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EXISTENCE OF WEAK SOLUTIONS TO A NONLINEAR
REACTION-DIFFUSION SYSTEM WITH SINGULAR SOURCES

IDA DE BONIS, ADRIAN MUNTEAN

ABSTRACT. We discuss the existence of a class of weak solutions to a nonlinear
parabolic system of reaction-diffusion type endowed with singular production
terms by reaction. The singularity is due to a potential occurrence of quenching
localized to the domain boundary. The kind of quenching we have in mind is
due to a twofold contribution: (i) the choice of boundary conditions, modeling
in our case the contact with an infinite reservoir filled with ready-to-react
chemicals and (ii) the use of a particular nonlinear, non-Lipschitz structure
of the reaction kinetics. Our working techniques use fine energy estimates for
approximating non-singular problems and uniform control on the set where
singularities are localizing.

1. INTRODUCTION

Our main interest lies in combining homogenization asymptotics together with
either fast reactions (like in [I8,[19]) or with singular reactions (like in [4] and [IT]).
In this article, we set the foundations for such investigations by exploring the effect
of the choice of a particular type of singularity on the weak solvability of the model
equations. The singularity is supposed here to appear due to the occurrence of a
localized strong quenching behavior.

The quenching phenomenon is expected to be due to the kinetics of diffusion-
limited reactions in random and/or confined geometries; see e.g. [12] and references
cited therein. However, we are not aware of a multi-particle system derivation of the
structure of the (macroscopic) singularity in the reaction rate in the case of quench-
ing. Our approach here is simply ansatz-based. Traditionally, the mass action law
of chemical kinetics usually requires integer partial reaction orders (cf. [26], e.g.).
In our setting, we use instead a power-law reaction rate, sometimes referred to as
being based on a pseudo-mass action kinetics. The reader can find in [16], e.g., a
number of concrete examples of chemical reaction mechanisms of fractional order.
We use this occasion to refer also, for instance, to [2] (and references cited therein)
for classes of chemical reactions not respecting the classical mass action kinetics.

The goal in this paper is to study the existence of weak solutions to the follow-
ing system of nonlinear equations of reaction-diffusion type endowed with singular
production terms by reaction, mimicking the quenching feature:
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Let Qr := Q2 x (0,T), where € is a bounded Lipschitz domain of RV, N > 2 and
reb ug — div(a(z,t,u, Vu)) = f(u,v) in Qx (0,7)
vy — div(b(z,t,v, Vv)) = g(u,v) in Q x (0,T)
u(z,0) =ug(xz) in Q
v(z,0) = vo(x) in Q
u(z,t) =0 on Ty x (0,T)
v(z,t) =0 onTyx (0,T)
a(z,t,u,Vu)-v=0 on Ty x (0,T)
b(x,t,v,Vv)-v=0 onTy x (0,T)
where I'y and I'y are such that 'y UTy = 0Q and I'; N I'y = #. The Haussdorff
measure of 'y and T'y does not vanish, i.e. H(I'y) # 0 and H(T'2) # 0.

Here v denotes the outer normal to 9Q. The functions f(r,s) : [0,4+00) — R
and g(r,s) : [0, +00) — R are defined as

F(r,8) = k% (1.2)

g(r,s) == —k% (1.3)

with £ > 0 and 0 < 7 < 1 real parameters. Note that the functions f and g are
singular at r = 0, i.e. they can take the value +0co when 7 = 0 and s # 0.
Problem has a clear physical meaning. To fix ideas, just imagine the fol-
lowing scenario: let u,v denote the mass concentration of two distinct chemical
species (reactant and product), being involved in the chemical reaction mechanism

U—V, (1.4)

where U denotes the chemical species associated to u and V denotes the chemical
species associated to v. Such chemical mechanism can refer either to a gas-liquid
reaction (cf. [21, sec. 2.4.3.3]) or to a gas-gas reaction (cf. [I]). These chemicals
are provided (from infinite reservoirs) at I'y and T'y, they travel a heterogeneous
medium  (modeled here by the use of nonlinear diffusivities a(-) and b(+)), and
finally, they mix. It is worth noting that the mechanism does not require per
se that the species U and V' coexist.

