if a(t) = p?, as in
problem (L.4)), we have that Ap = —p? and vp(t) =1 for all ¢t € I. Moreover, as we
will point out in Section {4} we have that if a(t) = p? then

1
/GPtS 7

and condition (H3) is trivially fulfilled for [¢,d] = I.

Moreover, we note that in (H2) we are not considering the possibility of m = 0.
Theorem includes this case, but only when v = 400, which only happens when
the Green’s function is nonnegative. In [I6] the authors consider this possibility
because they are assuming that p € (O, ST] and when p € (07 %] , G p is nonnegative.
As we will see in Corollary hypothesis (H2) is not necessary in this case, so this
is the reason why we do not consider the possibility m = 0.

We will consider the Banach space (C(I,R), || - ||) coupled with the supremum
norm ||u|| = ||ul/so, and define the cone

T
K={ueC,R):u>0onl, / u(s) ds > olul },
0

where
n

max; sc1{Gp(t,s)}’

with

= min {/ Gp(t,s)dt}. (3.2)

s€(c,d]

Now, it is clear that w is a solution of the periodic problem (3.1)) if and only if it is
a fixed point of the following operator:

T
Tu(t) :/0 Gp(t,s)f(s,u(s))ds.

Lemma 3.2. Assume hypothesis (H1)—(H3). Then T : C(I) — C(I) is a completely
continuous operator which maps the cone K to itself.

Proof. The proof that operator 7 is a completely continuous operator follows stan-
dard arguments and we omit it.

Let us see now that 7 maps the cone to itself. Considering u € K, then, for all
t € I, the following inequalities are fulfilled:

T
u(t) :/0 Gp(t,s)f(s,u(s))ds
T
= [ (Ght.5) = G(t.9) £ o) ds

Y

m TGI";(t,s)vp(s)ds—’y TG;(t,S)vp(s)ds > 0.
0 0
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Moreover,
/OTTu(t)dtz/CdTu(t)dt:/Cd/OTGp(t,s)f(s,u(s))dsdt
v y
= [ st [ Gries)aras
= | " fs,u(s)) ds,
and since

T(t)<maX{Gpts}/ f(s,u(s

t,sel

we deduce that fo Tu(t)dt > oTu(t) for all ¢ € I, that is

/ Tu(t)dt > o||Tul,
0
and the result is concluded. O

Now, to prove the existence of solutions for problem , we use some classical
results regarding the fixed point index. We compile them in the following lemma.
Let Q be an open bounded subset of C(I) and let us denote  and 99 its closure
and boundary, respectively. Moreover, let us denote Qx = QN K.

Lemma 3.3. [I, Lemma 12.1] Let Qi be an open bounded set with 0 € Qg and
Qx # K. Assume that F': O — K is a completely continuous map such that
x # Fx for all x € OQk. Then the fized point index iy (F,Qx) has the following
properties:
(1) If there exists e € K \ {0} such that x # Fx + e for all x € 00k and all
A >0, then i (F,Qg) = 0.
(2) If x # pFa for all x € 00k and for every p <1, then ix(F, Q) =1
(3) If ix (F,Qk) # 0, then F has a fized point in Q.
(4) Let Q} be an open set with QY C Qk. Ifix(F,Qr) =1 and ix(F, Q%)
0, then F has a fized point in Qi \Qk . The same result holds if i (F, k)
0 and ix(F, QL) =1

Now we are in a position to prove the existence results concerning the periodic
problem (3.1) as follows. First, we note that, as an immediate consequence of
condition (H2), we deduce the following properties:

f(t,x)
for= i { i T oo 7= i (o

f(t,x)}

X

:O’

where the interval [c,d] is given in (H3). These properties will let us prove the
following theorem.

Theorem 3.4. Assume that Aa < 0 and hypothesis (H1)—-(H3) hold. Then there
exists at least one positive solution of problem (3.1]) in the cone K.

Proof. Taking into account the definition of fy, we know that there exists d; > 0
such that when ||u|| < 7, then

£(t,u(t) > “ff) vi € le.d],
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with 1 defined in (3.2). Let
Ql = {U e K: ||U|| < 51}

and choose v € 9Q; and e € K \ {0}.
We will prove that u # Tu + Ae for every A > 0. Assume, on the contrary, that
there exists some A > 0 such that u = 7u + Ae, that is,

u(t) = Tu(t) + Ne(t) > Tu(t) Vtel.
Then

/Cdu(t)dt>/chu(t)dt:/Cd/OTGp(t,s)f(s,u(S))dsdt

:=AT(AdGAu$de®m@DdS
ZL%KZ%WQﬁﬁ@Mm%>LzMM&

which is a contradiction. Therefore ix (T,£1) = 0.

