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SIGN-CHANGING SOLUTIONS FOR NON-LOCAL ELLIPTIC
EQUATIONS

HUXIAO LUO

Communicated by Raffaella Servadei

ABSTRACT. This article concerns the existence of sign-changing solutions for
equations driven by a non-local integrodifferential operator with homogeneous
Dirichlet boundary conditions,

—Lgu= f(z,u), z€Q,
u=0, xz€R"\Q,
where Q C R™ (n > 2) is a bounded, smooth domain and the nonlinear term
f satisfies suitable growth assumptions. By using Brouwer’s degree theory
and Deformation Lemma and arguing as in [2], we prove that there exists a

least energy sign-changing solution. Our results generalize and improve some
results obtained in [27].

1. INTRODUCTION

In recent years, fractional and non-local operators of elliptic type have been
widely investigated. This type of operators arises in several areas such as anoma-
lous diffusion, the thin obstacle problem, optimization, finance, phase transitions,
stratified materials, crystal dislocation, soft thin films, semipermeable membranes,
flame propagation, conservation laws, quasi-geostrophic flows, multiple scattering
and materials science. One can see [8 9] [12] 14, 20, 21, 22| 23], 24} 25] 26, 28] and
their references. Many publications [3, 4, B, [6l [7, 10, [IT), 13} 15, 17, 18, [19] are
devoted to the study of the existence of sign-changing solutions of classical elliptic
boundary value problems such as

—Au= f(z,u), =x€Q,
u=0, x¢€0d,

where f € C(QxR,R), Q C R*(n > 2) is a bounded domain with smooth boundary
0. There have been several methods developed in studying sign-changing solu-
tions of nonlinear elliptic equations, such as the invariant sets of descending flow
method developed by Liu and Sun [4, 15 [19], and the minimax method which is es-
tablished by Berestycki and Lions in the classical paper [7]. Teng, Wang and Wang
[27] established the existence of a least energy sign-changing solution for nonlinear
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problems involving the fractional Laplacian by using a constrained minimization
method.
Ambrosio and Isernia [2] studied the fractional Schrodinger equation
(—A)Y’u+V(z)u=K(z)f(u) inR", (1.2)

where 0 < s < 1, n > 2s, (—A)?® is the fractional Laplacian operator, which (up to
normalization factors) may be defined as

_ (—A)Su(m) _ 1 /71 u(x + y) +;L|(f+;sy) — 2’LL(.Z‘) dy.

2

By using a minimization argument and a quantitative deformation Lemma, Am-
brosio and Isernia proved the existence of sign-changing solutions for .

Motivated by the above works, in this article, we study the non-local elliptic
problems

—Ligu= f(z,u), z€Q,
u=0, zeR"\Q,
where f satisfies the following assumptions
(A1) f € CHQ xR, lim,_ @ = 0, uniformly in z € Q;
(A2) |f(z,7)] < C(1+ |r[P~") for some C > 0 and p € (2,27), where 2 = 22
(A3) There exists a constant g > 2 such that
0 < pF(x,7) <7f(x,7), VreQ, r€R\{0},
where F(z,7) = [ f(z,t)dt;

(A4) For every z € ) the function 7 —

(1.3)

flz,7)

7~ is strictly increasing for all |7| > 0.

The non-local integrodifferential operator L is defined as follows
1
Licu() = 5 [ (ula+9)+uta —y) - 2u@) K@)y, o € R,

where K : R" \ {0} — (0,+400) is a function with the properties

(A5) vK € L'(R"), where v(z) = min{|z|?,1};

(A6) there exists A > 0 such that K(z) > \|z|~(**2%) for any = € R™ \ {0}.

A typical example for K is given by K(x) = |z|~("*2%). In this case Lx is the
fractional Laplace operator —(—A)%.

To prove the existence of sign-changing solutions for , we argue exactly as
in [2], where the authors deal with fractional Schrédinger equations.

We remark that the Dirichlet datum is given in R™ \ Q and not simply on 9%,
consistent with the non-local character of the operator L.

