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SOLVABILITY OF SOME NEUMANN-TYPE BOUNDARY VALUE
PROBLEMS FOR BIHARMONIC EQUATIONS

VALERY KARACHIK, BATIRKHAN TURMETOV

Communicated by Mokhtar Kirane

ABSTRACT. We study some boundary-value problems for inhomogeneous bi-
harmonic equation with periodic boundary conditions. These problems are
generalization to periodic data of the Neumann-type boundary-value prob-
lems considered before by the authors. We obtain existence and uniqueness of
solutions for the problems under consideration.

1. INTRODUCTION

Many stationary processes occurring in physics and mechanics are described by
equations of elliptic type. One of the important particular cases of fourth-order
elliptic equations is the biharmonic equation. Solution of the plane deformation
problems in elasticity theory in many cases can be reduced to the integration of bi-
harmonic equations under corresponding boundary conditions. In addition, many
problems of continuous media mechanics can be reduced to the solution of har-
monic and biharmonic equations. However, convenient analytic expressions for the
solutions of these problems are obtained only for domains of particular forms.

Applications of biharmonic problems in mechanics and physics are described in
numerous investigations (see, for example, [Il [7, 28]). Applications of boundary
value problems for biharmonic equations in mechanics and physics stimulate the
study of various boundary value problems for biharmonic equations. One of the well
known boundary value problems for biharmonic equations is the Dirichlet problem
[3, [6, 14l 15, 06, 17, B6]. Recently other types of boundary value problems for
biharmonic equation such as Riquier problem [8] [I8] 29], Neumann problem [5] 9]
10, 19, 20, 21, 22, 24], 30, B1], spectral Steklov problem [11], Robin problem [I3],
generalized Robin problem [23], as well as fractional analogous of Neumann problem
[4] 32] 33], 34] are begun to investigate intensively.

The theory of polyharmonic (biharmonic) equations and various boundary value
problems for them was described in great detail in [I2]. Conditions for the solv-
ability of boundary value problems for elliptic equations and systems of equations
contain the so-called complementing conditions. It was established that all prob-
lems of the given type are Fredholm-type problems. Therefore, the solvability of
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these problems for homogeneous boundary conditions is guaranteed by the orthog-
onality of the right-hand sides of the equation to all solutions of the corresponding
homogeneous conjugate equation. In the considered below particular case (bihar-
monic equation) of the common problem more detailed results can be obtained. In
the present paper a new class of boundary value problems for inhomogeneous bihar-
monic equation A?u(z) = f(z) in the unit ball with periodic boundary conditions
is studied.

This article is organized as follows. In Section 2 the statement of the main
problem — is given. Some preliminary results are cited in Section 3. The
necessary and sufficient conditions for solvability of the Neumann-type boundary
value problems — are given in Theorems Auxiliary integral equal-
ities are derived in Lemmas [L.IH{4.7]In Section 5 uniqueness conditions for the main
problem — are given: in case of k = 1 in Theorem and in case of k = 2
in Theorem The necessary and sufficient existence conditions for the problem
- are obtained in Section 6: in case of k = 1 in Theorem and in case
of k = 2 in Theorem [6.2l

2. STATEMENT OF THE PROBLEM

Let = {x € R™: |z|] < 1} be the unit ball, n > 2, and 90 = {z € R" : |z| = 1}
be the unit sphere. Denote 9Qy = {z € 90 : z,, > 0}, IN_ = {z € IN : z,, < 0}
and I = N{z € 90 : x, = 0}. To each point = € Q we associate the“opposite”
point z* = @z, where & = (aq,a9,...,0,) with «, = —1 and the other aj,
j=1,2,...,n—1 take one of the values +1. Obviously, if x € 9Q4 then z* € 9Q_.
Further, let v be the unit normal to 0Q and D] = 8677?" (m > 1) be the normal
derivative of order m.

