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NONEXISTENCE OF GLOBAL SOLUTIONS OF CAUCHY
PROBLEMS FOR SYSTEMS OF SEMILINEAR HYPERBOLIC
EQUATIONS WITH POSITIVE INITIAL ENERGY

AKBAR B. ALIEV, GUNAY I. YUSIFOVA
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ABSTRACT. In this paper we study the Cauchy problem for a system of semi-
linear hyperbolic equations. We prove a theorem on the nonexistence of global
solutions with positive initial energy.

1. INTRODUCTION

We study the solution of some Cauchy problems for systems containing nonlinear
wave equations, from mathematical physics problems in [4, [8, 25| BI]. We consider
the system of nonlinear Klein-Gordon equations

Uktt*AUk‘i’Uk‘i"‘Yukt:fk(u1,~--7um) kilaza"'ama (11)
with initial conditions
ug(0,2) = upo(z), ukt(0,2) =up1(z), € R™ k=1,...,m, (1.2)

where fr(u1,...,ur) = |ur]P*|ual??* .. |um|P ™ ug, pik = pj + 1, pre = pr — 1,
k,j=1,2,....,m, (u1,uz,...,un) are real functions depending on ¢ € R, and
x € R™, p1,pa,...,pm are real numbers. System describes the model of
interaction of various fields with single masses [§]. The goal of this paper is to
investigate nonexistence of global solutions of problem , .

Before going further, we briefly introduce some results for the wave equation

w = Au = f(u), (1.3)

with
flu) = (2+¢e)F(u), (1.4)
where F(u) = fou f(s)ds. The general nonlinearity f(u) satisfying was firstly
considered for some abstract wave equations in [12], where Levine proved the blow-
up result when the initial energy is negative. But most results concerning the
Cauchy problem of the wave equation were established for the typical form of
n+2

nonlinearity as f(u) = |u/P~'u where 1 < p < rasn>3and 1 <p<ooas

n = 1,2. Here we note that the above power satisfies the condition (1.4]). For the
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nonlinearity satisfying (1.4, the wave equations with damping term were studied
by many authors [5} 6] [7, 0, [0} [T, T2} (13, (14 [15}, 20, 22, 23] 32].

For existence and non-existence of global solutions for the Cauchy problem of
equation with a damping term, we refer the reader to [7, 14, 26, 27]. In
particular, recently the wave equation with damping term was considered in [I4],
where Levine and Todorova showed that for arbitrarily positive initial energy there
are choices of initial data such that the local solution blows up in finite time.
Subsequently, Todorova and Vitillaro [26] established more precise result regarding
the existence of initial values such that the corresponding solution blows up in
finite time for arbitrarily high initial energy. More recently, Gazzola and Squassina
[7] established sufficient conditions of initial data with arbitrarily positive initial
energy such that the corresponding solution blows up in finite time for the wave
equation with linear damping and in the mass free case on a bounded Lipschitz
subset of R™. A fairly comprehensive picture of the studies in this direction can be
gained from the monograph [22].

In [15], [I8] the authors obtained sufficient conditions on initial functions for
which the initial boundary value problem for second-order quasilinear strongly
damped wave equations blow up in a finite time. The nonexistence of global so-
lutions of a generalized fourth-order Klein-Gordon equation with positive initial
energy was analyzed in [T1].

A mixed problem for systems of two semilinear wave equations with viscosity
and with memory was studied in [10, 21} 24] 29], where the nonexistence of global
solutions with positive initial energy was proved.

The nonexistence of global solutions of the problem

Ui — Aug + uy + yurr = gi(ug, uz),
Ugg — Aug + ug + Yug = go(u1, uz),
with
u;(0,z) = uio(x), wiu(0,2) =un(x), z€R" i=1,2, (1.6)
where
g1 (ur,u2) = [ur [P Hua P ur,  go(ur, u) = [ug[PHHus [P~ uy,
with negative initial energy was studied in [21], [27]. In the case when
g1 (ur,u2) = ur [P~ Huo| " g, ga(ur,us) = [u [PT g7 Hus.

The absence of global solutions for problem , was investigated in [I1 2].
Recently, more investigations were carried out in this field [T, [7], 24} 29].

The absence of global solutions with positive arbitrary initial energy for systems
of semilinear hyperbolic equations

m
Uitt — A'LLZ + u; + YUit = E |Uj|pj |u1
BI=Lin;

Pig, 1=1,2,...,m

was investigated in [2], where n > 2, p; >0, =1,2,...,m, and >, pp < =25 if
n > 3.
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2. FORMULATION OF THE PROBLEM AND MAIN RESULTS

To state our main results, we briefly mention some facts, notation, and well
known results. We denote the norm on the space Lo(R™) by |- |, the inner product
on Ly(R"™) by (-,-), and the norm on the Sobolev space H! = W4(R") by ||u| =
[IVul? + [u[2]2. The constants C' and ¢ used throughout this paper are positive
generic constants that may be different in various occurrences.

