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SEMICLASSICAL SOLUTIONS OF PERTURBED BIHARMONIC
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ABSTRACT. We consider the perturbed biharmonic equations
A%+ V(z)u = f(e,u), @€RN

and

AU+ V(@)u=Q@)|ul Pu+ f(z,u), zeRN
2N
N—4
exponent, Q(z) is a bounded positive function. Under some mild conditions
on V and f, we show that the above equations have at least one nontrivial
solution provided that € < gg, where the bound &g is formulated in terms of
N,V,Q and f.

where A? is the biharmonic operator, N > 5, 2** = is the Sobolev critical

1. INTRODUCTION
We study the perturbed biharmonic equations with subcritical nonlinearity
A u 4+ V(z)u = f(z,u), zeRN, w1
ue HXRY), wu(z) =0, as|z|— oo, .
and with critical nonlinearity
A%+ V(e)u = Qa)|ul* u+ f(x,u), zeRN,
ue HXRY), wu(z) =0, as|z|— oo,

where ¢ > 0 is small, A% is the biharmonic operator, N > 5, 2** = 2N/(N — 4)

denotes the Sobolev critical exponent; V,Q : RV — R € C(RY R). In this paper,

we are interested in the existence of semiclassical solutions for the above equations.
When  is a bounded domain of RY, the problem

A?u 4 cAu = f(x,u) in Q,
u=Au=0 on 09,

has been extensively investigated in recent years. This problem arises in the study
of traveling waves in suspension bridges (see [5l [12] [16]) and the study of the static
deflection of an elastic plate in a fluid. For results on multiple nontrivial and sign

(1.2)

2010 Mathematics Subject Classification. 35J35, 35J60, 58E05, 58 E50.

Key words and phrases. Perturbed biharmonic equation; semiclassical solution;
critical nonlinearity.

(©2017 Texas State University.

Submitted November 15, 2016. Published January 16, 2017.

1



2 Y. HE, X. TANG, W. ZHANG EJDE-2017/19

changing solutions of problem we refer the readers to [I 2, 3] [IT], 19, 20} 23|
241, 30, [34] [35] 36, [41), 42] and the references therein.

Problems in the whole space RY have been considered in several works; see for
example [, [7, 15l 17, 18], 211, 22, 27, 31, 32], B3], 37, 38, 39, [40]. To our knowledge,
there are only two papers [I8| 21] on the singularly perturbation problem. In [IS],
the authors dealt with the autonomous problem

eA?u 4+ V(z)u = f(u) inRY,
u € H*(RY),

where € > 0, N > 5, and V : RY — R is such that there exists a bounded domain
Q C RY and xp € Q with 0 < V(z0) = infgn V < infyq V. A family of solutions
was proved to exist and to be concentrated at a point in the limit. Motivated
by Ding and Lin [8], Wang [21] studied the existence of semiclassical solutions of
non-autonomous problem under the following assumptions:

(A1) V € C(RY),0 =minV < V(z) and there exists b > 0 such that V), := {z €
RY : V(z) < b} has finite Lebesgue measure;

(A2) Q € C(RY) and 0 < Q := inf Q < supQ := Q2 < 00;

(A3) f € O(RY x R,R) and there exist constants py € (2,2**) > 0 and ¢ > 0
such that

[f(z, )] < e+ [T, V(z,t) € RY xR

(A4) f(z,t) = o(Jt]), as |[t| — O uniformly in z.
(A5) There exist ¢g > 0 and p > 2 such that F(x,t) > ¢o|t|? for all (z,t).
(A6) There exists 2 < p < 2** such that

pF(z,t) < f(z,t)t for all (z,t), where F(z,t) = /t f(z,s)ds
0

It is worth pointing out that a crucial technique from [21] is used in the process
of proof: for any (PS). sequence {u,} for Iy with u,, — u, where A\ = =2 and

1 A "
In(u) = 5 /RN(|Au|2 + AMul?)dz — I /RN Q(x)|u* dx — )\/RN F(x,u)dz,

the author constructed a new sequence {v,} such that I, I} satisfy BL-splits, i.e.,
I(v,) = ¢ — Iy(u), Iy(vs) — 0.

