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GEVREY-SMOOTHNESS OF INVARIANT TORI FOR NEARLY
INTEGRABLE SIMPLECTIC MAPPINGS
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Communicated by Zhaosheng Feng

ABSTRACT. In this article, we propose a general normal form to prove the per-
sistence and the Gevrey-smoothness of lower dimensional elliptic invariant tori
of nearly integrable symplectic mappings under the Riissmann non-degeneracy
condition. Our results generalize the ones presented in the literature.

1. INTRODUCTION

The KAM theory for nearly integrable Hamiltonian systems has been developed
extensively in the past decades (KAM theory was named after Andrey Kolmogorov,
Vladimir Arnold and Jrgen Moser). Studies under different non-degeneracy condi-
tions [II, 2 [6] generate various KAM theorems, among which the non-degeneracy
condition proposed by Riissmann [22] 23] sounds very useful and weaker. In the
KAM theory, the regularity of KAM invariant tori is an important issue to con-
sider, since small divisor may usually cause the loss of smoothness. Pdschel [18]
proved that the persisting invariant tori are C*°-smooth in the frequency param-
eter. Later Popov [20] obtained the Gevrey-smoothness of invariant tori in their
frequencies under the Kolmogorov non-degeneracy condition. Xu and You [29] ex-
tended this result to the case of the Riissmann non-degeneracy condition. Zhang
and Xu [30} B1I] investigated the elliptic lower dimensional tori for Gevrey-smooth
Hamiltonian systems under Riissmann’s non-degeneracy condition.

In addition to Hamiltonian systems, KAM theorems for mappings [4, [ [8, 9
10, 221, 27, 3] [7] have been proven ever since Moser’s well known work [I4] [I5] on
area-preserving mappings. As we have seen, many profound results for Hamilton-
ian systems can be generalized to symplectic mappings since the latter are dis-
crete Hamiltonian systems. This is one of main motivations of our studies on the
Gevrey-smoothness of elliptic lower dimensional KAM invariant tori for symplectic
mappings.

Despite the fact that some results in symplectic mappings can be extended to
Hamiltonian systems, there are still critical differences between symplectic map-
pings and Hamiltonian systems. Normal form is crucial for the study of the reso-
nance relation between tangential frequencies and normal frequencies. Unlike the
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normal form in Hamiltonian systems which is unique, for symplectic mappings there
is not a unique standard normal form and in some cases is not easy to be discov-
ered. Even if the normal form can be discovered, it can cause much difficulty in
the KAM iteration. Moreover, symplectic mappings are determined implicitly by
the generating functions, which makes the KAM estimates more complicated.
Recently, Lu et al [7] found a normal form for the elliptic lower dimensional tori
to prove the persistence of the invariant tori. In this article, we provide a more
generic normal form to study the persistence and Gevrey-smoothness of KAM tori,
which is parameter-dependent under the Riissmann non-degeneracy condition
Consider a family of parameterized symplectic mappings

D (z,u,y,v) ET" XWX OXW — (Z,4,9,0) € T" x R™ x R" x R™,

which is implicitly defined by a generating function

H(x,u,§,0;§) = N+ P, (1.1)
with
& =0yH(z,u,y,0;§), y=0,H(z,u,7,0;§), (1.2)
= 0sH(x,u,§,0;§), v=0,H(z,u,g,0E), ’
where

Nz, 9, 5:€) = (@ + w(©), §) + (Au, ) + %(Bu, ) + %<0@,@>, (13)

and A, B, C are constant matrices. We suppose that £ € II is parameter and IT C R"
is a bounded closed connected domain.
If P =0, ® is expressed explicitly as

t=zr+uwly), I=y,

i=(A-CAN'Bu+ (AT v, 9=—(AT)"'Bu+ (AT) o (1.4)

Let
_[A-CAT)IB C(AT) !
Q(Avac) - ( _(AT)—lB (AT)—l >2m><2m.

Then (4,9)T = Q(A, B,C)(u,v)T. Tt is easy to see that T" x {0,0,0} is a lower
dimensional invariant torus with the rotational frequency w(¢).