Assume that

p; >0, j=1,2,....m m=23..; (2.1)
e 2
doptm-2< —— ifn>3. (2.2)
k=1

Let E(t) be the energy functional

pr“[' R+ st 21 [ o, s

- / H|uj(t,m)|pj+1dx.
Rm 5oy

We also set

+1
I(uh...,um)zzz by [l (t, ) ||* — / H|uj t,x)|Pitlde.  (2.3)
Jj=

r—1Prt+tm

The main result of this article is stated in the following theorem.

Theorem 2.1. Let conditions (2.1) and [2.2) be satisfied. Assume upo € H' and
ug1 € Lo(R™), k=1,2,...,m, and

E(0) > 0, (2.4)
I(u10, u20, - - -, Umo) <0,
> (uo, ur1) > 0, (2.6)
k=1

> > S
Uuj
Z] 1Pj

Then the solution of the Cauchy problem (1.1] , ) blows up in finite time.

E(0). (2.7)

Note that, in the case of m = 2, this result was obtained in [I], and in the case
m =2, py = py > 1, it was obtained in [29)].

3. AUXILIARY ASSERTIONS

In the Hilbert space H = Ly(R™) x La(R™) X --- x Ly(R™) we write problem
(1.1), (1.2) as the Cauchy problem

w” + Bw' + Aw = F(w), (3.1)

w(0) = wg, w'(0) = wy,
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where
Ul ulo(l‘) ull(x)
w— u9 ’ wo = Ugo(l‘) 7 wy = ugl(x)
U, Um0 (:L’) Um1 (CL’)

Here A and B are linear operators in H defined by

-A+1 0 0
A - 0 -A4+1 ... 0 7
0 0 —A—|— 1
D(A)=Hy,=H?>x H?> x --- x H?,
v 0 0
B 0 0 7
('0 0 ¥
D(B) = Ly(Ry) X La(Ry) X -+ X La(Ry),
fi(ur, ug, ... up)
P(w) = fa(ur, ug, ..., up)
fm(u1,ug, .. Uy

Note that A is a self-adjoint positive definite operator, B is a linear bounded
operator acting in H and conditions (2.1]), (2.2) imply that F(w) is a nonlinear
operator acting from H; = H! x H' x --- x H' to H.

Lemma 3.1. Letn=1,2,p; >1,j=12,....n,m=2,3,... orn=3, m=2,
p1 = pa = 1. Then the nonlinear operator w — F(w) : Hy — H satisfies the local
Lipchitz condition, that is for any w', w? € H, we have
IF(w") = F(w?)ll g < e(r)w' —w?| g, (3.3)
where ¢() € C(Ry). e(r) 2 0, r =37, ||w'l| g,

Proof. Let us take w? = (u,u},...,ul) € H', j = 1,2. Then, by the mean value
theorem we have

m m
IF(w") = F?)[1Z <ed > [ (luj e 4 ufPer=D)
k=1j=17%
" (3.4)

m
X H (|u;|2pﬂ"“ + |u§|2"ﬂ")|u]1 — u§|2dx.
i=1,i#j

Let n > 2. By Holder inequality with exponents,

m
; _ +m .. .
a}c:M ifi#4,1i=1,...,m,
Pki
m m
i _ +m
Oé‘qu = 727“_1.17:1 s 052 = Zpr +m
Pkj r=1
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and using interpolation inequalities of Gagliardo and Nirenberg in the case n = 2
or Sobolev inequality in case n = 3 we have

>y prtm—1 2orly prtm—1
IP(w") = P < e w577 4w 275wt —w? 5, (3.5)
In case n =1, from (3.4]) using embedding theorem we again obtain (3.1). O

By the theorem of solvability of the Cauchy problem for the evolution equation
[3], we have the following local solvability theorem for problem (2.3)), (2.4).