With the aid of this property, the author showed that I satisfies the (P.S)-condition
at the levels less than ao)\lf% with some o > 0 independent of A. Based on such
arguments, there are many works devote to semilinear Schréinger equations, to
quasilinear Schroinger equations and elliptic system, we refer readers to [6, 9] 10,
26, 28] 29] [43] and the references therein.

Inspired by [21}, [13], we consider problems and (1.2). The main ingredients

of our work are two aspects. On the one hand, our aim is to weaken the above
conditions to generalize and improve the result in [21]; on the other hand, we will
develop a more direct and simpler approach. The novel approach not only makes
such an extension possible but also lead to some better results. For example, it
enable us to give an explicit upper bound for the parameter ¢.

To state our results, we make the following assumptions which are considerably
weaker than the ones in the previous work:
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(A7) F(x,t) > 0 and limy_. |F(z,t)|/|t|*> = oo uniformly in z, and there exist
ap > 0,Tp > 0 and ¢ € (2,2**) such that
F(z,t) > aolt|?, Y(z,t) € RN x [Ty, Tp),
(AN2 +2)Sy

NI—2 N2 Vh>1, A\>1, t > hTy,

t‘2h6_N/ FO\Y4% t/h)dx >
|z|<h

where and in the sequel, Sy = meas(B1(0)) = %;
(A8) F(,t) := 3tf(x,t) — F(x,t) > 0 for all (z,t) € RN x R, and there exist
Ry > 0,a; > 0 and £ > max{1, &'} such that

b
tf(z,t) < S, V(@) RV xR, [t] < Ro,
@ D" < arlt]*F(e,t), ¥(z,t) ERY xR, [t] > Ro;

(A9) tf(x,t) > 2F(z,t) for all (z,t) € RY x R and there exist a, > 0, T1 > 0
and ¢ € (2,2**) such that

1 o
o Q@)|t* + F(x,t) > a.lt|?, for (z,t) € RN x [Ty, Ty].

In light of (A3)—(A4), there exist R. > 0 and a2 > 0 such that
Q@)[tf +tf(z,t) < gw, V(z,t) € RN x R, |t| < R., (1.3)
tf(z,t) < axQ(@)|t]*, V(x,t) e RN xR, |t| > R.. (1.4)
Remark 1.1. It is easy to check that the conditions (A7), (A8) and (A9) are

weaker than (A5) and (A6). It is well known that many nonlinearities such as
f(z,t) =¢tIn(1 + |¢]), (1.5)

do not satisfy (A6). A crucial role that (A6) plays is to ensure the boundedness of
Palais-Smale sequences.

Now we only show that f(x,t) satisfies (A7) and (A8). Indeed, by a straightfor-
ward computation,

t?—1
F(z,t) =

1
In(1 -+ [f) + 712 = 2,

1 1 1
Fla,t) = 517 0) = Fla,t) = 3 (1 +]t]) + 1111 ~2)
Observe that, letting h > 1, t > hTj for some Ty > 2, we have

t*2h6*N/ FO\"Y% t/h)dx
|z <h

= t—2h6—N/ | [L)2 i (1+-)+ i@ %)]dx
z|<h

1 N;—216—N t2_

%)2) n(1+5)+5(5 —1)]

> %SN[(l — Ty *)In(l + Tp) + = — |

= %SNh“[(l —(
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1 3 1
> —SylSn(1+Tp) — =].
_2NSN[4 n(1+ To) 2]
This implies that
4N2+2)SN
t2p0-N FO\"Y4%. t/h)d > UNZ+2)Sy h>1,t> hT,
/|z<h ( x’/)x_N(l—TN)Q’ h= Ltz

for suitable large Ty. When ¢ € [—Tp, Tp], it is easy to see that there exist § > 0
such that
Olt| < In(1+|t]) < e tt,

then
2 -1 1
F(x,t) = In(L + |¢]) + 7 [¢1(2 — |¢])
% 1 1 et
> P =<t + (5 — =)t

Thus, there exist ag > 0 and ¢ € (2,2**) such that
F(a,t) Z aolt]?, t € [-To,To).