We restrict our attention by using the following assumptions: the functions
a(z,t,s,€) and b(x,t,8,€) : 2 x (0,T) x Rx RN — RY are Carathéodory functions
and satisfy the following Leray-Lions conditions:

(A1) a(x,t,5,8)-€ > alé]P, a € RT, p > 1, a.e. in Q7 and for all (s,&) € RxRY;

(A2) (a(zm,t,s,8) —alz,t,8,m)) (6 —mn) >0, for every s € R and for all (s,§) €

R x RY such that & # n;

(A3) |a(z,t,5,&)| < ar]é|P~! with a; € RT;

(A4) b(w,t,s,8)-€ > BlEP, BERT, p>1ae. in Qr and for all (s,£) € R x RY;

(A5) (b(z,t,s,€) — bz, t,s,m)) - (£ —mn) >0, for every s € R and for all (s,€) €

R x RY such that & # n;
(A6) |b(x,t,s,€)] < B¢~ with By € RT;
(AT) the functions ug and vy are nonnegative functions that belong to L>(2).

(1.1)

We set our problem in the following spaces:

Vi={oeW"?(Q):9=0 onTy},
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W={peWh?(Q):¢=0 onTs},

with p > 1. The dual spaces of V' and W, respectively, are denoted by (V)* and
(W)
We can now give our definition of weak solution to problem ([1.1)).

Definition 1.1. A weak solution to problem (|1.1)) is a nonnegative couple (u,v) €
[LP(0,T; V)N L>(0,T; L*(Q)] x [LP(0,T; W) N L>=(0,T; L*())] with

(e, ve) € [LP(0,T5 (V)*) + L0, T; L ()] x [L¥ (0, T; (W)*) + L' (0, T; Li (2))]
such that:
(u(z,0),v(z, uo(),vo(x)) a.e. €, (1.5)

//T¢<+oo (1.6)
/ o(z,0) //T //T a(z,t,u, Vu)Ve = /QTfuv (1.7)
/ P(z,0) //T /QTbxtUVvvw //T u,v), (1.8)

for all p, 9, ¢ € C(2 x [0,T)).
We give the following existence result for the solution of problem (|1.1)).

Theorem 1.2 (Existence). Assume 0 < v < 1, (A1)-(A7). Then there exists a
solution (u,v) to problem (L.1)) in the sense of Definition .

Problem consists of a system of two weakly coupled equations which present
in the right hand side singular lower order term in the variable u. By singular we
mean, in this context, that the terms f(r, s) and/or g(r, s) can become unbounded
when r = 0. Scalar parabolic problems which present lower order terms of this type
were studied previously in [} [0 10].

Essentially, problems of type which exhibit equations with singular lower
order term of type f(u) = up, p > 0, have a global solution for which there
exists a time T such that inf,cqf — 0 ast — T. So, the reaction term tends to
blow up when the solution goes towards extinction. This kind of phenomenon is
called quenching (or in some case eztinction, as in [6]). For example, if we solve the
ordinary differential equation

U = ——, t>07 u(O):1
(p > 0), we obtain
ut) =[1-(1 er)t]ﬁ’ for some ¢ > 0.

The main observation is here that the solution is smooth for ¢ € (0, ﬁ) and
u(t) — 0 for ¢t — ?, that is u quenches in finite time.
If we consider the partial differential equation

1
—Au=——

ub
the situation becomes somewhat more complicated. Now, the presence of the dif-
fusion term Aw attempts to prevent the quenching phenomenon and an intrinsic
reaction-diffusion competition appears.
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In this paper, we search for local-in-time weak solutions to our problem ([L.1)).
It is worth however mentioning that, under additional strong structural conditions
on our Leray-Lions-like operators, working technical ideas from [22], which rely on
sub- and super-solutions or at least on the existence of some global bounds, can
be used in principle to extend our concept of local-in-time weak solution up to a
global weak solution.