In the domain €2 for k£ = 1,2 consider the following boundary value problems:

“u(z) = f(z), =€ 9, (2.1)
vu(@) =g(x), x € 00, (2.2)
Dyu(z) — (* ) D u(z*) = gi(x), @ € Oy, (2.3)
Du(a) + (=1)* Diru(z*) = ga(x), © € Oy, (2.4)

where 1 <m <3,1</4; </{y <3, El#m ly # m.
By a solution of the problem ([2.1] 1- We mean a function u(z) € C*(Q) N
C3(9), which satisfies the condltlons (12.1] in the classical sense.

Let 98 = %, where = (04, ... ,ﬁn) is the multi-index, |8] = B1+ ... +0n
i b0z

and 9° = I is the unit operator.

It is obVious that the necessary condition for existence of the solution to the
problem ([2.1] . belonging to the class C?(Q) are the following compatibility
condltlons

9°g1(,0) + (-1)*0%g1(ax,0) =0, || < p, (2.5)
9%g2(%,0) — (—=1)*0°g2(a#,0) =0, |B| <q, (2.6)
where = (x1,...,%p_1), & = (a1,...,an_1), p and ¢ take the values 0,1,2,3 de-

pending on the order of the boundary operators D’ and D’. Note that analogous
problems for the Poisson equation were investigated in [25] 20], 27, [34].
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3. PRELIMINARY RESULTS

In this section we consider the following Neumann-type problems:

A?u(z) = f(z), z € Q, (3.1)
D u(z) = g1(x), x € 09, (3.2)
D2 u(z) = ga(x), x € 09, (3.3)

where 1 < mqj < mg < 3.

Problems (3.1)-(3.3) for different values of m; and my are studied in [5, [, 10,
19, 20, 211, 22], 24, 30, B1]. The case f(z) =0, m1 = 1, my = 2 was considered by
Bitsadze in [5]. It was established that the necessary and sufficient condition for
solvability of the problem — have the form

/ [92(z) — g1(2)]dS. = 0.
o

Further in [19] the following statement is established.

Theorem 3.1. Let m; = 1, mg = 2, f(x) € C(Q), gi1(x) € CHIN), ga2(x) €

C(0Q). Then for solvability of the problem (3.1)-(3.3) it is necessary and sufficient
that the following condition be fulfilled

1
| 18- finas, = 5 [ (1-1) s, (3.4)
a0 Q
If a solution of the problem exists then it is unique up to a constant term.

The case m; = 2, my = 3 is investigated in [30]. The following statement is
proved.

Theorem 3.2. Let m; =2, my =3, f(z) € C*H(Q), g1(x) € C*2(09Q), ga(x) €

CML(09Q). Then for solvability of problem (3.1)-(3.3)) it is necessary and sufficient
that the following conditions be fulﬁlled

| m@as, =5

n—3
| il ~ ) ds., = "5 Q%Mﬂ)w—Q | ait@ds o)

(3.5)

for j =1,...,n. If solution of the problem exists, then it is unique up to the first
order polynomials.

In [21] the following statement is obtained.

Theorem 3.3. Letm; =1, my = 3, f(x) = C(Q), g1(x) € C(IN), g2(x) € C(09).
Then for solvability of problem (3.1)-(3.3) it is necessary and sufficient that the
following condition be fulfilled

/8992(

If a solution of the problem exists, then it is unique up to a constant term.

(3.7)
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4. AUXILIARY INTEGRAL EQUALITIES

In what follows we need some integral equalities. Let f(z) € C(Q), gi(z) €
C(09), g2(z) € C(99). Denote

fi(x)zw’ gi(x)zw’ .
4.1

~ _ 1 9(z), x € 08y,

g:l:(x) - 9 {:tg(x*), z e o0 .