From the above fact, we deduce that ([1.5) satisfies (A7). On the other hand, we
note that

1 1 1
F(x,t) = Qtf(x,t)—F(x,t) = §ln(1+|t|)+1|t\(lt| -2)
1 1 1 1
>t — S t? + =2 = =t = 0.
_2|| 4||+4|| 2|\

By a straightforward computation, there exist Ry > 0, a; > 0 and x > max{1, %
such that

tf(z,t) =t*In(1+|t)) < = |t|*, || < Ro,

w| o

and
‘ f('r’ t) |KZ
t
This shows that (1.5 satisfies (AS).
The main results of this article are the following theorems.

Theorem 1.2. Assume that (A1), (A3), (A4), (AT), (A8) are satisfied. Then there
exists €9 > 0, such that for 0 < e < gq, equation (L.1)) has a solution u. satisfying

4k—4)/4
0 < Pe-a(ue) < b(—)/mﬁ?]\h{
3%ay (y2++70)
p(ar—4)/4
F(x,ue)dr < N7z €

RY 3%ay (Y2-+70)

Theorem 1.3. Assume that (A1)—(A4), (A9) are satisfied. Then there exists e, >
0, such that for 0 < e < g, equation (1.2)) has a solution u. satisfying

= (In(1+]1]))" < al(% (L + [¢]) + iltl(lt\ —2)) =arF(x,1), || = Ro.

Q2 N—4
0< P —a(us) < )
=t () B(1 + a2) Q)N (75 70) V2

Q2 N
[B(1 + ag)Qa]N/AN (y2-=y0)N/2 ™

2 .
/ Flew)de+ 2 [ Qe de <
RN N Jp~
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Next, instead of handling (|1.1)) and (|1.2)) directly, but handle the equivalent prob-
lems. Let A = =%, then equations (I.1) and (1.2)) are equivalent to the following

equations respectively
A?u+ NV (z)u = Af(z,u), ze€RY, (1.6)
ue H*RY), wu(z) =0, as|z|— oo, .

and
A%+ NV (z)u = ANQ(x)|[ul* ~2u+ Af(z,u), zeRY,

ue H*RY), wu(z) —0, as|z|— oo,
Therefore, Theorems and are equivalent to the following theorems.

Theorem 1.4. Assume that (A1), (A3), (A4), (A7), (A8) are satisfied. Then there
exists Ao > 1, such that for A > X\, equation (L.6) has a solution uy satisfying

p(ar—1)/4

(1.7)

0<Py(uy) < ———— 17N/4,
3%ay (72+-70) "
p(4r—4)/4
]:(x,U)\)de S —]\/72 7N/4.
RN 37ay (y2+=0)

Theorem 1.5. Assume that (A1)—(A4), (A9) are satisfied. Then there exists A, >
1, such that for A > A, equation (1.7) has a solution uy satisfying

Q2 1—-N/4
0<® < A ,
A(U)\) = [3(1 +a2)Q2]N/4N(72**’YO)N/2

) o Q2 —N/4
F(x,uy)de + 7/ *dx < AN,
/RN (z,ux)de + + . Q@)[ur" dx [B(L + a2) Q2] N/AN (72-70) N/2

In the next section, we provide some preliminaries and then prove these theorems.

2. PROOF OF THE MAIN RESULTS

To prove our results, first, we introduce the working space
E={ue H?*RN) : / V(z)|u|*dz < 400}
RN
and the associated norm

1/2
Jull = (/ 1w + AV (@)uPldr) e B
RN
By using (A1) and the Sobolev inequality, we can demonstrate that there exists a
constant g > 0 independent of A such that
HuHHz(RN) < ’)/QHUH, Yu€e E, A > 1. (2.1)
This shows that (E, ||-||) is a Banach space for A > 1. Furthermore, by the Sobolev
embedding theorem, we have

lulls < vollulleeny < wrollull, Yue B, A>1,2<s<27,  (22)

where and in the sequel, by || - ||s we denote the usual norm in space L*(RY).
Let

D)\ (u) = %/RN (|Aul® + AV (2)|uf?) dz — )\/RN F(z,u)dz (2.3)
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and
Uy (u) = 1/RN (|Au)® + AV (2)[ul?) dz —

: 2 4y

A
o [, Q@ "