As is explained in |7, Remark 9.2], the minimax method of Berestycki and Lions
strongly depends on a kind of nodal structure associated with equation , which
is unknown for problem (I.3). The variational methods used in [4, [I7] heavily rely
on the following decomposition, for u € H}(Q),

(@ (u),u™) = (@' (u"),u"), (@(w),u”) = (' (u),u"),
O(u) = D(u’) + @(u”),

where uT := max{u,0}, v~ := min{u,0} and ® is the energy functional of (1.1
given by

(1.4)

O(u) = %/Q\Vu|2dac—/QF(x,u)dm.
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But for problem ([1.3) and u € Xq (the space Xy was introduced in [20, 21], and
will also be defined in Section 2), we have

) = 10) + 1) = [ (@@t )+ 0 @) (@) Ko =) do dy,

(I'(u),u™) = (I'(uF),u’) — / (u™ (2)u™ (y) +u” (y)u't (2)) K (z — y) dw dy,
R2n
where I is the energy functional of (1.3]) given by

I(u) = %/R% lu(z) — u(y)|> K (z — y) de dy — /QF(J:,u)d:L’.

Clearly, the functional I does no longer satisfy the decomposition (1.4)). In this
article, motivated by [4, Bl [I7], we try to get sign-changing solutions for (1.3)) by
seeking the minimizer of the energy functional I over the following constraint:

M :={ueN:urZ0 I'u),u") =T u),u) =0},
where the set N defined as
N :={ue X\ {0} : (I'(u),u) = 0}.

Since L is nonlocal, we need some technical analysis to show that M # (). Since
we look for sign-changing solution to (|1.3)), it is natural to seek functions w € M
such that

I(w) = vienjf/l I(v).

As in [I} B], we are able to prove the existence of a minimizer of I on M and that
it is a weak solution to (1.3)) by using a suitable deformation argument. Now, we
are ready to state the main results of this paper.

Theorem 1.1. Suppose that (A1)—(A4) hold. Then problem (1.3|) admits a least
energy sign-changing solution.

For equation (1.1, we can follow the argument of [4] to show that the least energy
sign-changing solution has exactly two nodal domains. But in this framework,
because there is a nonlocal term Lxu, we can not get the same result.

The rest of this article is organized as follows. In Section 2, we prove some
lemmas, which are crucial to investigate our main result. The proof of Theorem
[[1]is given in Section 3.

2. PRELIMINARIES

Recall that the space X introduced by Servadei and Valdinoci [20, 2], 22| 23]
24, [25] is defined as a linear space of Lebesgue measurable functions from R™ to R,
such that, any function u restricted in X belongs to L?(2) and the map (z,y) —
(u(z) — u(y))/K(x —y) is in L2(R?™ \ (CQ x CN), dx dy), where C2 := R™ \ Q.
Moreover,

Xo={ueX:u=0ae inR"\Q}.

The function space X is equipped with the norm

ol = (Il + [ ) —ut)P K = pazdy) ", )
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where Q = R?"\ (CQ2 x CQ). For any u € Xp, the space X is endowed with the
norm

fullvy = (] o) —wl)P e ) dmay)

which is equivalent to the usual one defined in (2.1). In the following, we also
denote the norm || - || x, as || - ||.

For the reader’s convenience, we review the main embedding results for the space
Xo.
Lemma 2.1 ([20, 2], 22 23, 24] 25]). The embedding Xo — L"(Q) is continuous
for any r € [2,2%], and compact for any r € [2,2%).

Now, we collect some preliminary lemmas which will be used in the last section
to prove our main result.