2. NONSINGULAR APPROXIMATING PROBLEMS

To deal with problem (1.1) we use a couple of approximations. In particular,
we consider the following sequence of nonsingular approximating problems (2.1).
Essentially, we are truncating in such a way as to eliminate the singularity. The ap-
proximating Problem reads: Find (u,,v,) € [LP(0,T; V)NL>(Qr)] < [LP(0,T; W)N
L>(Qr)] such that

(up): — div(a(z, t, up, Vuy)) = fu(tun,v,) in Qx (0,7T)
(vn)e — div(b(z, t, v, VU,)) = gn(tn,v,) in Q x (0,7)
u(z,0) = upp(x) inQ
v(z,0) =von(z) inQ
un(x,t) =0 onTy x (0,7)
vn(x,t) =0 onTy x (0,T)
a(x,t,un, Vuy) - v=0 onTyx (0,T)
b(x,t, v, Vu,) - v=0 onTy x (0,T)

(2.1)

where

k—2r—  ifu, >0and v, >0

fn(un,vn) = { (un+L)7?

0, otherwise,

k—Yr—, ifu, >0and v, >0

D B (P
Gn(Un,vp) = n
{tn> 0n) {O, otherwise,

while ug ,,, vo, € L>(Q) N H} () are suitable regularizations of the initial data
obtained by a standard convolution technique (see [5]) such that

1

Jim EHUO,nHHg(Q) =0, (2.2)
1

Jim ool m ) = 0- (2.3)

Lemma 2.1. Problem (2.1)) admits a nonnegative couple of solutions
(un,vn) € [LP(0,T5V) N L=(Qr)] x [LP(0, T W) N L™=(Qr)]

/u()n o(z,0) // un— —|—// t, Uy, Vu, )V
=[], e
Qr un n

TL

such that

(2.4)
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/Uon ¥(z,0) // vn&/} // (x,t, v, V)V
:_k//T (un + v

TL

for every v, € C§°(Q x [0,T)).

(2.5)

Proof. The existence of a solution (uy,v,) can be proved following the line of stan-
dard results of [I7]. For simplicity, we suppose g, = 0 and vg , = 0. Then, using
the method by Stampacchia [25], we can prove that u, > 0 taking as test function
in the first equation of the problem the function ¢ = —u,, .

Since ;7 = 0 on the support of u,, (i.e. where u,, < 0) and remember that

k—Yn—. ifu, >0and v, >0

fn(una’l}n) = { (unt3)

0, otherwise,

we have that the right hand side of (2.4]) is zero, so we obtain

//T(“")t( // a(w, t,un, Vi) V(—uy,) = 0.

We rewrite the last equality as

//QT(UTJ{ = Uy )e(—uy) + //QT az, t,ut —un, V(ut —u;))V(—u;) =0

from which, by (A1) we obtain
1
5 [wrwa [ [wur<o
Q T

u, =0 a.e in Qr,

i.e. that u, > 0 a.e. in Q and for all ¢ € [0,T). In the same way, to obtain that

vy, > 0, we can reason as before, by choosing as test function ¢ = —v,; . ([l

and we deduce that

From now on, we denote with C' a generic constant. Its precise value changes
depending on the context. Usually C' is thought to be independent of n, if not
otherwise mentioned. We recall here the definition of the usual truncation function
Ty, defined as

Ti(s) = max{—k,min{k,s}}, k>0,seR". (2.6)
In the following we will denote by (-,-) the duality product between (V)* and V
(and also between (W)* and W).
3. A PRIORI UNIFORM ESTIMATES
3.1. Uniform estimate for (u,,v,) in L=(Qr).

Proposition 3.1. Assume (A1)—-(A7). Then there exist positive constants My and
Ms, independent of n, such that:

lunll oo (@ry < M, (3.1)
lvnllLoe(@r) < Ma.
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Proof. The uniform estimate for the sequence {u,,} follows by the [I0, Propo-
sition 2.13].

For simplicity we suppose vg ,(z) = 0. To handle the equation solved by v, we
choose as test function ¢ = Gy, (vy,) = (v, — Ma)™, with My > 1 fixed. By (A4),
we obtain

// (Un M2 —‘rﬁ// |VGM2 ’Un < k// ’U’n,GMQ Un S 0’

where @Q; := Q x [0,t). Neglecting the nonnegative term on the left hand side, it
follows that

1
3 [0 =220 =0
Q
from which (v, — M)t =0 a.e. in Qr, i.e. (3.2)) is proved. O
3.2. Energy estimate for (u,,v,) in LP(0,T;V) x LP(0,T; W).