—A F(z,u)dz.
RN

It is well known that ®, and ¥, are of C*(E,R), and
(@ (u),v) = / (AuAv + AV (z)uv) do — )\/ flz,w)vde, Vu,ve E (2.5)
RN RN

and
() (u),v) = / (Aulv + NV (z)uv) dz
. (2.6)
— qu**_zu x,u)| vdx u, v .
3 [ [e@l 2ut o] vas, vuve s

Observe that, since (¢ — 2)N — 4g < 0, we can let hg > 1 and h, > 1 be such that

(¢—2)Sn { AN® +2 }Q/ (@=2), l4-2)N—14)/(a-2)
2N g(qa0) =D (N + 4)(1 — 2-7)2 0

plar—N)/4 (2.7)
3%a1 (Yarey0) /2
and
(g —2)Sn { 4N® 4+ 2(N +4) }q/(q’”h[(q72>N74q1/(q72)
2gN(ga.)?/(=2) LN +4)(1 —27N)? ' (2.8)

Q2
[B(1 + az)Q2]N/AN (y2--70)N/2”
Let 29 € RY be such that V(z¢) = 0. From now on, we assume without loss of

generality that o = 0, that is V' (0) = 0, then we can choose Ao > 1 and A, > 1
such that

sup  |V(z)| < hgt, VA> )\, (2.9)
A1/4|z|<2ho

sup  [V(x)| <hY, VA A (2.10)
A/4|z|<2h.,

Next, we give the proofs of Theorems [[.2HI.5] Subsection 2.1 considers the
subcritical cases Theorems and while Subsection 2.2 considers the critical
cases Theorems [[.3] and [LL5]

2.1. Subcritical case. In view of the definition of the norm | - ||, we can re-write
®, in the form

1
By () = Sfuf]? - )\/ Flz,u)dz, Vue E. (2.11)
2 .
Let
hio’ |5U| < hOa
() = & P [fe| =N = (2ho)~N], ko < |o] < 2ho, (2.12)

0, |.T| > 2hg.
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Then ¥ € H2(RY), moreover,

2¢ pN—6
20 = [ Aol < AR (2.13)
N—2
1913 = [ | (oo < (ffg’”‘N)N (2.14)
Let ex(z) = 9(A\'/*z). Then we can prove the following lemma which is very
important.
Lemma 2.1. Suppose that (A1), (A3), (Ad), (A7) are satisfied. Then
‘ . par—N)/4 L
sup{®y(sey) : s > 0} < WA , YA > Ao (2.15)

Proof. From (A7), (2.3), (2.7), (2.9), (2.12)), (2.13) and (2.14)), we obtain
<I>>\(se>\)

2
= i/ (JAex]* + AV (z)[ex|?) dx—)\/ F(z,sey)dx
2 Jar .

2
_ )\1—N/4 {i/ <|A19|2 +V(>\_1/4x)|19|2)dx—/ F(>\—1/4x7819)d$
RN RN

2
_N/a[s® _ 2.16
< NNA[Z (03 + 913 sup [V(A))) (216)

\z|§2h0

—/ F(A71/4z,s/h0)dm]
|z|<ho

_Njals? _
< NNAT (10l + a5 1oIR) - |

|z|<ho

F()\_l/4x,s/ho)dx],
for all s > 0 and A > A,

82 _ _
S (80 -+ W0I3) — [ PO, s ho)ds

|z|<ho

52 (4N? +2)S 217)
_ N _
< = 1AY]3 + kot [9)I3 — ———=5h | <0,
2 N(1-2-N)
for all s > hoTy and A > Ag, and
2
5 (8013 + b5 101) = [ PO ia,s/ho)da
2 |2|<ho
s 2 —4 2 apSN q1 N—q
< - (||A19||2 + hg H19||2) - sThy
2 N
_ /(a-2)
q—2) (||AY]]2 + hy*|]9]|2)*
- (¢ —2) (|AY]3 + hy *[|9]13) 2.18)

2q(qa(])\}S'N héV—q)Q/(q—Q)

(¢—2)Sn { AN® 42 }‘1/ (@=2), la-2)N-14)/ (4-2)
= 2Nglgao)/ D (N + 4)(1 - 272 0
p(4r—N) /4
= V0S5 <hoTo, A2 o,
3%ay (v2++0)

Now the conclusion of Lemma [2.1] follows from (2.16)), (2.17) and (2.18). O
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Applying the mountain-pass lemma without the (PS) condition, by standard
arguments, we can prove the following lemma.