Lemma 4.1. Let f(z) = and g(x) € C(09). Then

C(Q)
/ ) da = / f(z)da, (4.2)
ft

dxf/ g(x)dx. (4.3)
oQ
Proof. Let @ = (a1, 2,...,ay), where o, = —1 and the other ¢, j = I,n -1
take one of the values +1. Consider the matrix
(65} e 0
P =
O DR an

It is obvious that PT = P and P - PT = E. Consequently, P is an orthogonal
matrix. It is known (see e.g. [2]), that if P is an orthogonal matrix, then

[ f(Pryiz = | fla)aa. / o(Pa)ds, = [ g(o)is..
a0 a0
Since z* = Pm then we obtaln and ( . (]
Corollary 4.2. Let f(z) € C(Q) and g(x) € C(0). Then the following equalities

hold:
| rt@ie= [ g, [ el i@ = [P @i @)

[ @z =0, [ a4 @)z =0, (4.5)
Q Q
[ o*@is.= [ gla)as., (4.6)
o0 o0
/g_(x)dSI =0. (4.7)
o0

Proof. By the definition of the functions f*(x) we obtain

/in(x)dx :%/Qf(:v)dxi%/gf(m*)dx:%/Qf(x)dxi%/gf(x)dx

Further, since || = |z*| then (4.2) implies equalities (4.4) and (4.5). Equalities
(4.6) and (4.7) can be proved similarly. O

Lemma 4.3. Let g(z) € C(09). Then the following equality holds

/3 gla)ds, = /a . Je)ds. (4.8)
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Proof. To prove we pass to the spherical coordinate system:
xr1 =cosfy, x9 =sinbjcosbs,..., x,_1 =sinby...sinfycosb,_1,
T, =sinfysinfs...sinf,,_osind, _1,
where
0<0;<m, 7=12,...,n—=2,0<6,_1 <2m.
The Jacobian of this mapping has the form
J(0) = sin" 2 0;sin" 30, . . .sin6,,_;.
Furthermore, we use the following elementary equalities:
cos(m+60) = —cosf, sin(r+6)=+tsinb.

Since 0Q_ = 9N N{z € R" : z, <0} if and only if 7 < 6,,_1 < 2m, 0 < 0; <,
j=1,2,...,n—2, then

T T 27
/ g(z*)dSz = / d@l/ den_g/ g(Oll COSQhOéQ sin01 COS&Q,...7
o0 _ 0 0 T
— sin 01 ...sin On_l)J(O)dGn_l.
Let us make the change of variables in the last integral,

0. — 71'—6]', aj:—l
J &, aj=1,j=1,2,...,n—-2,

i

Op—1 =m+ fn—1~

Note that under this change of variables we obtain the equality (if a; = —1,
i=12...,n—2)

J(€) =sin" (1 — &) sin" 3 (1 — &) .. .sin(m — &, _2)
=sin" 2 & sin" 2 &y ... sin,_o,
i.e. the Jacobian’s sign is not changed. Further, since
—cos bty = —cos(m — &) = cos &,
—sinf; = —sin(7m — ;) = —cosmwsin&; = sin¢;,

then after the change of variables we have

/{)Q_g@*)dswz/o dfl.../o dgn_g/o gleosr,singy cosbs, ...,
singy ...sin&,—1)J (&) d&n—1

= /ém+ g(z) dS,.

Corollary 4.4. Let g(xz) € C(99Q). Then

/a @S, = [ staas.. (4.9)

a0,

/ 7 (2)dS, =0. (4.10)
oN
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Proof. Using definition of the function g+ (z) and the equality (4.8)), we have
1 1

/ gt (x)dS, = 7/ g(z)dS, + f/ g(z*)dS,
99 2 Joa, 2 Joa_
1 1
= 7/ g(x)dS, + f/ g(x)dS,
2 Joa, 2 Joa,

= /BQ+ g(x)dSy.