Proceeding in an analogous way to [5,8,[9], we define f(t,u) = maxo<.<y f(t, 2).
Clearly f(t,-) is a nondecreasing function on [0, c0). Moreover, since f*° = 0 it is
obvious that

lim {max f(t’ z) } =0.

r—oo - tel x
As a consequence, there exists d; > 0 such that if ||u|| > d2 then

0.2

F(t ) < TTUIIHH vt eI

Let
Qo ={u€ K; ||ul| <}
and choose u € 9.

We will prove that u # pu7u for every p < 1. Assume, on the contrary, that
there exists some p < 1 such that u(t) = p7u(t) for all t € I. Then

T T
a||u\|g/0 u(t)dt:u/o Tu(t) dt
T T
=i [ [ Grtes)tsuts) dsae
T T
:u/o (/0 Gp(t,s)dt)f(s,u(s))ds
T
< T pas(Gr(t )} [ f(su(s)) ds
T ~
SuT{gz&)}({Gp(t, 3)}/0 f(s,u(s))ds

T~
< T s (Gp(t, )} [ s Jul) ds

27 o’

Ly Il < o lul,
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which is a contradiction. As a consequence, ix(7T,2) = 1. We conclude that
operator 7 has a fixed point, that is, there exists at least a nontrivial solution of

problem ({3.1). O

The previous theorem is also valid if the Green’s function is nonnegative. In
this case, hypothesis (H3) would be trivially fulfilled and hypothesis (H2) is not
necessary since it is only used to prove that 7 maps the cone to itself, which is
obvious (since f is nonnegative) when Gp is nonnegative. On the other hand, we
would need to add the hypothesis that fy = oo and f* = 0 (which can not be
deduced if we eliminate (H2)). The result reads as follows:

Corollary 3.5. Assume that Ap < 0 < \g and hypothesis (H1) is fulfilled. Then,
if fo =00 and f = 0 there exists at least one positive solution of problem (3.1))
in the cone K.

Remark 3.6. We note that for a nonnegative Green’s function, we generalize the
results of Graef, Kong and Wang [8, [9] and Webb [I3] since our condition (H3) is
weaker than condition (|1.1)) considered by them.

Corollary 3.7. If f(t,z) = f(t) € L*(I) satisfies (H2), then the unique solution
of (3.1)) is a nonnegative function on [0,T).

Remark 3.8. We note that u(t) = 1 is the unique solution of the periodic problem
o (t) +a(t)u(t) = a(t), tel,
w(0) = u(T), ' (0)=u/(T).

Therefore it is clear that
T
/ Gp(t,s)a(s)ds=1>0 (3.3)
0

and so the previous reasoning is also valid if a > 0, a > 0 on [c, d], and we change
the definition of v by

* _inf fOT GF(t,S) a(s)ds

= inf =—— .

tel [ Gpl(t,s)a(s)ds

In this case, assumption (H2) would be substituted by

(H2’) There exist two positive constants m and M such that ma(t) < f(t,u) <
Maf(t) for every t € I, u > 0. Moreover, these constants satisfy that
M *
= < "
S

3.1. Neumann, Dirichlet and mixed boundary value problems. From the
classical spectral theory [I4], it is very well know that, as in the periodic case, for
any of the boundary conditions introduced in Lemma there exists a positive
eigenfunction on (0, T') related to the corresponding smallest eigenvalue. Therefore,
if we are in the case in which L[a] operator coupled with the associated boundary
conditions is nonresonant and the related Green’s function changes sign (different
cases are characterized in Lemma 7 we could follow the same argument as in
the previous section to define v and we would obtain analogous existence results.
Hypothesis (H1)—(H3) would be the same with the suitable notation for each of the
problems (that is, considering in each case the appropriate Green’s function and
eigenfunction).
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Remark 3.9. For the Neumann problem, it is not difficult to verify that we also
have that if a(t) = p? then

T 1
/ GN(t,S)dSZT,
0 p

and condition (H3) is trivially fulfilled for [¢,d] = I.
On the other hand, since u(t) = 1 is the unique solution of

u’(t) +a(t)ut) = a(t), t€ I, 4 (0)=d'(T)=0,
Remark [3:8] is also valid for the Neumann problem.