Theorem 3.2. Letn =1,2,p; > 1, j—1,2,.. m,m=2,3,... orn=3,m=2,
p1 =p2 = 1. Then for arbitrary wg € Hl, wy € H there exists T' > 0 such that
problem [B1), (3-2) has a unique solution w(-) € C([0,T*]; Hy) N C*([0,T*]; H).
If Thnax = sup T*, i.e., Thax s the length of the maximal existence interval of the
solution w(-) € C([0, Tinax); H1) N CY([0, Timax); H), then either

(i) Tmax = 400, or

(i) hmbulot_wm,(_o[Ilw(')llg1 + IIw(-)Hg] = +oo.
Theorem 3.3. Let conditions and . be satisfied. Then for arbz’tmry
wy € H1 and wi € H there exists T > 0 such that problem (3.1] , ) has a
solution w(-) € C([0,T"); Hy) N C*([0,T"); H) and w(t) is either global or blow up
in a finite time.

Proof. We carry out the proof by Galerkin’s method, using some considerations
from the work [18]. Let {wj,ws,...,w,...} be the basis of the space H; and
wy(t,-) = 22:1 grj(t)wj, r=1,2,... be defined as a solution of the system
(wy(t),w) g + (Bwy(t),w;) g + (we(t),w;) g, = (F(wr),wj) g (3.6)
with initial data
w’l‘(07 ) = Wor, ’LU,;,(O, ) = Wir, (37)
where wq, and wy, belongs to the subspace [wy,wsa, ..., w,]| generated by the r first
vectors of the basis {w;,}, and
wor — wo in H; and  wi, — wy in H if r — o0. (3.8)

By multiplying the equation (3.6]) by g;j (t) and summing by k, where k takes
the values from 1 to r, we get that

1d 9 9
5l I + g (6%, 1+ (B (), wnalt, )

= (F(w(t,"),w'(t,) 5
Then using Holder’s inequalities and . for
yr(t) = llwne(t, )% + o ()11, (3.10)

from [B.9) we get y;.(t) < c(y,(t))=r=1Prtm.
Integrating this inequality and taking into account the inequality (3.4)), we find
that there exists 7 > 0 and r¢ such that

yr(t) <e¢, te€]0,T'], r>ro. (3.11)

From (3.10), (3.11]) it follows that there exists a subsequence still denoted by the
same symbols, such that

(3.9)

w, — w weak star in Lo (0,7"; Hy),



6 A. B. ALIEV, G. I. YUSIFOVA EJDE-2017/211

w!. — w'  weak star in Loo(0,T"; H), F(w,) — x weak star in Loo(0,T"; H).

Further, using the method given in [16], we obtain that x = F(w).

Passing to the limit is Carried out by the standard method (for example, see
[[16} 18]). Thus, problem (3.1] 31), (3.2) has the solution w € Lo (0,T"; Hy), such that
w' € Loo(0,T"; H) and F(w )GL (0,77 H).

Further applying the linear theory of the hyperbolic equations, considering equa-
tion as a linear equation with a given right-hand side of x(t) = F(w) €
Loo(0,T7; H), we find that w € C([0,T")Hy) N CY([0,T']H) (see [IT]). 0

Remark 3.4. labelrmk3.1 If wy € Hy and wy € Hy, then w(-) € C([0, Trmax); I:IQ) N
CL([0, Trax); Hy)-
Lemma 3.5. Let conditions , and — be satisfied. Then
I(ug(t, ), ua(t,.), .. um(t,.)) <0, €0, Tmax)-
Proof. By there exists T3 > 0, such that
I(ug(t, ), ua(t,),...,um(t,-)) <0, tel0,T1). (3.12)

We shall prove that 77 = Tiyax. Assume that T} < Tyac. Then by the continuity
of I(ui(t,-),ua(t,), ..., um(t,-)) we have

I(Ul(Tl,')7U2(T1,~)7...,’U,m(Tl,-)):O, (313)

We introduce the functional F(t) = Y27, (p; + 1)|u;(t,-)|*. Taking into account
Remark 2.1 and using (L.1), (1.2]) we obtain:

F(t) = QZ(pj + 1) (u;(t, ), 05(8, ),

and
F(t) =23 (o + Dlu(t ) =23 (05 + D)y (8 )P + g 8, g (1))

J

+2(Zpk+m / H|uJ (t, z)|Pit da.
k=1

Therefore,
F'(t)+~yF'(t) = p(t), te]l0,T1), (3.14)

where
=2 (p; + (¢, ) — Q(Zpk n m)[(ul(t, Yzt )y um(t, ).
7j=1 k=1

Taking into account inequality , we obtain
<p(t) >0, te]o, Tl) (3.15)
It follows from condition and relations and - that
F’( )>0, te [O,Tl).