We call the lower dimensional invariant torus to be elliptic if 1 is not an eigen-
value of (A, B,C) and each eigenvalue has unit modulus; while hyperbolic if no
eigenvalue has unit modulus. For simplicity, let

A:diag(al,az,...,am), B:diag(bl,bg,...,bm), C’zdiag(cl,cz,...,cm).

The rest of this article is organized as follows. In Section 2, we present the
related preliminary results on the Gevery-class G*(O) of index p (1 > 1) and state
our main result. Section 3 is dedicated to the proof of our main result. Section 4
is an appendix.

2. PRELIMINARIES

Before stating our main results, we introduce some preliminary results on as-
sumptions, definitions and norm forms.

2
(H1) (Ellipticity condition) Suppose that A? —4 < 0, where A; = a=hiatl

@
l=1,2,....m
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Remark 2.1. Direct calculations show that the eigenvalues of Q(A,B,C) are
2_
Alifm7l:172v"'vm~ IfA%_4<0, Wehave

|Ali«/Al274|71
—— =1

. 2_
Let 0 = (61,02, ...,0,) such that eFi0 = 2EVAITY 4nq 0 < |6 < I, 1 =
1,2,...,m, where i = v/—1 In this case, the lower dimensional invariant torus is
elliptic. We call 6 the normal frequency. If A? —4 > 0, we have

2 _
|Alifm’¢1, l=12,...,m.

This means that the lower dimensional invariant torus is hyperbolic.

Remark 2.2. If we choose A, B,C such that a; = sec#;, b; = ¢; = tan6;, and
0 < |0] < 7, the generated function reduces to the case described in [7]. Note
that the normal form in [7] is unstable, which means that the normal form cannot
remain after one KAM step, thus the normalization is necessary at every KAM step
in [7] . In this study, we use the above normal form, which can persist under the
KAM iteration.

(H2) (Rissmann’s non-degeneracy condition) There exists an integer 7 > 1 such
that
rank{0fw(§) : 1< Bl <A} =n, VEEIL (2.1)

Remark 2.3. The non-degeneracy condition (2.1)) is slightly different from that in
Hamiltonian systems:
rank {9/w(¢) : [B| <n}=n, VEEIL

(H3) (Non-resonance conditions) Suppose that for k € Z™ with |k| # 0, i,j,w €
Z and 1 <1i,j < m, w(§) satisfies

|(k,w(€)) — 2mw]| > @fﬁ (2.2)
(k€)= 0,(9) = 2] > o (23)
(k. €)) +0,(0) £,(6) = 2m0] > e bl +li =g £, (24)

Definition 2.4. Let O C R” be a bounded, closed, and connected domain. A
function F : O — R is said to belong to the Gevery-class G*(O) of index p (p > 1),
provided that F' is C*°(Q)-smooth and there exists a constant M such that for all
p € O, it holds

07 F(p)| < M1 gie,

where |3| = B14fBo+- -+ 3, and B = (113! ... B! for B = (B1,B2,...,0n) € LT}

Remark 2.5. From the definition, it is easy to see that the class G! of Gevery-
smooth functions coincides with the class of analytic functions, and it also satisfies

G'cGM c G* cC™,
for 1 < py < po < oo.
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Set
T, = {0 € CY/2nZ"  |Tmalw <5}, Br = {y € C": gl <7},
Wy ={weC™: |wls <r}.
Denote
D(s,r) =T X Wy X B X W,
2o = max ol lyhi= 3wl wl=( 3 fwy)"
1<j<n 1<j<m
Let

M={e€O:dist(£,00) > h}, IO, ={¢ e C":dist(¢, 1) < h}.
Remark 2.6. By definition, f € GY#(D(s,r) x II) which implies f(x,y,u,v;§) €
C>®(D(s,r) xII) and f(z,y,u,v;€) is analytic with respect to (x,y, u,v) on D(s, )
and G*-smooth in £ on IIj,

If P(x;¢) is analytic on 7, x II, we can expand P(z;€) as the Fourier series
&= Pu(§e™
kezm
We define

1Plls =D |Pulne’™, | Palr = max [P (€)]-
kezn
When P(z,u, g, 0;€) is analytic on D(s,r) x II, we let

P(x,u,§,:8) = Y Pr(u, §,6;£) ™, Po(u,§,8;8) = > Prij () u'd’.