Lemma 2.2. Suppose that (A1), (A3), (A4), (A7) are satisfied. Then there exist
a constant cy € (0,sup,>o Pa(sen)] and a sequence {u,} C E satisfying

(I))\(un) — Cx, ”(I)/)\(un)'

g (14 [Juy|) — 0. (2.19)

Lemma 2.3. Suppose that (Al), (A3), (Ad), (A7), (A8) are satisfied. Then any
sequence {u,} C E satisfying (2.19) is bounded in E.

Proof. To prove the boundedness of {u,}, arguing by contradiction, suppose that
|lun| — oo. Let v, = up/||un||. Then ||v,| = 1. If

0 := limsup sup / |v,|?d2 = 0,
B(y,1)

n—oo yeRN

then by Lions’ concentration compactness principle [14] or [25, Lemma 1.21], v,, — 0
in L*(RY) for 2 < s < 2**. Hence, from (A1), (A8) and the Holder inequality it
follows that

A |f(, un)vp|dz
[un|<Ro

Ab
< =

" 3 Jjunl<Ro

b b
Ab e |om|dz + 7/ i | 0m |z
3 RN\V, 3 Ve

/ /
<3(/ - ) ([ - o)

|t ||v |d

IN

(2.20)
1/(N+1
n Ab[meas(Vy )]/ ( )( |un\2(N+1)/Ndx)N/2(NH)
3 v,
([ eassomaz)
Vb
1 Ab[meas (V)] (N+D
< gHunH + 3 lunllov1y/n lonllo(vi1y/n
1
=[5 +o()]lunll
From (2.3)), (2.5) and (2.19)), it holds
ex+o(l)=A F(z,up)de. (2.21)

RN
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Let &' = k/(k — 1), then 2 < 2x’ < 2**. By (A8), (2.21) and the Holder inequality,
one obtain

|wn|>Ro [[en |

:A/I' o ‘f(xaun)||vn|2dx
Un | Z L0

|t

A(/un>R0 (W)de>l/ﬁ(/un>1{0 |’Un‘2'i/dx)1/fi (2.22)

< /\(a1 /|un|>Ro f(m,un)dx> 1/H(/|un|>R0 |vn|2“,dm)1/ﬁl

< AV asen + o(1)] V" [vnl I3, = o(1).

Combining (2.20) with (2.21)) and using (2.11) and (2.19)), we have

IN

2 _ q)/
1+0(1) < [l | { )\gun)7un> _ )\/ ‘f(xaun)vn|dx
[[wall Y [uall
[un|<Ro [l | |un|>Ro [l |
1

This contradiction shows that § > 0.
Going to a subsequence, if necessary, we may assume the existence of k,, € Z~
)
such that fBl+\/ﬁ(’€n) lun[Pda > §. Let wy(x) = vy (x + ky). Then

)
/ lwy,|*dz > —. (2.24)
By x(0) 2

Now we define i, (2) = u,(z + k), then @, /||u.| = w, and ||w,]|3 = [Jv.||3.
Passing to a subsequence, we have w,, — w in H*(RY), w, — w in Lj (RY),

2 < s < 2% and w, — w a.e. on RY. Obviously, (2.24) implies that w # 0. For

ae. v € {z € RN : w(z) # 0}, we have lim, . |@i,(x)] = co. Hence, it follows
from (2.11), (2.19), (A7) and Fatou’s lemma that
1 d
0= lim 2% + 0(2 ) =1 )‘(UT;)
n=oo || n=oo [|ug|
1 F kn,u
— lim [vanHQ—/\/ Fla 4 kn, tn) "’“”)|wn|2dx]
n—oo L2 RN | @, |2
1 F kp, Un
< - - )\/ lim inf Mhyﬂzdm = —00.
2 RN n—00 [T |2
This contradiction shows that {||u,||} is bounded. O