Similarly, we obtain

/8 5 (@)ds, =

O
Lemma 4.5. Let f(z) € C(02). Then
/ xjf(x*)dxzaj/ zjf(x)de, j=1,2,...,n (4.11)
Q Q
Proof. Since x* = (121, 2%, ..., Qp_1Tn—1, —Ty), it follows that
1 \/1—x2 1—37%—~~~—fo71
m-fx*dx:/ / / z;flarzy, asxa, ...,
~/Q ! ( ) —1 —‘/l—z% - 1—1’%—“‘—(173171 ! (
Qp1Tp—1, — Ty )dTy, ... dzy.
In the above integral we make the change of variables yr = agzy, K =1,2,...,n,
where «,, = —1. Then
R
Q
B ay  pazy/1-y3 any/1-yf——y2_| yj dyn di
— - (ylv"‘vynflayn) e T
—a —(!2@ —on/l—yf——y2 | Qa; Qn ai
L VI I
= Yif (Y1 Yn—1,Yn)dYn - - . dy1
’ /_1 /_\/@ /_ oy ey ( )
= aj/ xj f(x)dz.
Q
O
Corollary 4.6. If f(x) € C(Q), then for all j =1,2,...,n we have
1 .
/ 2 (2)de = — =% / i f(x)da, (4.12)
Q 2 Q
_ 1-— Oéj
z; [~ (x)de = x; f(x)dx. (4.13)
Q 2 Q

Proof. Using (4.10)) and according to definition (4.1]) of function f*(z) we obtain
/ z; [T (z)dx
Q
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:%/szf(x)d:c—ké/ﬂxjf(x*)dz
1 .
zi/gzjf(x)der%/ijf(x)dx

. 1+Oéj

. /ijf(x) dz.

Similarly we can obtain

~ 1 1 . 1-a,
/ zif (x)de = 5/ zjf(x)de — 5/ zif(z")de = 5 ! / zj f(z) de.
Q Q Q Q
]
Lemma 4.7. Let g(z) € C(09). Then for j =1,2,...,n,
/ zjg(x*) dS, :aj/ zjg(x) dSy, (4.14)
19) o0

/ zjg(x*) dSy =0y / zjg(x) dSs. (4.15)

a0 Q4

Proof. To prove this statement we pass to the spherical coordinate system (see
Lemma [4.3). Then we obtain

/ xjg(x*)dsm:/ d@l/ d@n_g/ Sinel...sinej_lcosej
o0 0 0 0

x g(aycosby,...,—sinb;...sinb,_1)J(0)d0,_1
™ m 2

—|—/ d91.../ dﬁn,g/ sinf; ...sinf;_; cosd;
0 0 T

x g(aycosby,...,—sinb...sinb,_1)J(0)db,_;.

For the first integral we make the change of variables
™= gja o = —1
0; = .
&,o=1, j=1,2,...,n—2,
Op1 =61 —,

and use the equality 0,,_1 = £, 1 + 7 for the second integral. Note that under these
changes of variables we have

sinf, = sin(m — &) = sinmwcos & — cosmsiné, =sinéy, k <n — 2,

sinf,_1 =sin(§,—; —7) =sing,_1cosm — cos&,_1sinm = —sin§,,_1,
or
sinf,_1 =sin(§,—1 + 7) = sin&,_1 cosm + cos&,_1 sinm = —sin§,,_1,
cos O, = cos(m — &) = cosmcos &y — sinmsin &y, = — cos &.

Consequently for the monomial x; we obtain:
(a) if aj = —1, then

T; — Sin91 e sinﬁj_l COS Hj — Sin& .. .sinfj_l(f COSfj) — ;T
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(b) if aj = +1, then
T; — ajsinéy . ..sinéj_1cos§; — a;x;.

Thus we have the equality

| wata)as.

oN

= / d01 dan_g/ sin01...sin9j_1 COS@j
0 0 0

x g(agcosby,...,—sinb;...sinf,_1)J(0)d0,_1
s s 2
—|—/ doy .. / d@n_g/ sinf; ...sinf;_ cost;
0 0 T
x g(aycosby,...,—sinb;...sinb,_1)J(0)d0,_1

T ™ 2m
= /0 d§1.../0 dfn,g/ﬂ sinéy...sin§;_1 - cos§;
X g(COS 517 ceey Sin€1 ...sin gn—l)J(f)dgn—l

—l—aj/ d§1.../ dfn_g/ singy ...sin;_1 - cos§;g(coséy,. ..,
0 0 0

sinéy ...siné&,—1)J(§)d&n—1
=q /ag zjg(z) dSy.