Lemma 2.2. Let {u;} be a sequence such that u; — w in Xo, then, up to a
subsequence,

(i)
lim fxujujdac—/fxuudx
Q

j—00
(i)

lim F(xmﬂdmz/F(m,u)dw,
(i)

J—0o0

= /R 2n(—u‘<w>u+(y) —u (y)ut (@)K (z — y) d dy.

timin [ (-u; (2)uf ()~ o (0 (@)K (o~ y) dody
Ren (2.2)

Proof. (i) By the compact embedding X < LP(Q)(2 < p < 2%), taking if necessary

a subsequence, we have u; — wu in LP(Q) and uj(z) — u(x) a.e. on R”. By a

standard discussion, there exists a function g € LP(§) such that
)-

()], luj(2)] < gz
y (A2) and u € LP(2), we have
|f(a,w)[77T < CFT (14 [ufP ™) 7T < Cpo127T (1 + [uf?) € LH(Q),
it follows that f(-,u) € L7-1(€2). Since
(@, uz) = fla,w)[777 < 27TCFT (L4 [P 7T € LNQ),
it follows from the Lebesgue dominated convergence theorem that

/ F(@,ug) — flo,u)|PTde — 0, as j — oo
Q

By the Holder inequality, we have

/Q(f(x,uj) — f(z,u))ujde < (/Q\f(sc,uj) — f(z,u)|?- 1d33 / \uj|1’dx /p
— 0, asj— oo.
Thus
lim [ f(z,uj)ujde = lim [ f(z,u)u;jde= / flz,u)ude.
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(ii) By the mean value theorem, there exists A € [0, 1] such that
| /Q(F(x,u]) - F(x,u))dx‘
= |/Qf(3:,u—|— AMuy; —u))(uj — u)dx|
< /QC’(l + Ju+ Auj — w) P~ )| — uldz

SC’/|ujfu|dx+2pC/|u\p71|uj—u|dx+2p0/ lu; — ulPdz
Q Q Q

< Clluy — ully + 2P Cllullp™ [Jus — ullp + 2PClluj — ull,-
Thus
lim [ (F(z,u;) — F(z,u))dx =0.

j—o0 Q

(iii) By using u;j(z) — u(z) a.e. on R", Fatou’s Lemma and

(—uy (@)uf (y) —uj (y)uf (@)K (z —y) > 0,

we have that (2.2) holds. O
Lemma 2.3. (i) For alluw € N such that ||u]| — +oo, we have I(u) — 400;
(ii) There exists p > 0 such that ||u| > p for allu € N and ||w®|| > p for all
w e M.
Proof. (i) By the definition of N and assumption (A3), we have
1

I(u) = I(u) - ;(1'(11)710
1

1
f(iff
"
1 1
> (2 - =
2 (3

)u]? — /Q (F () — if(w,u)U)dx

)l
1

Thus, I(u) — +00o as ||u]| — +o0.
(ii) By assumptions (Al) and (A2), we have that for any € > 0, there exists a
positive constant C. such that

If(t)t] < elt]* + C|t|P, forallt e R, (2.3)
where 2 < p < 2%. Since u € N we have (I’(u),u) = 0, that is
Jul = [ fu)uda.
Q
By ([2.3)), Xo — L?(Q2) and Xy — LP(£2), we have
ful? < [ fude+C. [ uPde < exallll + Coglul?, (2:4)
Q Q

where v, and v, are the embedding constants. We can choose ¢ small enough in
order to find p > 0 such that |lu|| > p. Now, for w € M, we have that (I'(w), w*) =
0, so

I'w)0t) = [ @) + 0 ) @) Ko —y) dedy < 0
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which gives
lwE|? < / w* f(z, wF)dz.
Q
Then we can proceed as in the proof of (i). O

Lemma 2.4. Let {w;} C M such that w; — w in Xo. Then w* # 0.
Proof. Firstly we observe that by Lemma [2.3] there exists p > 0 such that
HinH >p forall j €N (2.5)

Since w; € M, we have (I'(w,), wji> = 0; that is,

Jlwi |1 — / (w; (@)w] (y) + wj (y)w] (2)) K (z —y) do dy

fen (2.6)
_ +y, +
= /Qf(x,wj Jwj dz.
At this point, recalling that
~ [ @l @)+ ) @)K ) dedy 2 0
R n
by (2.5) and (2.6)) we deduce that
<P < [ S s (2.7)