Proof of Theorem[1.. Applying Lemmas and we deduce that there
exists a bounded sequence {u, } C E satisfying ([2.20) with

p(4r—N)/4 v
oS A M4 WA> Ao (2.25)
3%ay (72++70)
Going if necessary to a subsequence, we can assume that u,, — uy in (E, | - ||) and

@’ (u,,) — 0. Next, we prove that uy # 0.
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Arguing by contradiction, suppose that uy =0, i.e. u,, — 0in F, and so u,, — 0

in LfOC(RN), 2 < s< 2 and u, — 0 a.e. on RY. Since V), is a set of finite measure

and u, — 0 in E, it holds
1
l|lunl2 = / |, |?da +/ [up|?dz < — |lun||® + o(1). (2.26)
RN\Vb Vi Ab

For s € (2,2**), from (12.2)), (2.26]) and the Holder inequality it follows that

i[5 < [Jun] |22/ @72y 20 =D/ -2)

. . - . (2.27)
< (q2eeo)® T 0) T ET TR |0 4 o(1).
According to (F4) and (2.26)), one can obtain
Ab 1
A flz,up)upde < —/ [tn|?dz < = |lug||* 4 o(1). (2.28)
|un|<Ro 3 Jlunl<Ro 3
By (2.3), (2.5) and (2.19)), we have
1
D) (uy) — 5(@’)\(un),un> =\ N F(z,up)dx = cy + o1). (2.29)
R

Using (A8), (2.25), (2.27) with s = 2x/(k — 1) and (2.29)), we obtain

)\/ fz,up)upde
Iun‘ZRO

|f(xaun)‘ ® /k 2
<A / —— 2 dx Unp |5

< a}/ﬁ(rm**,YO)Z-Z**(572)/5(2**72)/\171/14()\1))72(2**75)/5(2**72)01\/’4”“””2 + 0(1)

< a}/ﬂ(,m**,YO)N/2;<;>\171/HC}\/”()\b)*(4N*N)/4"&||un||2 +0o(1) (2.30)
I/Fi(

_ 0 ’Y2**’YO)N/2K

p(Ar—N) /4 XN =D, 5 g, |12+ o(1)

IN

1
Sl + (1),
which, together with (2.5)), (2.19) and (2.28]), yields
1
o(1) = (4 (un), un) = |Jun|* — )\/ f(zyup)uyde > gHunHz + o(1); (2.31)
RN

this results in the fact that ||u,| — 0. Consequently, from (A3), (2.11)) and (2.19)
it follows that

0<cy= lim (I))\(un) = (I’)\(O) = 0.

This contradiction shows uy # 0. By a standard argument, we easily certify that
@’ (ux) = 0 and @5 (uy) < cx. Then uy is a nontrivial solution of , moreover

C) Z @)\(U)\) = (I))\(U)\) - %<¢)/A(UA),’M}\> = . f(x,u)\)d:v (232)

O

Note that Theorem is a direct consequence of Theorem
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2.2. Critical case. In view of the definition of the norm | - ||, we can re-write ¥
in the form

A
2**

1
U (u) = 5 flul® -

5 / Q(x)|u\2**dx—A/ F(z,u)dz, YueE. (2.33)
RN RN

Let e3(z) = 9*(\/4x), where

i’ |I‘| S h*7
9 (2) == { L)Y = (2h) V], b < |a] < 2R, (2.34)
O, |£L’| > Qh*

Then we can prove the following lemma in the same way as the proof of Lemma

21
Lemma 2.4. Suppose that (Al), (A3), (A4), (A9) are satisfied. Then

. Q2 1-N/4
sup{Tx(se}) : s >0} < A . VA> A (2.35)
" [B(1+ a2)Qe] VN (32470) ¥

Applying the mountain-pass lemma without the (PS) condition, by standard
arguments, we can also prove the following lemma.

Lemma 2.5. Suppose that (A1), (A3), (A4), (A9) are satisfied. Then there exist
a constant cx € (0,supy>o Wa(sey)] and a sequence {u,} C E satisfying

\IJ)\(UH) — C), ”\I’l)\(un”

Lemma 2.6. Suppose that (A1), (A3), (A4), (A9)t are satisfied. Then any sequence
{un} C E satisfying (2.36) is bounded in E.