Thus the equality (4.14) is proved. Consider the equality (4.15). In this case we
have

/ zjg(z*) dS,
o0_

T T 2
= / doy ... / db,,—o / sinf; ...sinf;_; cost;
0 0 ™

X g(ag cosby,...,—sinby...sinb,_1)J(0)d0,—_1
T ™ 27
= O[j/ dgl / dgn_2/ Sinfl...sinfj_l COS§]‘
0 0 T
x g(aicoséy,...,—siné ...sin&,—1)J(€)dén—1 = ; / zjg(x) dS,.
o0,

O

Corollary 4.8. Let g(z) € C(9Q). Then for j =1,2,...,n the following equalities
hold:

/ 2;9% (2)dS, = 1i“j/ 2;9(2) dSs, (4.16)
o0 2 a0
/ 2,5 (2)dS, = HEO‘J’/ 2;9(z) dS,. (4.17)
99 2 Joa,

Proof. According to Lemma [4.7] we have

/ xjg(m*)dSm:aj/ zjg(x)dS,.
a0 a0
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Therefore, using (4.1) we obtain

/89 xjgi(a?) dS, = %{/69 zjg(z)dS, £ /89 xjg(ll?*)dsx}

% U@Q z;9(x)dS, + oy /8Q zjg(x) dS,]

1+a;
= j/ zjg(x)dS,.
o0

Similarly we can get

. 1 .
/ a:jgi(x) dsS, = 5 [/ zjg(z)dS, £ / zjg(z )de}
a0 a9, an_

1
= - [/ zjg(x) dSy £ o / zjg(x) dSz]
2L/00, oy
_ltq / x;g(x) dSy.
2 Jaa,

Remark 4.9. Since «a,, = —1, ti follows that (4.16]) and (4.17]) imply

/ 9" (2)dS, =0, / Tng (2)dS, = / Tng(2)dSy,

a0 N a0

/ z,g7 (2)dS, =0, / 1, (2)dS, = / 2n,9(2)dS,.
a0 a9

lom

5. UNIQUENESS CONDITIONS
In this section we study uniqueness of solutions of the problems ([2.1f)-(2.4).

Theorem 5.1. Let k =1 and solution of problem - exist. Then

(1) in the case m = 1, {1 = 2, €5 = 3, the solution of problem — 18
unique up to constant term;

(2)ifm=2,¢=1,00=3, orm=3, {1 =1, {5 =2, then the following cases
are possible:

(a) if for all1 < j <1, oy = —1, then the solution of homogeneous problem

(12.1)-(2.4) is a function of the form
u(x) =co + chxj;
j=1

(b) if for some jo € {1,2,...,n — 1} the equality oj, = 1 holds, then solution
of the homogeneous problem (2.1)-(2.4) is a function of the form

n
u(z) =co + Z CiT;
J=Lj#jo

In particular, if a; =1, 1 <j <n—1 then u(x) = co + cpp.

Proof. Let k = 1 and function u(z) is a solution of the homogeneous problem
(2.1)-(2.4). Then wu(z) is a biharmonic function that satisfies boundary conditions:

D'u(z) =0, z € 09, (5.1)
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Diu(z) = —D'ru(z*), z € 0Qy, (5.2)
D%u(x) = D2u(z*), z € 9Q.. (5.3)

If x € 00_ then z* € 0§24 and therefore from the conditions and ( it
follows that

DYu(z*) = —=Du(z), x € 9Q_, D%2u(z*) = D2u(z), x € 90_.
Then for all z € 99 the following equalities hold
Diu(z) = —Du(z*), x €9, (5.4)
D%u(z) = D2u(z*), = € 09. (5.5)
On the other hand differentiating along the normal v give us
D%u(z) = —D%u(z*), x € oN. (5.6)
Then from the equalities and it follows that
D2u(x) = 0,2 € 9Q.
Thereby the function u(x) is a solution of the problem
Au(z) =0, z€Q, (5.7)

D™u(x)|,, =0, D2u(x)|,, =0. (5.8)

|8Q |BQ

Furthermore when we use the results of Section 3. The following cases are
possible:

(1) if m = 1, ¢ = 3, then by Theorem the function u(z) = ¢y = const
is a unique solution of the problem —. Obviously, this function satisfies
all conditions of the homogeneous problem 1) for £ = 1. Consequently, if
m = 1,44 = 2,0, = 3 then solution of the homogeneous problem (2.1)-(2.4) is a
function u(z) = ¢p.