INYAL 1,5
We define
IPllpesmyx = Y |Palre™,
kezn
where
| Pyl = sup D 1 Pusis ' w7

(u,9,0) €Wy X Br X Wr =

This norm is obviously stronger than the sup-norm. Moreover, the Cauchy esti-
mates of analytic functions are also valid under this norm. Let

Xp = (—0y4P,—0:P,0,P,0,P),
endowed with the corresponding weighed norm
||XP||T;D(S,T)XH
1 1 1
= 195 P |l p(s,ryxm + ;||373P||D(s,r)xn + ﬁ|‘azp“D(s,7-)xH + ;||auP||D(s,7-)xn,
where

102 Pl p(s,ryx11 = Z 102, Pll p(s,r) <11,
J

HauPHD(s,r)XH = (Z(||6U3P||S’T)2)

J

= max 104, Pll D(s,r) 115

1/2

Now, we state our main result.
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Theorem 2.7. Consider the symplectic mapping ®(+; &) defined by (1.1). Suppose

that
Ly <,

and conditions (H1)-(H3) hold. There exists a y > 0 such that for any 0 < ae < 1,
if

T>2nn—1, {

HXPHT;D(S,T)XH;L =€x ,ySaQupr

where 7 = 4(fi+ 1) and v = 47(0 + 1) + n + 7, then the following two statements
are true.

(i) There exist a non-empty Cantor-like subset I, C II, parameterized symplectic
mappings V. (;€) € G (D(s/2,7/2) x IL.), and parameterized functions H, €
GVH(D(s/2,7/2) x IL,) such that

102 (U —id)lrip(s, 5)xmr, < cp” MBIy TEFT | Ve ZF, VEell, (2.5)
where M = 2T+1 [M]“_ , and H, (&) = N. + P, satisfies

1
~(C0, ),

1
Nio(z,u,4,0;€) = (x + wa, §) + (Asu, 0) + §<B*u, u) + 5

P(w,u,g,0:6) = Y Puyla;€)g'u'd’.
li|+15]+2[L[>3

Moreover, ®, (&) = U 1o ® oW, is generated by H,(-;€) = N, + P..
(ii) For & € 1l,, the symplectic mapping ®(;&) admits an invariant torus

whose tangential frequency w. and normal frequency 0, satisfy
0 (@ () = w(©) . < ep™ MV g1y TED, (2.6)
02(0.(8) = 0()) . < cp™ M7 gl s (27)
Moreover, fori,j € Z and 1 <1i,j < m, we have
@

[(2():F) = 510.4(6) = 520.5(8) = 2mul 2 e

where § € I, 0 # k € Z™, 0 < |s1]| + |s2| €2, and sq4 € Z (d = 1,2). In addition,
we have

(2.8)

meas(IT\ II,) — 0, asa— 0.

3. PROOF OF MAIN RESULT

3.1. KAM-steps. To prove our main result, we apply the idea for Hamiltonian
systems [19] 29] as well as some technical lemmas.

KAM iteration lemma: For the symplectic mapping ®(-;¢) defined by (1.1),
when § € (0,1), let p = 74+6+2, 0= ()75, 0< E<1,0 <7< % and
0<p= (170)5/10< £. Let

«
M) ST h=

where K > 0 satisfies n?e %7 = E. Suppose that conditions (H1)—(H3) hold and
P satisfies

561—1

| Xpllrpesmxm, <€=n°a*p*E
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with 0 < a <1, 7=4(7+1) and v = 47(72 + 1) + n + 7. Then the following three
statements are true.
(i) For £ € 11, there exists a symplectic diffeomorphism ¥ (-;£) with
. ce _ ce
H\I’ - Zd”r;D(s—?)p,g)xHh < 77 ”D\Ij - Zd”T;D(s—?)p,E)XHh <

Vpl/

aﬂpl/-i-l ?
such that the conjugate mapping @, (-;¢) = W=t o®o ¥ is generated by H, (&) =
N+ —+ P_;,_, where

Ny = (o, (6).8) + (A, 8) + 1 (Bow,u) + 3 (O )

and Py satisfies

20 v

HXP||T'+;D(S+,’I+)><Hd X 77_|_Oé+ p+E+ = €4
with
«

sS4 =8—=0p, py=op, n==FE  ry=nn EJr:E%» §<a+<a'