Now, by the fact that w; — w in X and the compactly embedding X¢ — L(Q)(q €
2,2%)), we know that w; — w in L?(2). Moreover, by using that [t= —s*| < [t — s
for all ¢t,s € R, we can deduce that wji — w* in LY(Q), and for all z € Q, we also

have wji — w¥ a.e. in Q. Similarly to Lemma it is easy to see that

/Qf(x,w;[)w;[dx — /Qf(x,wi)widm. (2.8)
Putting together and we have
0<p?*< /Qf(x,wi)widx
showing that w® # 0. O

Lemma 2.5. Ifv € X : v* #0, then there exist s,t > 0 such that
(I'tvt +sv7),vT) =0 and (I'(tvT +sv7),v7) =0.
As a consequence tvT + sv™ € M.
Proof. Let W : (0, 4+00) x (0, +00) — R? be a continuous vector field given by

W(t,s) = ((I'(tvT + sv™), tot), (I'(tvT + sv7),s07))
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for every t,s € (0,4+00) x (0,+00). By using (2.3)), Xo — L?(Q) and Xy — LP(Q),

we have

(I' vt +sv7), toT)
=2t = st [ (@@t )+ o e @)K e~ g) dody
— /Qtv+f(:v,tv+)dz (2.9)
> £2[|vt]* - /Qtff(%tﬁ)dfv > £2[|v*[|* — et?|lv*[|3 — Ct? o7
> (1= ey2)t?Jo | = Coppt” [0 5.

We choose ¢ = ﬁ, then there exists r > 0 small enough such that (I'(rvt +

sv™),rvT) > 0 for all s > 0, and similarly there exists # > 0 small enough such
that (I’(tv™ + 7v~),7v™) > 0 for all ¢ > 0. By assumption (A3) there exists a
positive constant C such that

F(x,t) > Cit", for every t sufficiently large, uniformly in = € Q. (2.10)
Hence, taking into account that p > 2, we obtain
(I'(tv™ + sv7), to)
=2t st [ @) + o @) (@)K (@ - ) de dy
R2n
- / tvt f(x, tvh)dx
Q
<Pl st [ @@ )+ 0 @ @)K @ - ) dady
R2n
- u/ F(z,tv")dz
Q
< ?ot|? ~ St/ (v™ (2)v" (y) + o~ (y)v" (2) K (2 — y) de dy
R2n
- t“C’lu/ |vt|#de — —oo0 ast — +oo.
Q

Then, there exists R > 0 sufficiently large such that (I'(Rv" + sv™), Rvt) < 0 for
all s > 0 and similarly we can find R > 0 such that (I’(tv" + Rv~), Rv~) < 0 for
all t > 0. As a consequence, we have proved the existence of suitable 0 < r < R
such that, for all ¢,s € [r, R] it holds

(I'(rvt +sv7),rot) >0, (I'(tv" +7v7),707) >0,

_ _ 2.11
(I'(Rv™ +sv7),Rvt) <0, (I'(tv" +Rv™),Rv™) < 0. (211)

By applying Miranda’s theorem [16] we have the conclution. O

Definition 2.6. For each v € X with v # 0, let us consider the function A" :
[0, +00) % [0,+00) — R given by

hY(t,s) = I(tv" + sv™)
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and its gradient ®? : [0, +00) x [0, +00) — R? defined by
oh” ohY
(I)v = (I)v ) 7@’0 ) = ( ) s T by )
(t,5) = (@3(1,5),25(1,5) = (G-(t:9), S (t:)
= ((I'(tvt +sv7),v™), (I'(tvT 4+ sv7),v7)).
Furthermore, we consider the Jacobian matrix of ®V:

(2.12)

(@) (t,5) = (Z;;} (t,s)  ZFi(t,s) ) .

o (ts) 252 (t,s)

In the following we aim to prove that, if w € M, the function h" has a critical
point and in particular a global minimum in (¢, s) = (1,1).

Lemma 2.7. If w € M, then

(i) h*(t,s) < h*(1,1) = I(w), for all t,s > 0 such that (t,s) # (1,1);
(ii) det(®“)'(1,1) > 0.