Proposition 3.2. Assume (A1)—(A6). Then there ezists a positive constant C,
independent of n, such that:

lunllLeo,rvy < C, (3.3)
lvnl 0,7y < C. (3.4)

Proof. Choosing as test function ¢ = w, € LP(0,T;V) in the first equation of
problem solved by w,, and integrating over € x [0, ), we obtain

’U (7
th £2(@) Tt 1)

By assumption (A1) and observmg that

w + e < ul™7, the previous equality

1 _
5/uﬂﬂ+a[/|vwvgk/y vnuh ™" + Clluo |32 g -
T

Following the same steps as in the proof of [8, Lemma 2.4-(i)], we find that

/) +Q/LJV%P<C (3.5)

Now, from (3.5)) we deduce also that
lwnll o 0,1:22(02)) < C. (3.6)

To handle the second equation of problem (2.1)), we choose as test function
¥ =, € LP(0,T;W). By (A4) we obtain the inequality

/ +ﬂ// Vol < k// Ty Ol

< CHUO,nHL2(9)~

leads to

From (3.7) we deduce also that

[vnllzo<0,7;22(0)) < C. (3.8)
Summing (3.5) and (3.7)) leads to the estimates (3.3]) and (3.4]). d

An important a priori estimate for controlling the singular lower order term is
the following.
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Proposition 3.3. Assume v > 0, (A1)—(A7). Then there exists a positive constant
C, independent of n, such that

k// (uiinl)vgop(x) <C forallneN, (3.9)

n

for every ¢ € C§°(2), ¢ > 0.

Proof. We multiply the first equation of problem (2.1]) by the test function ¢P(x)
and get

/ o @) +p /] b, V)V = /] @)

n

from which, using (A3), we obtain

Up, B
< alp// |V, [P~ 1P V| + C < C.
Qr

Here we have used once again Young’s inequality with exponents —£5 and p together
P
with the energy estimate (|3.3)). O
3.3. Uniform estimate on the sets {(z,t) € Qr : uy(z,t) < ¢} and {(z,t) €
Qr : vp(z,t) < §}. In this subsection, we focus our attention on the critical sets
{(:E,t) €Qr: un(xvt) < 5}7
{(z,t) € Qr : vu(z,t) < §}.
These sets are prone to hosting the locations of the singularity, i.e., where the
lower order term is unbounded when u, = 0, or when an indeterminate situation

appears when u,, = 0 and v, = 0. In fact, we wish to avoid a potential blow up of
the solutions on these sets. This is ensured by the following key result.

Proposition 3.4. Assume v >0, (A1)—(A7). Then

k// I p(z) < C6, 3.10
Qr{0<u,<s} (Un + )7 (=) (3.10)
1—v - 1
k// P (z) < o Fo<7< (3.11)
Qrn{o<v,<s} (Un + )7 CVs  ify=1.

Proof. We begin by proving (3.10). Following the ideas in the proof of [I0, Propo-
sition 2.20], we choose as test function in the equation solved by wu, the function

Yo = M@p(x), with ¢ € C§°(£2), ¢ > 0. Consequently we obtain

T . — )
e )
b ] aw i, )V - 6 ) @)

Tl — §)-
+p// a(z,t,un, Vu,) o(=(un = 9) )gop_1V<p

g

=tk //QT (un, Tl)v Ta(_(ug - 5)_)@17(%).

n

(3.12)
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First, we want to show that

g

T ~(u,, — 8)~
/0 (e, ZEE =) oy > i), (3.13)

where || is the Lebesgue measure of Q. To this end, we introduce the function

Vo = M , where u,, ,, is, for any fixed n € N and o € N, the solution of

the following ordmary differential equation problem

o et =t (3.14)
Un,(0) = Up,n.
The function u,, satisfies the following properties (see [14], [15]):
U, € LP(0,T; Wy P(Q)),  (tn, ) € LP(0,T; WyP(R)),
Hun,u||L°°(QT) < HUTLHLOC(QT)v
u’ﬂyV — Un in Lp(07Ta WOLP(Q)) as v — +OO,
(Unp)t — (un)y in LY (0, T; W17 (Q)) as v — +o0.