Let eti%+ be the eigenvalues of Q(Ay, By, Cy), where 0, = (011,019,...,04m)
and [ =1,2,...,m. We have
wi(§) —w(@) <€ [01(8) —O0(E)] <ce, VE €L (3.1)
(i) Let ay = a — (K +2)" e,
_ 2004 n
= {5 €I1: [(wi(8), k) — 5101i(8) — 52015(§) — 27w < m keZ
K< k| <Kp, 0< |s1]+]s2] <2, sa€Z (d= 1,2)},

and I1; = IT\ II. Then for £ € I, Vk € Z" and 0 < |k| < K, we have
20l+

k) — 51045 — 89045 — 2mw| > ——t
|<LU+(£), > S1U+ 5204 71'”LU| (2+‘]€|)T

(3.2)

-K
where K| > 0 satisfies ¢ n;”* =F,.
T

(111) Let T+ =T —+ 6 and h+ = W If h+ < h we have

{| 8w+ 89+
7 aé-

where Il is the complex h+—nelghborhood of I,

celn } ST

A. Generating functions of conjugate mappings: Let p = (z,u) and ¢ =
(y,v). The symplectic structure becomes dp A dg on R x R"*™_ Consider a
symplectic mapping ® : (p,q) — (p, §) generated by

p=0H(p,G) = Ha(p,G) and q=0,H(p,) = Hi(p.q). (3.3)

The generating function is H(p,q) = N(p,§) + P(p, ), where N represents the
main term and P is a small perturbation. Define a symplectic transformation

W (p+,q+) — (p.q) by
q=q++Fi(p,gr) and pp=p+ F2(p,qe). (3.4)

The generating function is (p, ¢+) + F(p, ¢+) with F being a small function. So ¥
approaches to the identity. Then, we get a conjugate mapping

O, =V "'odoV: (p,qs) — (Py,qs)
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implicitly by
Py = Ha(p,q) + F2(p,q+) and q = Hi(p,q) — Fi(p, q+). (3.5)
From the following Lemma, ® is generated by a function H; (p4, G+ )-
Lemma 3.1 ([7]). The conjugate symplectic mapping ®, can be determined by
Hy(p+,q4) through
Py =05, Hi(p+,4+), 9+ = Op, Hi (P4, 44 ), (3.6)

where
H+(p+7 qA+) = H(p7 qA) + Hl(pa qA)FQ(pa Q+) - HQ(p7 qA)Fl(ﬁ7 qA+)

+ F(ﬁa d-‘r) - F(pa Q-‘r) - Fl(p7 q"r)FQ(pv q+)7
with p, P, ¢, q+ depending on (p+,d+) as explained above. Moreover, if we set z =
(p+,d+), then we have

Ho () = H(z) + F(Na(2), 1) — F(ps, Ni(2)) + Q(2). (3.8)
The small term Q(z) has the estimate

(3.7)

662

1XQllrD(s-5p,r/16)x11 < pezyer (3.9)
withv =4(n+1) andv=n+n+4r(n+1).
B. Truncation: Let
P=R+ (P-R), (3.10)
where
R(p, q) = Pooo(z) + (Proo(x), 9) + (Poro(z), u) + (Poo1(x), 0)
1 1 o (3.11)
+ <P()11(.%‘)’U, ’U> + §<P020(33)u7u> + §<P002(1‘)’U,’U>,
with it
oTttIp . .
Py = m‘uzoyzo,ﬁ:m 201 + |3 + |4] £ 2.
So we have
P—R= 3 Pijgtu's’ + > Puglu'e.
20U +i|+171<2,k> K 201 +li|+171>3

C. Extension of small divisor estimate: For ¢ € II;,, there exists a & € II such
that |€ — &| < h For |k| < K, we have

(W(&) = w(&o), k) + 51(0:(€) = 0i(€0)) + 52(6;(€) — 05(€0))
< [w(&) —w(€o), k) + [51]1(0:(€) = 0:(€0))] + [s2[(65(E) — 0;(%0))]