(2) if m = 2,43 = 3 then according to Theorem the unique solution of the
homogeneous problem — is a function of the form:

n
x)=co+ E Ty,
Jj=1

where ¢; are constants, j = 0,1,...,n. In this case £; = 1 and for all z € 09,

D},u(m)|8ﬂ 8r ‘E)Q le

Since u(z*) = Co + Y-, ¢ja z;, it follows that

0 = D}iu(x) + Dlu(z*)|sq —chxj —l—ZcJoz]mJ :Z(l—i—aj)cjxj.

j=1

Further, if for all 1 < j < n: a; = —1, then ¢; are arbitrary numbers and if for
some jo € {1,2,...,n — 1}, aj, = 1 then for the equality

Dlu(x) + Diu(z*) =0



EJDE-2017/218 SOLVABILITY OF SOME NEUMANN-TYPE PROBLEMS 11

to be correct it is necessary that c;, = 0. Hence, if a; = —1, 1 < j < n then the
function

u(z) =co + chxj
j=1

is a solution of the homogeneous problem (2.1)-(2.4)). If for some jy € {1,2,...,n—
1}, aj, = 1, then the solution of the homogeneous problem ({2.1))-(2.4)) is a function
of the form

n
u(x) =co+ Z CT;.
J=L,j#jo
In particular, if a; =1 for all j =1,2,...,n — 1, then
u(x) = co + cpp.

(3) Let m =3, {1 =1, {5 = 2. Then as in the case (2) the function of the form
n
u(z) =co + Z CiT;
j=1

is a solution of the homogeneous problem ([5.7)-(5.8). Making the same arguments
as in the case m = 2, {; = 1, f3 = 3 we obtain: If ; = —1, 1 < j < n then solution
of the homogeneous problem (2.1)-(2.4) is the function

n
u(x) =co + chxj.
j=1

If for some jo € {1,2,...,n — 1}, o, = 1, then solution of the homogeneous

problem ([2.1))-(2.4)) is a function of the form
u(z) =co + Z Cxj.

J=1,3#7Jo
In particular, if a; = 1 for all 1 < j < n — 1 then the solution has the form
u(x) = co + ey O

The following statement can be proved similarly.

Theorem 5.2. Let k = 2 and a solution of problem — exist. Then

(1) in the case m = 1,41 = 2,4 = 3 solution of the problem — 1S unique
up to constant term;

(2)ifm =24, =10, =3 orm =3, {; =1, {s =2, then the following cases
are possible:

(a) if for all 1 < j < n—1, a; = 1 then the solution of the homogeneous

problem (2.1)-(2.4)) is function of the form:
n—1

u(z) =co+ Z cixj;
j=1

b) if for some jo € {1,2,...,n}, a;, = —1 then solution of the homogeneous
( J jo g

problem (2.1)-(2.4)) is a function of the form
u(z) =co + Z CiT;

J=L,j#jo
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In particular, if a; = —1, 1 < j < n, then u(z) = co.
6. EXISTENCE CONDITIONS

In this section we present results on existence of a solution of problem ([2.1))-(2.4).

Theorem 6.1. Let k = 1 and functions f(z), g(x), g;(x) j = 1,2 be smooth
enough and compatibility conditions , be fulfilled. Then the necessary
and sufficient conditions for solvability of problem — have the following
form:

(1) if m=1, 4 =2, by =3, then

1 gl _ _ :
3 [ 0@ [ pwas. [ s (61)
(2)if m=2,¢ =1, by =3, then
5 (0= laP)f(@)do
(6.2)
= / g(x)dS, — / g1(x)dSy,,
a0 a0,
2 oty de-220 [ 5w
& @ (6.3)
:/ zjg2(x) dSmf/ zjg(z) dSy
a0, a0
for all j such that aj = —1;
(8)ifm=3,0, =1, ls =2, then
n—1 9 ~n—3 _
5 [0 [ e [ g@as. 6

:/ zjg(x) def/ zjg2(z) dSy,
o

a0,
forall j €{1,2,...,n} such that a; = —1.