So, we have

(3.15)

Introducing now the function @, f S dp, from , we obtain
n,v 0)~

T
=1 nl/
V;H;o// ol

= lim D, (up,, —0)" (T) — lim D, (Un,, —6)7(0)

v—00 Q v—00 [e)

> — lim [ @,(up, —9)7(0)

vV—00 Q

_ —/QCDU(un —8)7(0) > —4]9,

since [, Po(un — 8)7(0) < 6|Qf. This proves (3.13). By (3.13), observing also
that W = 0 on the set {(z,t) € Qr : un(z,t) > 0}, the equality (3.12)
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becomes
1 // a(x, ,t, Up, Vg ) Vu, P (x)
9 JJQrn{s—o<u, <8}
Un To((un —6)~
—|-/<J// (ot 1) (« . ) )<pp(as) (3.16)

Sp// |a(z,t,un, Vun)|e? Vel +6]9.
QTm{unS‘S}

Note that, in view of (Al), the first term in the left-hand side of (3.16) is
nonnegative. By (A3) and using Holder’s inequality in the right hand side, we

obtain
: / / ) (unjl)v Ta«una— ) ()

n

< pay // |V, [P~ P~ V| + 6]Q (3.17)
QTm{ungé}

< ff <5}|Vun|psop)p;1( J[ wer)” <0

‘We observe now that

// |V, [PeP (z) < C6. (3.18)
QTﬁ{ungé}

Indeed, multiplying problem (2.1) by the test function —(u,, — §)"¢P(x), ¢ €
C5(£2), ¢ > 0, we obtain

T
/ () (—(um — 8)7 )P (2)) + / / a1, Vi) Vit ()
0 Qrifun=o) (3.19)

—p// a(x,t, U, V) (t, —6) " P Ve <0.
T

To deal with the term involving time derivative, we use the same argument as that
used to achieve (3.13]). Hence we obtain

T
/O ((un)e, (—(un — 6)7)@?(2)) = —0|Q2]. (3:20)
By (A1), (A3) and (3.20), the inequality becomes

o / / Vun PP < pon / / VP15 — ) [Vig| 4+ 6192,
Qr{u,<d} Qrn{u,<d}

which, by Hélder’s inequality and (3.3), leads to

sa = 1 8|0
/I Vb < 2 ([[ wunper) 7 ([[ wap)” 2
Qrn{un<s} @ Qr Qr @

< C6.
Thus, (3.18) holds. Finally, we have obtained that

Up, To((un —6)7) P (s
k//QT (un+%)’y . oP(x) < C6. (3.21)
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Now, we can pass to the limit in (3.21)) for ¢ — 0 and n fixed, relying on Lebesgue

dominate convergence Theorem since M
{(z,t) € Qr : up(z,t) < §}. Therefore, we obtain:

(¥
—— P (x) < 5,
//QTQ{OSunS(;} (un + l)’Y@ (CC) >

n
and hence, holds.
We now focus the attention on the estimate (3.11). We distinguish two cases,
depending on the value of parameter ~.
If 0 < v < 1, we consider the decomposition

vy,
— =P (x)
//cm{0<vn<6} (un + 3)7

Un

//Qm{0<vn<6}ﬂ{0<un<6} (un + £)7

n

converges a.e. to 1 on the set

Un

+ / / e
Qr{0<vn<6}n{un>o} (Un + =)7
V.
< — P (x)
//QTO{O§un§6} (un + )7

n

o () (3.22)

Un

ff s
Qrn{0<v, <6} {un>5} (Un + )7

By (3.10) we obtain
1<C6. (3.23)

To handle the term II, we proceed as follows:

II<$§ Sop(x) _ 5177 p 1—v
< = PP(x) <C6 7. (3.24)
Qrn{0<vn<s}n{un>s} 07 .

If v = 1, we consider the decomposition

Un,
P (x)
//QTO{Ogvngé} Uy + %

N / / P ()
QrO{0<on <6} N{0<un <5} Un + =
Un
’ / / ¥ (z) 3.25
QrN{0<v, <8} {un>V3} Un + 5 (3.25)
Un

= o ()

//C2Tﬁ{0<un<¢3} un + =

+// () =T+ 11,
QrN{0<v, <8}N{u, >3} Un + n

Choosing as test function in the equation solved by w,, the function

b0 = e (u:;_ m_)wm

with ¢ € C§°(Q),¢ > 0, and repeating the same arguments of the proof of (3.10),
we obtain

I<CVe. (3.26)
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For the term IT, we obtain:

Un P
TP (z)
QTﬂ{O<Un<6}ﬂ{un>\/g} Up %

P
< 5// ) (3.27)
Qr{0<v, <8} {u,>v3} 02

//T ) < CV3.