Proof. (i) Since w € M, then (I'(w), w*) = 0, that is
ot = [ | @ @ o) + o @t @)K @ = dedy = [ flauwtyutd,
o7 = [ | @ @t @)+ et @)K =) dedy = [ flow )y de

From this and by the definition of ®, it follows that (1,1) is a critical point of h™
By (A3), there exists constants C; > 0 and C3 > 0 such that

F(z,7) > Cyi|7|* — Cy, Vx € Q.
It follows that

R*(t,s) = I(tw™ 4+ sw™)

IA

1
QHtuﬁ + sw™||2 — Cl/ [twT + sw™|*dx + |Q|Ca
Q

2 + 52 _
< = [t + w2

- [, @@ 0) + 0 @t @)K @ —y) dady

—Clt“/ |w+|“dx—Cls“/ |w™ |*dx + |Q]Cs
Q Q

2 + s _
< [t + w2

- [ @@t )+ e @)K —y) dady
—Clt“/ ot [ da + QI Cs.

Let us suppose that [t| > |s| > 0, thus, by using 2 + s? < 2t? we see that
h™(t,s 1 _ _ _
e < [t eI = [ @t )+ w e @) K - ) de d]

tH=2 Q|CQ
- C +lrg .
173 /Q‘w e+ g
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Taking into account that p > 2, we infer that

lim  AY(t,s) = —oc0.
I(t,5)|—+o0
By using the continuity of h* we deduce the existence of (¢, 5) € [0, +00) X [0, +00)
that is a global maximum point of A".
Now we prove that #,5 > 0. Suppose by contradiction that 5 = 0. Then
(I'(tw™), tw™) = 0, that is

z, twt
fut = [ PG, _—_
Since
<I’(w+)7 w+> = <I’(w),w+> + o (w™ (J])w""(y) + w_(y)w+(.’17))K(x _ y) dz dy
= /R (w™ (@) wt (y) + w™ (y)wt (2)K(z — y) dzdy < 0,
we obtain .
I < /(w”QﬂLf)df& (2.14)
Q w

Then, combining (2.13]) and (2.14)) we obtain
+ TwT
0</(w+)2|:f(xaw )_f((E, w ) dzx
Q

wt twt

So, by (A4), we deduce that ¢ < 1. Tt follows from the condition (A4) that for every
x €

1
T+ —7f(x,7) — F(x, ) is strictly increasing for all 7 > 0,
% (2.15)
T §Tf(13, 7) — F(x,7) is strictly decreasing for all 7 < 0.

= /Q btuﬁf(x, twh) — F(z,tw")]dx
1. B B _

< /Q [§tw+f(x,tw+) _ F(x,tuﬁ)}dx +/Q [7tw f(z,tw™) — F(z, tw )]dx
1 1

< ; [§w+f(x,w+) — F(z,w")]dx —&—/Q [cw™ flz,w™) — F(z,w)]|d

— 1(w) - 5{I'(w), w)

= I(w) = h*(1,1).

So h*(t,0) < h*(1,1), and this gives a contradiction because (Z,0) is a global
maximum point. Similarly we can prove that ¢ > 0.
Now we show that 5,7 < 1. Since (h")'(%,5) = 0, we obtain

Pl =t [ (@ )+ w(u @)K —y) dady
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= / twt f(x, tw™)dw,
Q
2w |* ~ 55/ (w™ (@) (y) +w (y)w" (@)K (z - y) dv dy
R2n
= / sw” f(x, 5w )dx.
Q

Assume that £ > 5. Since

L @t @)+ o )t @) Ko = g dedy <0,
we have

Ellwt|? - / (w™ (2)w (y) + w™ (y)w™ (2)) K (z — y) de dy
Ren (2.16)
twT f(z, tw)dx.

> /Q tw” f(z,tw™)d

Since {(I'(w),w™") = 0(w € M), we deduce that
wt|]? — w (z)wt w” (y)wt (z T — T dy = wt f(z,wh)dz
ot = [ @ @t @) + o et @)K @ = dedy = [ 0 o)

which together with ([2.16) gives

s Il dr <0.

/ [f(xvfuﬁ) f@,w™)
Q
By (A4) we can infer that ¢ < 1.