Proof. We introduce two auxiliary functions

o) = Sfu(@) +ula®)), wle) = Sfu@) - u(a))

It is obvious that u(z) = v(x) +w(x). It is easy to see that the functions v(z) and
w(z) are solutions of the following Neumann-type problems:

A21}($) = f+(33)’ z €, DT,U(J:)|6Q = g+($)’ Dﬁlv(x)’(aQ = g;r(x), (6.6)
AQ’LU(J:) = f_(l‘), z €1, D::nw(x)’ag = g_(.’L‘), D1€2w(x)|3gz = g};(x) (67)
)

Indeed applying the biharmonic operator A? to the function v(z), we obtain

Ao(a) = J[APu(e) + A%ula®)] = S 1 () + f)] = (@), w €9

Further, taking the boundary conditions (2.2), (2.3 into account, we have

Dv(a) = S[DTu(e) + Du(a)] = Slo(e) +ga™)] = g (), € 09,
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1 1

Dy v(z) = gDy u(@) + Dyjua’)] = 5g(x), @ €09y,
1

Dy v(w) = 3D} u(@) + Dytu(a)]

= %[Dflu(x*) + Diru(x)] = %g(w*), € ON_.

Similarly, for function w(z) we obtain

Aw(z) = %[AQU(QJ) — A?u(z)] =
_ 1
T2
Diru(e) = 3 [DFu(r) — Dlru(a™)] = 302(a), x € 0,

v

v

1
Difu(e) = [DiFu(r) ~ Diru(e)
1 1
= —§[Df2u(x*) — D2y(x)] = —igg(x*), xr € oN_.

Note that if the function f(z) is a smooth enough function defined on the domain
Q, and function g(z) is defined on the sphere 9, then it is obvious that the
functions f*(x) and g*(z) have the same properties. Moreover, if functions g; ()
and g2(x) are smooth on 02, then because of compatibility conditions (2.5)), (2.6)
the functions gf(x) and gf(x) have the same properties. Further, to study the
solvability of the problems and we use the statements of Theorems
0.9l

(1) if m = 1, £ = 2, {5 = 3 then the necessary and sufficient conditions for

solvability of the problems and (6.7)), respectively, are:

3 [ 0=t @de = [ (5t g (@)ds., (68)
3 [ 0=l =3 @ o= | g5 (@as.. (69)
From equalities , and we obtain
1 — |T 2y ft xX)axr :1 — |T 2 xT)axr
5 | (= lel)r* @) de = [ (1= o) (@) o

Similarly, from (4.4)), (4.6)) and (4.9)), it follows that
1 1

5 [ 0=aP)r @ =5 [ (1= 1aP)f(a) da,

/{mgf(x) dS; — /ag gt (x)dS, = /39+ g1(z) dS, — /aQ g(x)dS,.

Consequently, condition always holds and condition can be rewritten in
the form (6.1).

(2) if m =2, ¢ = 1, {5 = 3, then the necessary and sufficient condition for
solvability of the problem has the form

3 [ 0=leP) @ de= [ (g (2) = g (@) as..

2 o0
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which can be rewritten in the form

1
5 [ a- )@= [ g@is.~ [ ads..
Q o0 094
For problem (6.7)) we obtain the conditions:

1 ) _ [
3 [ 0=l =3 @ = [ G@as. @)

1 2 _
5 | ziltn =Dz = (n = 3)]f (z)dx
2 /ﬂ (6.11)

:/ zi[gy () — g~ (2)]dS., j=1,2,...,n.
o0

From equalities (4.4) and (4.9)), the condition (6.10) always holds. Further, using
(4.12), (4.15) and (4.16) we have