Remark 3.10. For the Dirichlet problem, condition (H3) does not hold for [¢,d] =
I. This is so because Gp(t,-) satisfies the Dirichlet boundary value conditions for
all t € [0,T], that is, Gp(¢,0) = Gp(t,T) = 0.

It is important to note that the eigenfunction vp is positive on (0,7T") but vp(0) =
vp(T) = 0, so condition (H2) would imply that f(0,2) = f(T,z) = 0 for every
x > 0. However, since as we have mentioned, [c,d] # I, this property does not
affect on the fact that fy = oo.

An analogous situation occurs for the mixed problems. In these cases it is also
impossible to consider [¢,d] = T since the corresponding Green’s functions and
eigenfunctions vanish on one side of the interval.

Moreover, if we consider the Dirichlet and mixed problems, the constant function
u(t) = 1 is not a solution of the related linear problem Lla]u(t) = a(t). So, Remark
[3.8] is not longer valid for such situations.

Remark 3.11. As it was commented in Remark [3.6] we also generalize the results
of Graef, Kong and Wang [8, 0] and Webb [13] for a nonnegative Green’s function
coupled with the Neumann conditions.

Moreover, the results in [8] [0 3] could not be applied to any Dirichlet problem
since the related Green’s function will cancel on the whole lines s = 0 and s = T so
the minimum in would be 0, however our result could be applied. The same
will happen with any mixed problem. Again, hypothesis (H2) is not necessary in
this case and we would need to add the hypothesis that fo = co and f*° = 0.

4. PERIODIC BOUNDARY VALUE PROBLEM WITH CONSTANT POTENTIAL

This section is devoted to the particular case in which the potential a is constant.
As we will see, in this situation it is possible to calculate the exact value of ~.

It is well known (see [3 [I4]) that the eigenvalues associated to the periodic
problem

u' +Au=0, u(0)=u(T), v'(0)=1u'(T) (4.1)

are A\, = (2nm/T)? with n = 0,1,2,... The eigenfunctions associated to the first
eigenvalue \p = 0 are the constants, which can be written as multiples of a repre-
sentative eigenfunction vp(t) = 1.

Moreover, the related Green’s function is strictly negative in the square I x I if
and only if A < 0 and it is nonnegative on I x I if and only if 0 < A\ < (7/T)? (see
[6] for details).
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For A = p? a nonresonant value, the explicit form of Gp is the following (see
[2, 3, [T, [16]):

sin p(t—s)+sin p(T—t+s)

Gp(t S) _ 2p(1—cos pT) ’ 0<s<t< T
’ sin p(s—t)+sin p(T —s+t)
2p(1—cos pT) ’ 0<t<s< T.
From (3.3)) it is clear that
T 1
o) = [ Grltoyds = .
0 P
therefore we define .
fo G+ t,s)ds
= min —V——-—"—>1

te[OT]f Gp(t,s)ds

forall p>n/T, p#kn/T, k=1,2,...
Let us make a careful study of this value . It is very well-known that the Green’s
function related to the periodic problem (4.1) satisfies that

Gp(t,s) =Gp(0,t —s) and Gp(t,s)=Gp(T —1t,T —5)
(see [3] for the details). Therefore,

/Gptst—/Gptsd8+/ Gp(t,s)d
where

¢ ¢ ¢ T
/Gp(t,s)ds:/ GP(O,t*S)dS:/ GP(O,TJrsft)ds:/ Gp(0,s)ds
0

0 0 T—t
and
T T 27—t T—t
/ Gp(t,s)ds:/ GP(O,T*FS*t)dS:/ Gp(0,s)ds = Gp(0,s)ds
t t T 0
that is

T T
/ Gp(t,s)ds:/ Gp(0,s)ds Vte[0,T].
0 0

The same argument is valid for both the positive and the negative parts of Gp,
that is

T T T T
/OGJ}S(t,s)ds:/O G}(0,s)ds and /OG};(t,s)ds:/o Gp(0,5)ds

T ~+
for all T h i Jo Gp(ts)ds
or all t € [0,77, so the ratio [T Gr(t,s)ds

This implies that we can restrict our analysis to the case ¢t = 0, that is, to assume
that

is constant for all ¢ € [0, 7.