Consequently, by (3.23)), (3.24), (3.22)), (3.26)), (3.27), (3.25), we finally get (3.11).
[

4. CONVERGENCE AND COMPACTNESS RESULTS

To pass to the limit as n — oo in the distributional formulations (2.4)) and .
we need strongly convergent subsequences. Their existence is ensured in the next
result.

Proposition 4.1. Assume 0 < v < 1, (A1)-(A7). Then there exists a couple
(u,v) € [LP(0,T, V)N L>®(Qr)] x [LP(0,T,W) N L=(Qr)] such that, as n — oo,
we have:
up — u  weakly in LP(0,T;V),
vy — v weakly in LP(0,T; W),
u, = u  weakly® in L= (Qr),
v, =~ v weakly* in L=(Qr),
Up, — u  strongly in Ll(QT)7
v, — v strongly in LY(Qr),

Uy — U a.e. 10 Qr,

A~ N N~~~ A~
e

0 J O Ut = W N =
e DD D DO —

Uy — U a.e. in Qr,

up to a subsequence.

Pmof Convergences (4.1]) and (4.2]) are direct consequences of the a prioriestimates
13.3) and (3.4 D obtamed respectlvely for the sequences {uy, } and {vy, }. Convergences
and (4.4) are direct consequences of the a priori estimates and .
obtained respectlvely for the sequences {u,} and {v,}.
To prove and we observe that thanks to the uniform estimate (3.9)
we have

e e 1) 49)

for every ¢ € Co ( ), ¢ > 0. Moreover, observing that a(z,t,s,£) is uniformly
bounded in L¥ (0, T; (V)*) we have that
")

o 5 is bounded in L (0,T; (V)*) + L' (Q7). (4.10)
By ({10) and for s > & + 1, proceeding as [20, Lemma 2. 3] we obtain that (u”‘p)
is also bounded in Ll(O T; H*). Consequently, since s > & we obtain

V C LP(Q) Cc H*(Q),
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and the embedding V' C LP(R) is compact. Applying [24, Corollary 4], by (4.10)
and the compactness results we deduce that w, is relatively compact in LP?(Qr).

Hence, up to a subsequences, convergences (4.5) and (4.7)) are satisfied. Reasoning
in the same way for the sequence {v,}, we obtain (4.6) and (4.8]. O

Proposition 4.2. Assume (A1)-(AT). Then

Tim_ //T IV (up — )P = 0, (4.11)

lim / /Q VG )P =0 (4.12)

Therefore,
Vu, — Vu a.e. inQr, (4.13)
Vv, = Vv a.e. in Q. (4.14)

The proofs of (4.11)) and (4.12)) follow directly from [10, Proposition 2.22].

5. THE SET {(z,t) € Qr : u(z,t) =0 A.E. IN Qr}

As a consequence of the uniform estimate near the singularity (3.10), we have
the following result.

Proposition 5.1. The couple (u,v) as a solution to (L.1)), in the sense of Definition

satisfies
v
— =0 5.1
//CQTQ{U_O} u’yw >

for every ¢ € C§°(Q2 x [0,T)), ¢ > 0 Moreover, it holds

// T 1%1/) B //Qm{u>0} 1%%&- (5.2)

Proof. Following the line of the proof of [I0, Proposition 2.23], we consider a func-
tion ¢ € C§°(2 x [0,T)), ¢ > 0, with supptyp =C x [0,T1], Ty <T,C CC ECC®
and ¢ € CL(Q) with ¢(z) = 1 over C, ¢ > 0 with suppp = E. By the uniform

estimate (3.10)), we obtain
Un
— 1Y, t)
//QTﬁ{un<6} (tn + )7

<Pl f[ e
a = Cx[0,T] (Un+%)wx{“”<6}

v
< _Yn p < .
<ol [ G X gy £ O

Un
Un
N // . m’({un<(s}x{u=a}¢(‘”vt> (5.3)

7)’I'L
i ‘/‘/QT mx{un<6}x{u¢5}w($»ﬂ < (9.