1 2 _ o
3 | ol = Dlal = (0 =3 @)o =

].7(13'
2

[ sl = vlat? = (0 - 3@
Q

_1—aq

| i @is. =155 [ wjga(eas..
aQ a0,

1 — s
/ zjg” (x)dSy = o / z;g(x)dS;.
09 2 Jaa
Then equality (6.11]) can be rewritten in the form

l—Otj

2 [ aln = Dlaf? - (0= 3w
Q
1-— Qi .
o0, a0
Ifforall1 < j <n—1, a; =1 then condition (6.12)) always holds for these indexes
and in this case condition (6.11]) for j = n can be rewritten in the form
n—1 n—3

2 _ _
5 /Qacn|x| f(z)dx— 5 /89 T f(x)de = /89+ Tng2()dS, /aQ Zpg(2)dSy.

If for some jo € {1,2,...,n}, oj, = —1, then for this jo, condition (6.11)) can be
rewritten in the form

(6.12)

n—1 n—3
o [l @32 [ pwts

:/ zjogg(:c)dszf/ zj,9(x)dSy.
PN o9

(3) if m =3, ¢ = 1, {5 = 2, then by Theorem the problem’s solvability
condition has the form

! /Q [(n— 1)[af? — (n — 3)]+(@)da = / 4" (2)dS,

2 a0
According to (4.3)) and (4.5 the last condition can be rewritten in the form

5 [ =Dl =0 =31 @)e = [ gla)ds.

o0
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Further, using Theorem the solvability condition of problem can be
rewritten in the form

1 ) B o

3 |-l - sl @i = [ g @is. (613
1

s [ @il =Dz = (n = 3)]f (z)dx

Q/Q (6.14)

:/ zilg™(2) — G (2)]dSe, j=1,2,...,n.
o0

From (4.4) and (4.6)) it follows that condition (6.13) always holds. From (4.12]),
(4.15) and (6.14]) we obtain

1 1—a;
5 [l @de =22 [ laf (o)
2 Q 2 Q
1—
/ 259 (2)dS, = L% / 2;9(x)dS,.
20 2 90

1— o«

/ zjgs (2)dS, = 5 . / z;92(x)dS,.
X9) o904
Then (6.14) can be rewritten as follows

].—O[j

ifn— xz—n— x)ax
2 [ aln=Dlaf - (-3 f(@)a

1—-q; .
= 2 J [/ xjg(x)dSz_/ xJQQ(x)dsz}, ] = 172’...771.
o o0,

If aj = 1 then (6.15) holds, and if a;; = —1 then this condition can be rewritten
in the form

(6.15)

n—1

5 /ij|x|2f(x)d:c—n?_3/ﬂxjf(x)dx

= / xjg(x)dsm—/ zjg2(x)dSz, j=1,2,...,n.
o0 Clol

Thus equality (6.5) and, consequently, the theorem are proved. O

The following statement can be proved similarly to Theorem

Theorem 6.2. Let k = 2 and the functions f(z), g(z), gj(x), j = 1,2 be smooth
enough on the domains ), 0Q and 0., respectively, and the compatibility condi-
tions (2.5) and (2.6) hold. Then the necessary and sufficient conditions for solv-

ability of problem (2.1)-(2.4) have the form:
(1) if m=1,4¢ =2, by =3, then

L 1/ |m|2f(x)dx—n_3/ f(z)dz :/ g2(x)dSy;
2 Ja 2 Ja a0,
(2)ifm=2,1, =1,y =3, then

n—1 n—3
and

B /Q|:17|2f(1:)dx7 5 /Qf(x)d:v = /8Q+ g2(2)dS,,
n—1

-3
5 /QSCj|x|2f(x)d:C7n 5 /Qx]f(x)dx = /{m+ xjga(x)dSy — /em xjg(x)dS,,
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allj €{1,2,...,n—1} for which a; = 1;

(8)ifm=3,11 =1, ly =3, then

and

n—1 n—3

2 j—
5 [P r@ia="52 [ p@ie= | gas..

n—3

= /Qf”ﬂx'Qf (w)dw——— /Q @ f(2)dz = /6 _2i9(a)dS; = / 2;g2(x)dSs,

for

o0,
allj €{1,2,...,n —1} such that a; = 1.
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