Now we aim to prove that A" does not assume a global maximum in [0, 1] x
[0,1]\ {(1,1)}, namely h"(t,5) < h*(1,1) for every (¢,5) € [0,1] x [0,1] \ {(1,1)}.
By the definition of A" and (2.15)) we have

—l—/Q [lw_f(x,w_) —F(m,w‘)]dm

A{w<0} 2

_ / [guf(e,w) — Fla,w)]dz = h(1,1).
Q
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(ii) Firstly, let us observe that

€5 = It = [ fa )t Pda

T ts) = [w I - [ ot Pda
oo - (2.17)
gs b3 = = (19)

= /RZ” (w™ (2)wt (y) + w™ (y)wt(2))K(z — y) dz dy.

By (A4), it is easy to see that for every x € ,
2 f!(x,7) — 7f(x,7) >0 forall T #0. (2.18)
Then, by using the fact that w € M, and (2.18)), we have
det(®")'(1,1)

= (It = [ )] [l = [ 7o) )e]
- [ [, @ o)+ v @t @)K @ -y dedy]
— [/Q((w+)2f’(x,w+) — wh f(z,wh))dz
- [ @t )+ e @)K @ ) ddy]
X {/Q((w_)gf’(amw_) —w” f(z,w”))dx

3. PROOF OF THEOREM [I.1]

In this section, we prove Theorem by following two steps.

Step 1. We show that there exists w € M such that I(w) = inf,epm I(v). By
Lemma there exists a minimizing sequence {w;} C M, bounded in Xy, such
that

I(w;) — vlen/& I(v) =: ¢ > 0. (3.1)

By Lemma up to a subsequence, we have
wji —wT in X,

wj[ —wt in LP(Q),
+ +

Wi —w a.e. in R".
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From Lemma we deduce that w* # 0, so w = w + w™ is sign-changing. By
Lemma [2.5] there exist s,¢ > 0 such that

(I'(tw® +sw™),wt) =0, (I'(tw" +sw™),w )=0 (3.2)
and twt + sw™ € M. Now, we prove that s,t < 1. Since w; € M, we have
(I (w,), wf) = 0 or equivalently

||w]+||2 - /Rzn (w;(m)w;r(y) + w;(y)w;r(:c))K(a: —y)dxdy

_ + +
—/ij f(x,wj )dx,

(3.3)
o = [ G5 @ () + w7 () (@) K @ =) dody
= /ij—f(x,wj_)dx.
The weak lower semicontinuity of the norm || - || in Xy yields
||ijH2 < liminf ||w]j[||2 (3.4)
n—oo
By using (3.3)), (3.4) and Lemma we obtain
(I'(w),wt)y <0 and I'(w),w”) <0. (3.5)

Then, we combine (3.2]) with (3.5)), and arguing similarly as in the proof of Lemma
i) we obtain that s,t < 1.
Next, we show that I(tw™ + sw™) = ¢y and t = s = 1. By using tw + sw™ €

M,w; e M, .15), (3.1), s,t € (0,1] and Lemma [2.2] we can see

co < I(twt +sw™) = I({tw" +sw™) — %(I’(thr +sw), tw 4+ sw”)
= /Q Ef(x,tw"‘ +sw)(twt + sw”) — Fx, twt + sw_)] dx
= / [ltuﬁf(x, twh) — F(x, twﬂ} dx
QN{w>0}
+ /Qﬁ{ o) [%Sw_f(;msw_) - F(x,sw_)}da:
s
< /Q [§w+f(x,w+) - F(x,wﬂ}dx
_|_/ Bw_f(x,w_) — F(ac,w_)} dx
Q
~ Jim [/Q (5 £, w)) ~ Fla,u))do +/Q (55 7w wp) — Fa,wy) ) de]

j—o0
1 1,
= Jim | (Guafewy) = Plew))de = lim |1(w;) = 5(1'(w;), w;)]