fOT G;(O, s)ds

¥ =

fOT G5(0,s)ds

We have that

sin ps + sin p(T' — s)
2p(1 — cos pT)
(2k+1)7r

GP(O,S) =

so Gp(0,s) =0 if and only if s = L + We will consider four cases:

Case 1A: Gp(0,2)Gp(0,0) >0 and Gp(0 ,5) > 0;
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Case 1B: Gp(0,Z)Gp(0,0) >0 and Gp(0,2) < 0;
Case 2A: Gp(0,Z)Gp(0,0) <0 and Gp(0,%) > 0;
Case 2B: Gp(0,Z)Gp(0,0) <0 and Gp(0,%) <.

Computing these values, we find that
if (4k+1)m (4k+2)m
! T T
2k41 .
2k+1—sin(pT/2)"
o (4k+2
2k+1—sin(pT/2) .
( 2kJ)r1 ’
.p (4E—1)m
if =

< p< for some k € Ny, we are in case 2A and v =

M for some k € Ny, we are in case 2B and v =

<p< ‘““T’T for some k € N, we are in case 1B and v = Msiii’m;

if‘““T7T <p< WforsomekEN,weareincaselAandfy:mﬂgiw.

In the cases where p = (2k 4 1)7 for some k € N, the value of 7 coincides with the

limit when p — (2k+1)%. The graph of ~ for a given value p is sketched in Figure
m

/T 27/T  3a/T  4A/T 57/T 67/T 77T 871/T

F1GURE 1. Graph of 7 for the periodic problem.

5. DIRICHLET BOUNDARY VALUE PROBLEM WITH CONSTANT POTENTIAL

Let us now try to prove some analogue results for the Dirichlet boundary condi-
tions. In this case, the eigenvalues for the Dirichlet problem

w’(t) +Au(t) =0, fort € (0,T), u(0)=u(T)=0,

are A\, = (nm/T)% for n = 1,2,3..., and it follows easily that the eigenfunctions
associated to Ap = Ay = (7/T")? are the multiples of the function vp(t) = sin(%).

It is well known that the associated Green’s function is strictly negative if and
only if A < A\; = (7/T)?, and it changes sign for any nonresonant value of \ >
(m/T)*.

Considering A = p? for p # %7, with n € N, we have fOT Gp(t,s)sin(%)ds > 0
for t € (0,T"), and we define

T :

. . Gh(t,s)sin(ZE
v(p) = inf ~(t,p)= inf fOT D — L

te(0,T) te(0,T) fo GD(t,s) sm(%s)ds
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The explicit formula for the Green’s function in the nonresonant cases is given by

(see [3])

_ _ sin(ps) sin p(T'—t)
Gt s) = Gi(t,s) = > sin(pT) , 0<s<t<T, o)
o Golt s) — _smesinp(T=s) 4 oy < oo :
2( 35) psin(pT) , <t< <

We will consider two cases:
Case 1: M<p< 1 for n € N;
Case 2: 2?” <p<wforn€N.

In case 1 the function (¢, p) has a different computation in each of the 4n — 1
intervals

2n— 1w 2n—1m =« ™ (2n —2)7
]O’T_ oT ]’ [T_ oT ’piT}’ [E’T_ oT ]’
- 2n—2)7 2771'} [(2n—2)7r T—l]
pl T T ol pT’
m (2n— 1w 2n—D)w
[ 7/)7T’ oT ]’ [ oT ’T[

and in case 2, it has a different computation in each of the 4n + 1 intervals

o720, -0 2 [r- 2 2 T

pT ol " pT ol pT T

In both cases, given a fixed p it is easy to calculate the value of y(t, p). However
the general expression for an arbitrary p requires very long computations which are
not fundamental for the purpose of this paper. Because of this, we are going to
calculate the general expression of v(p) only for the first intervals of p, in particular
for p < 67/T.

For p < 67”, we can see that the infimum is attained at t = 0, so we will restrain
our analysis to the first interval of ¢ in both cases in order to obtain the exact
expression of y(p) for p < 67/T.