Moreover,
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We now observe that there exists at most a countable set D such that meas{(z,?) :
u(z,t) = 6} > 0. We take ¢ outside of this set D, so that, in (5.3]), the integral

//T (tn + 2y Xun<syXu= 5 ¥(@:1) =0

//T (up + 1) X{u <5}w($7t)

< Co.
//T Un E X{un<6}X{ #5}17&(33’0 < (o)

So, we have

(5.4)

Since by (4.7)),
Xgun<s3Xquzsy — Xu<sy &1 Qr

applying Fatou’s Lemma in (5.4]) for § fixed, leads to

v
//QT uTYX{u<5}¢(xaf) < Co.

Using again Fatou’s Lemma in the last inequality for § — 0, we obtain

// u’YX{u o V(1) //QTW o UT"/’ x,t) = (5.5)

That implies that
—w x,t) // —1/} x,t), (5.6)
// T Qrnfu>0} U

which is the desired identity. ]

6. PROOF OF THEOREM

In this section, we give the proof of the main result of our paper. Since (uy,,v,) >
(0,0) a.e. in Qr, thanks to (4.3) and we obtain (u,v) > (0,0). Thanks to
the convergences (4.5) and (4.6), we can pass to the limit in the parts involving the
time derivatives 0 and (2.5).

Concerning to the principal parts we have

a(x,t, un, Vu,) — a(z,t,u, Vu) in Lp/(QT)7 (6.
b(x,t,vn, Vu,) — bz, t,v, Vo) in Lp,(QT). (6

1)
2)

In fact, we observe that for any measurable set D, the assumptions (A2) and (A5)

guarantee
// \a(m,t,un,Vun\p/ < C// [Vu,?,
D D
// b, £, 0, Vo | gc// Vo, 7.

By (4.11) and - the sequences {la(x,t un7Vun)|} and {|b(x,t, v, VU, )|}

are equmtegrable By (4.7] , 1 l 13)) and ( , thanks to Vitali’s Theorem
(see [, Theorem 1.0.16]), we obtaln 6.1) and 1-)

We deal now with the smgular lower order term. Let be D = K x[0,T1], Ty < T,
such that K CC E CcC Q and ¢ € C§°(Q x [0,T)) with suppy = D. Let ¢ be a
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function such that ¢(z) = 1 on the set K, 0 < ¢ < 1 and supp(¢) = E. For any

d > 0 we have
U?’L
// mw(m) dx dt

n

Un
= ————¢(x,t)dxdt 6.3
//QTQ{(KMQ} (un + ;)7%0( ) (6.3)

n

v
+// — " (x,t)drdt = A+ B.
Qrn{unzsy (Un + 5) (=)

To estimate the term A, we proceed as follows:

D)
A< woo// U p(z)dedt
I (0<un<s}nD (Un + )7 (@)

v
< 1wl / / U ().
 JJornfocu, <6y (n + 2)7

By (3.10), we deduce that
A< C6, (6.4)

where C is a constant independent of n. For handling the term B, we see that

v
B:// — 2 (z,t)dxdt
QTn{un>5}( +l)'y( )

n

//T un n X{u >6}X{u¢5}w(mvt)dxdt

// (u 2 X{u >o1 X fu= }1/)(%15) dx dt = By + Bs.
T n 77/

For the term By, we observe that there is at most a countable set C such that
meas{(z,t) : u(x,t) = 0} > 0. We take 0 outside of this set C, so that the term B,
is zero. Since (4.7) holds, for the term B; we have that

a.e. in Qr,

Un, vpt(z, ) 1

" <—2¢€lL .

(un + L) Xpun 2oy sy V01 < 55— € L(Qr)

Thanks to (4.7) and (4.8)), the Lebesgue Dominate Convergence Theorem ensures
that

Xun>eyXquzsy — Xuss)

v

li t)dzdt = — t)dzdt

. v
nh—{goB = //QT Bx{u>5}¢($’t) dz dt. (6.5)

By (6.3), (6.4), (6.5) and (5.6), we deduce that
. Un
i 1, G0 = i // G+ o

TN{u>
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= //T ;—Wq/z(x,t) da dt

for every ¢ € C§°(Q x [0,T)). Repeating the same argument for u, to deal with
the case of v,,, completes the proof of Theorem [1.2

Acknowledgments. The authors want to thank the C.M. Lerici Foundation for
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