< (k+ [s1] + [s2])Th (3.12)
< (k+2)Th
< __*
(K +2)7
It follows from 7 and that
l€), 1)+ 516:(€) + 5203(€) — 2mul > = (3.13)

Whereh:W,OgbﬂJﬂsﬂ<2andsd€Z(d:1,2).
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D. Homological equations:
Following the idea described in [I9], we consider the homological equation:

N(p4,G+) + R(p+,4+) — F(p+, Np(p+,44)) + F(Ng(p+,4+),4+) = N(p+,d44),

where F(p, G) possess the same form as (3.11]). Just for simplicity, here and below
we drop the subscripts ‘+’ in py and ¢;.
Let x + w = 2. Denoting

p = Ny(p,p) = (&, Au+ Cv), q= Ny(p,p) = (9, Ad + Bu),
we have
F(Nq(p,(j),(j)*F(p,N (pa )) L0+L1+L23
where Lo, L1, Lo indicate the ith (i = 0, 1,2) order terms of u and ¥ respectively:
Lo = (Fooo(Z) — Fooo()) + (Fioo(Z) — Fioo(z), ),
= (AT Fy10(2) — For0(x) — BFoo1(z),u) + (CFo10(Z) + Foo1 (&) — AFpo1(z),v),
L2 = <{F011(£Z')A — AFUH(LE) + CF(JQQ(iE)A — AFOOQ((I;)B}’U/7 ’U>
1 -
+ *<{ATF020(J))A - FQQO(I) - BFOOQ(J,‘)B — BFQll(x) - ngl(af)B}U, u>

<{CF020( )C + FOQQ( ) AFOOQ([E)AT + Fon(if)c + CFOTh(JNC)}lA}, f]>

We con51der the equations
Lo = (Rooo(x) — [Rooo]) + (Rioo(z) — [Rioo], 9),
Ly = (Roi0(x), u) + (Roo1 (), 9), (3.14)

Ly = <(R011(LL‘) — A)u7@> + %<(R()20({17) — B’)u,u) + %«Rooz(l‘) - é)’ﬁ,’f)%

where fl, B and C are to be determined.
We start with the equation
Fjoo(z +w) — Fjoo(r) = Rjoo(x) — [Rjoo), J=0,1,

by expanding Fjo(z) and Rjoo(x) as the Fourier series:

Fjoo(x) = Y Frjooe' ™™, Rjoo(x) = Y Rijooe ™.
kezn kezn
It follows that
1
Fijoo = (3.15)
with ej, = !¢ @)k £ 0) By (3.13), we have the estimate
cl[Rjools
||Fj00||(sfp)><1_[ = Oéﬁ+1,0ﬁ+”+7-(ﬁ+1). (316)

Next we solve the second equation of (3.14). Let Fyio = (Fpyo,- .., Foto) and

Foor = (Faoy, - - -, Fig1) and expand F{; ;. (x) and R, ; () as the Fourier series:
k,x l l i(k,x
FOZ 15! Z F’COZ J/el< ), ROZ’j/(‘/E) = Z RkOi’j’el< >
kezn keznr

with 1 =1,2,...,m and (¢',j') = (0,1) or (1,0)
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By the definition of L; and the second equation of (3.14]), one can see the relation
between Fy,;,; (x) and R, (x):

03¢’ 5/
Floo(2) R}
Ml'< k010 ):< §010 )
FIiOOl(I) R%cOOl
M — aier — 1 —bl
T aer ea—a
with e;, = el®“). By a straightforward calculation, we have
A+ /A7 —4 A —/AZ — 4
it = e ST, Su BT

- —Z(Sin 7<k,w> + 6 icos (kyw) + 91) sin {k,w) — O

where

2 b
where 0, A; (I =14,j), are defined in Remark By (3.13]) we know |det(M;)| >
2
MW. Note that .
R
FIéOi’j’ —_ "y
| det(M)]

with Rl , = 1R} 0(2) + caRly; () Then

c|[Roirj s
||F0i’j/ ||D(s—p,r)><1'[ S Oé2ﬁ+2p2'r(ﬁ+1)+ﬁ+n (317)
with (¢/,5") = (0,1) or (1,0).
Before solving the third equation of (3.14)), let us consider the equation
R 1 1 A
Lo = <R011($)’LL,’U> + §<R020u, u) + *<R002’U,U>. (318)