In case 1 we have

T s
/ G (¢, S)Sin(T)ds

and

T
— / Gp(t, s)sin (%s) ds
_(@n—1)=w
T

T
/ Gi(t,s)sin ( )d8+/ ’ Ga(t, s) sin (%) ds
¢
n—1 .7_ (27 1)” s
+Z/ Ga(t, s)sin(?)ds
i—l

2i1r

SlIl

- /G+tss1n( ) ds
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SO
T_ (21 2)7\'

Yt p) = (/T_G (t.s)sin (7 d8+2/ @ionn

oT
T (27, 2)7r
+ </_LG2(t,s)sm ds—f—Z/ e
pT
sin (%)

_ 72)
7= (%)
Doing a similar study for case 2 we get
T_ 2i-=

EJDE-2017/245

o(t s)sm(T)ds>

ot s)sm(?) ds

it Jr_ag”" Galts)sin () ds
P

P)/(t’p) = p_Qi=Dx

iy T Go(t,s)sin (%s) ds — M

_ 2ir
T T

o= (5)"

Using the previous expressions it is immediate to calculate (¢, p) for any fixed
value of p and T'. For instance, computing (¢, p) for T'= 1 we obtain:

If p € (m,27), then

. . 2
sin pt sin ’%

t’ = )
7(t,p) sin pt sin ’% +sinpsinmt
If p € (27, 37), then
sinpt (sm - 4 sin 2%)
V(t,p) =

27

If p € (3w, 4m), then

sin pt (sm = +sin 7) — sin psin 7t

sin pt (sin ™ 4 sin 2% 4 sin 3’; )

b

y(t, p) = -

If p € (4, 57), then

sinpt (sm 2 4 sin 22 + sin T) + sin psin 7t

sin pt (sm— + sin 27— —|— sm— + sin 4%)

V(t,p) = .

If p € (5m,6m7), then
2 372 472 52

sin pt (sin ”Tf + sin 272 4 sin 272 + sin 7) —sin psin 7t

)

2

. . 2w . . . om TN .
~y(t, p) = (smpt(sm— + sin — + sin — —&—sm—) +2<1 — —2) smpt)
p p p p

p

. o272 . 372 . 4n? . b2
- <smpt(sm— + Sln —— + sln —— + Sln ——
p p p P

2

+sinpsin7rt+2(1 — %) sinpt).
P

In Figure [2| we have a sketch of the function (¢, 10.8) for T = 1.

Computing the limit
(p) = lim (¢, p),
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0.2 0.4 0.6 0.8 1.0

FIGURE 2. Graph of (¢, 10.8) for the Dirichlet problem.

we get the following expressions for v(p):
If p € (m,27), then

mTsinp
Y(p) =1- a2
7Tsmp+psm7
If p € (27, 37), then
T sin p
v(p) =1+ - o
—Wsinp—i—p(sin%—&—sin g )
If p € (3w, 47), then
7 sin p

p) =1~

. . 2 . 2 . 2\’
7rsmp+p(sm%+sm2%+sm3%)

If p € (4w, 57), then

T sin p

V) =1+ — T
—ﬂ-smp—i—p(sm%—i—sm%—&—sm%—i—sm%)
If p € (5m,67), then

T sin p

7(p) =1~

. . 2 . 2 . 2 . 2 . 2 2_ g2 "
7rsmp—|—p(sm%—l—sm%—i—sm%—&—sm%—i—sm%) +2%

Graphically the function ~(p) is represented in Figure 3| for T = 1.
Let us now see some examples.

Example 5.1. The Dirichlet BVP
u’(t) +60u(t) =t(1 —t), fort € (0,1) wu(0)=u(l)=0 (5.2)

has a positive solution, since v(v/60) =~ 1.36 > 4/3 and %}Tﬂ) <t(l-t) < %,
but the solution of the Dirichlet BVP

u”(t) + 60u(t) =t, for t € (0,1) u(0)=u(1)=0 (5.3)

changes sign. We can see the respective solutions in Figures [4] and
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FI1GURE 3. Graph of « for the Dirichlet problem.

0.005 ;
0.004 ;
0.003 ;
0.002 ;

0.001 [

0.2 0.4 0.6 0.8 1.0

FIGURE 4. Solution of problem ([5.2)

0.02 -

-0.01

FIGURE 5. Solution of problem ([5.3)).

Remark 5.2. Analogous arguments and calculations can be done for the Neumann
and mixed problems.
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