Proof. To prove the boundedness of {u,}, arguing by contradiction, suppose that
[lun|| — co. Let vy, = up /||ty Then |jv,|| = 1. In view of (A2) and (A4), we can
choose Ry € (0,1) such that

g+ (14 ||un|) — 0. (2.36)

Q)|t* ~*t + f(x,1)] Ve € RY, [t| < Ry. (2.37)

1
<— 1,
< 3)\(72**%)2| |
Hence, by (2.2)), (2.37)) and the Holder inequality, it holds

A o
Tl S Q@) |unl® 2 + f (2, un)]vn|da
n Un | S LN
1
S — Uy | vy |da (2.38)
3(72++70) 2| un | \unwgm| fon
1

>~ ——5 1 Un||2]|Un||2 S —.
3o 1210 = 5

From (A2), (A9), (2.6)), (2.33) and (2.36)), one has

ey +o(l) = /\/RN [%Q(z)|un|2** + F(z,up)]dz

2.39

20Q1 - (2.39)

> lup|® da.
N |un|>Rx
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Sing (A3), (A2), (2.39) and the Holder inequality, we obtain

A -
T Q@) unl* 2up + f(, un)]vn|dz
[l | [tn|>Rx
\C .
S /\Q2/ |Un|2 _1|’Un|d.’15 (240)
||Un|| |un‘2R>\
ACAQo

. (27 —1)/2*"
2 dx)

[|vn =o(1),

PR (/ |’U,n
[[wn | [un|>Rx

where C), is a constant depend on A\. Combining (2.38) with (2.40) and using (2.6)
and (2.36)), we have

[ = (W (), tn)
1+o(1) == T /|\|2” n

Q@) + £, )] g

A

 lunll Jew

A

~ Nunll Jyun <rs

b 1[Q(@)]u

HunH |un‘ZR>\

[Q@)lnl® 2t + F(,1n)]valda

2**_2un + f(.’l?, un)]vn|dx

1
< g + O(l)a
which is a contradiction. Thus the sequence {u,} is bounded in E. O

Proof of Theorem[I.5. Applying Lemmas [2.4] 2.5 and [2.6] we deduce that there
exists a bounded sequence {u,} C E satisfying (2.36) with

Q2 1-N/4
ex < A . YA> AL 2.41
[B(1 + a2)Q2]N/AN (y2+y0) /2 (2.41)
Going to a subsequence,if necessary, we can assume that u, — uy in (E, || - ||) and

U (u,,) — 0. Next, we prove that uy # 0.

Arguing by contradiction, suppose that uy =0, i.e. u,, — 0in F, and so u,, — 0
in LfOC(RN), 2 < s< 2 and u,, — 0 a.e. on RY. Since V) is a set of finite measure
and u, — 0in E,

1
w2 = / fun 2z + / i Pz < | +0(1),  (242)
RN\Vb Vb Ab

which, together with (1.3]), yields

A /|un|<m Q) un

2 + f(maun)un]dx

(2.43)

1

<2 [unl2d < a2 + o(1).
3 Jiunl<R. 3
By (2.6), (2.33)) and (2.36]), we have
1 2 "
] —_— = — 2

Aun) 2( Nun),un) = A - {NQ(J;Mun + F(z,uy,) | dz (2.44)

=cy+o(1).
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Using (2.2)), (1.4), (2.41), (2.44) and the Holder inequality, we obtain
A Q@) unl*” + f(wn)un | d

[un|> Ry

o
2 dx

Q(x)|un|2**dx)4/N(/ [t

Un >Ry

< (1+az)\ Q(x)|un
[ |> R

<(+an@? ([

[un|> R

= (14 a2)(AQ2)*?" (/

[un|> R

= (14 a2)Qa(r2-70)2 () N (W7 )N a2 + 0(1)

Q2

. 2/2"*
2 dx)

. 4/N
Q@)lunl*"dw) " [lun 3. (2.45)

which, together with (2.6) and (2.43]), yields
o(1) = (T (un), un)

=l =2 [ (@@,

2 f(x,un)un} dx (2.46)

Y

1
Sllunll? + o(1);

this results in the fact that ||u,|| — 0. The rest proof is the same as one of Theorem

L4 O
Note that Theorem [I.3]is a direct consequence of Theorem [T.5]
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