= lim I(wj) = co.
j—oo
Thus, we have proved that there exist ¢, s € (0,1] such that tw* + sw™ € M and
I(tw* + sw™) = cp. Let us observe that by the above calculation we can infer that
t=s=1,s0w=wr+w" € Mand I(w" +w™) = c.
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Step 2. Now, we prove that I'(w) = 0. We argue by contradiction. Then,
we can find a positive constant § > 0 and vy € Xy with [Jvg]] = 1, such that
(I'(w),vo) = 208 > 0. By the continuity of I’, we can choose a radius R so that
(I'(v),v0) = B> 0 for every v € Br(w) C Xy with v* # 0.
Let D := (a,b) x (a,b) C R? with 0 < a < 1 < b such that
(i) (1,1) € D and ®¥(t,s) = (0,0) in D if, and only if, (¢,5) = (1,1),
(i) co ¢ h"(3D),
(iii) {tw* + sw™ : (t,s) € D} C Br(w),
where h* and ®“ are defined by Definition [2.6] and satisfy Lemma Then we
can choose a radius 0 < r < R such that

B = B.(w) C Br(w) and BN {tw' +sw™ :(t,s) € D} = 0. (3.6)

Now, let us define a continuous mapping p : Xy — [0,+00) such that p(u) :=
dist(u, B°) for all u € Xy, and we consider a bounded Lipschitz vector field V :
Xo — Xo given by V(u) = —p(u)vg. For every u € Xy, denoting by n(7) = (1, u),
we consider the following Cauchy problem
n'(t) =V(n(r)) forall T >0,
1n(0) = .

We observe that there exist a continuous deformation n(7, u) and 79 > 0 such that
for all 7 € [0, 7p] the following properties hold:

(a) n(r,u) = u for all u ¢ B,

(b) 7 — I(n(r,u)) is decreasing for all n(r,u) € B,

(c) I(n(r,w)) < I(w) = F7.
(a) follows from the definition of p. Regarding (b), we observe that (I'(n(7)), vo) =

B > 0 for n(t) € B C Br(w), and, by the definition of p, we have p(n(r)) > 0.
Then

%(I(W(T))) = (I'(n(7)), 7' (7)) = =pn(T)){T'(n(7)), v0) = —p(n(7))B <0,

for all n(7) € B, that is I(n(7,u)) is decreasing with respect to 7. Now we prove
(¢). Being 19 > 0 such that n(7,u) € B for every 7 € [0, 7o, we can assume that

In(r,w) —wl|| < %, for any 7 € [0, 79].

Since p(n(7,w)) = dist(n(r,w), B¢) > &, we deduce that
d r0B

-1 w)) < —p(n(r,w))B < ==+

and, integrating on [0, 79|, we obtain

In(ro,w)) ~ I(w) < =Ly

Now, we consider a suitable deformed path 7y : D — X defined by
Mo(t, s) := n(ro,tw™ + sw™), for all (¢,s) € D.

We note that

max_I(7o(t,s)) < co.
(t,s)eD

Indeed, by (b) and the fact that n(0,u) = u, we have
1(iio(t, 5)) = I(n(7o, tw" + sw™)) < I(n(0,tw™ + sw™))
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= I(tw" +sw™) = h"(t,s)

<cg, V(ts)eD\{(1,1)},
and for (¢,s) = (1,1), by (c) we have

I(70(1,1)) = I(n(ro0, w™ +w™)) = I(n(r0,w))
=<I(w)— %7’0 < I(w) = cp.
Then, 7o(t, s) N M = (); that is,
Mo(t,s) € M for all (t,s) € D. (3.7

On the other hand, defining ¥, : D — R? such that

Wy, o= (Tl ), olts5)) ), T Gl ), (To(t,5)) 7))

We see that, for all (¢,s) € 9D, by and (a) for 7 = 79, it holds

U, (t,s) = ((I'(twt + sw™),w™), (I'(twt + sw™),w™)) = ®(t, 5).
Then, by using Brouwer’s topological degree, we have

deg(¥.,, D, (0,0)) = deg(®", D, (0,0)) = sgn(det(®")"(1,1)) = 1,
so we deduce that U, has a zero ({,5) € D, that is

(I'(70(t,5)), (70(f,5)) = 0.

Therefore, there exists (£,5) € D such that 7jo(f,5) € M and this contradicts (3.7).
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