Therefore, the function F'(t) is monotone increasing on [0,77). Consequently,

m

F(t)>F(0) =Y (pj + 1)lujol. (3.16)
j=1
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By taking into account the continuity of the function F'(t), from condition (2.7))
and inequalities (3.16)), we obtain

2[Z;n:1pj +m}

F(Ty) > — E(0). (3.17)
ijl Dy
On the other hand it follows from ) and . that
E(t) = FE(0) (3.18)

for every t € [0, Timax). From (3.13]) and (3.18]) we obtain the inequality

2 opit1
1 = ) B s (1, )2 < B(0).
( doiipj+m ; 2 /

It follows that
2[ZT 1Pj +m}
- Z] 1pi+m—=2

The resulting contradiction (3.17) with (3.19) shows that our assumption fails.
Therefore T7 = Tax-
Let T5 > 0, T3 > 0 and k > 0 be some numbers. Consider the functional

0= 25 e P 1 [ o s ol o)

+/€(T3 +1)%.

F(Ty) <

E(0). (3.19)

(3.20)

O

Lemma 3.6. Let [2.4) [2.7) be satisfied. Then R(t) >0 fort € [0, Tyax)-

Proof. A simple computation gives us
0 =32 2h(t + T
) = 30 B 2y (8 ), 8 ) 3l (8 = lgol*] + 2k(e + T). (3.20)

Next, from (3.18]), (3.21)) by using relations (1.1)) and ([1.2]), we obtain
m
R'(8) =Y (pj + Dl (8, )* = s () [17)

J=1

m m
+ [ E p; + m} / H luj(t, )Pt dx + 2k.
= Rn ;-
= Jj=1
It follows from ({2.3]) and (3.22) that

R'(t [ij + m} t,.), ..., us(t, ) + 2k, t €0, Tax)-

(3.22)

By Lemma [3.5] for sufficiently small & it holds
R"(t) >0, tel0,Thax)- (3.23)
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4. PROOF OF MAIN RESULT

We first assume that Uzo € H? u;; € H', i =1,2,...,m. We shall prove that

under conditions ., and . 2.7), Tmax < —|—oo Suppose the contrary:
Trnax = +oo. It follows from and 1.' that

/ ﬁ Juj(t, )P d
Rm 5y
02ty

Taking into account this relation in (3.22)), we obtain

0+ s+ 27 [ 1,

Yo tm+2 T

R'(t) = 5 > (py + V()]
j=1
Yripi+m—2Z
+ == > (v + Dlus(t, )II”V[ZPJ +m} (4.1)
j=1 j=1

3
prJH/ ! (s zds—{ijer} 0) + 2k.

j=1

By (3.9) we have

R2(1) < [0y + 1)l (1 |+7/h@ )[Pds) + k(t + 1))
= (4.2)
[ (pj + 1) (Juf(t \2—1-7/ | (s J|2ds) —I—k]
j=1

By choosing a sufficiently large T3, from Lemma[3.5| and relations (3.19), (4.1, and
(4.2), we obtain

m—lj m+ 2 / 2
ReR () - ZE BT )

Zﬁlpj+m+2[2
4

> R(t)- R"(t) — —(Th —1) Z pj+1) |U10|2}
j=1

[Zp]Jrl (Ju (t |2+'y/ [ (s, )[2ds) + k]

> R(t){w > (i + V()

Jj=1

Zm:lpj +m -2 &
+ = 5 > (v + Dlluy ()]

j=1

+[§:pj+m]i( / |uf (s, -)|*ds — [Zpﬁm}E(O)Hk
Jj=1 j=1

j=1
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_Zﬁlpj+m+2i(pj+l)<|u P+ / (s, )] ds)+k}

2 ,
j=1

1pj+m—2
_ Rityy(1) + 2= 3 - Z / i (s, ) s, (4.3)

where
Z;’l_l p] + m — 2 m

y(t) = =——5 > i+ Dt )

j=1

- +p2+p3+1
_{ij—i—m]E(O)—p—l p22 P37k

Having in mind Lemma and choosing a sufficiently small k& > 0, we obtain
that y(t) > 0. Thus, for sufficiently large 75 > 0, T3 > 0, and for sufficiently small
k > 0 we ahve

Z";n’:1pJ+TnJ%>2R/2

R(t)- R'(t) — 1

On the other hand,

(1) >0. (4.4)

Z p; + 1)(ujo, uji) + 2T, .
j=1

Therefore, R'(0) > 0. Using this inequality and bya standard procedure, we
obtain that there exists 0 < T < +o0 such that lim;_,p+_¢ R(t) = +00. We obtain
a contradiction, which shows that T}, < 400.

If ujp € H' and u;; € La(R™), i = 1,2,...,m, then the justification can be
carried out in a standard way, by approximation of the initial data by functions
from H? and H?', respectively.
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