Let Foirjr = (Foh)i<ij<m with (¢/,5) = (1,1),(2,0) or (0,2) We expand F’

1/‘7/

and ROZ 1j as
E ' kx)  pi E :
ol/]/* Fro 7'j’€ » OZJ/ = Rka’j/e
kezn kezn
From the definition of Ly and (3.18)), we have
i i
Fkou Rk(nl
©j ]
N.. Fkoll _ Rlc()ll
) Fl] R” )
k020 k020
] 1]
Fio02 Rio02
where
0 epa; — a; erCia; —a;b;
N — era; — a; 0 ek a;C;j —b;a;
4 —bj —bl €La;a; — 1 —bibj
€LC; €LCj €LCiCj € — Q;a;

A direct calculation gives det(N;;) = Siej + Ssei + Sae? + Siex + Sp, where

_ 22 2 2
Sy =ajaj, So=a;aj,

3,3 3
Sg = Sl = a; (ZJ a,; ajbjcj - ajaibici + ajaibjbicjci,

+ ajai + ajai — ajaibici — ajaibjcj + aja;,
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_ 4.2 2.4 2.2 2.2; . 2322

Sy = a;aj — aja; + 2aja;bic; + 2aja;bjc; — a;bjc;
212 2 2 2 2 2 2 _ 2
—ajbjc; — 2a7aj + 2a;bjcj + 2a5bic; — ai — aj.

Fori,j=1,2,...,m, we find
det(Nw) — (ek _ eié'ieib‘j) (ek _ e*igiefiej) (ek _ eieiefigj‘) (ek; _ efieieie_,») ;

with 0; (I =14,j) given as in Remark By (3.13), we have

a?

(2+ [k
with |k|4|i—j| # 0. Thus we can solve the equation (3.18) in the case of |k|+|i—j| #
0 and get

| det(Ny;)| >

g BRI
kOi'j |det(NZj)|’
with RY = 1 Rijyy + caRijyy + s R + caRior-
From (3.18) and (3.19)), we consider the third equation of (3.14) by setting
& = diag(@y,...,0n), A=diag(Ay,...,An),

(3.19)

. R . R R . (3.20)
B:diag(Bl,...,Bm), C:diag(Cl,...,C’m),
With .. ~ .. ~ .. ~ ..
wj = [R%O]a Aj= [Rg)jn]y Bj = [R6]20]v Cj = [R%z]-
By a similar discussion as the above, one can deduce that
cl| Roijlls
[ Foirjo | (s —poryxm1 < T I (A F DT (3.21)
with (7, ') = (1,1), (2,0) or (0,2)
It follows from ([3.16)), (3.17) and (3.21) that
ce
HXFH’I";D(Sfp,T)XH S OLDPU (322)

with v =4(n+1) and v =47(A + 1) + n + 7n.
Let x : (p,q) — (—Fy,,F;) Since ¥ = id 4 x, we combine the estimate of F' in
(3-22)) and the Cauchy estimate to obtain

) ce
[V —id||r.p(s—3p,0)xm1 < o
) ce
DY —id|[,.p(s—3p,1)x11 < ar

E. Choices of parameters in KAM iteration: Set

e Kp

0<E<1, n=E, e=n%*p*E, —=E, h=
n

o«
2K +2)7H1T"

Let o € (0,1) We denote
p+=0p, S4 =8—0p, T4 =1,
ar =a— (K+2) e, ey =cne, E. =cE5.
From the equality

P-R= > Pijtu'e’ + Prijgu't?,
[20+[i]+]5]1<2,k2 K 201 +il+71=3



EJDE-2017/159 GEVREY-SMOOTHNESS OF INVARIANT TORI 11

we get
7Kp

). (3.23)

HXP R”nr’D(s 5pnr)><l'l (77—’_

By (3.9) and (3.23), we have
epr 2

ce
1XP, lgriD(s—5pmm <y < ¢ 6(” + 2 ) + n2a2? p2v

U

< ene = ca® p? B
< O‘iu iVE3
Setting e = afpi”Ei, so we arrive at
1Xp Dy ) xiLy < €4
Given the choice of a4, for £ € I1; and 0 # k < K, we have
|(k, wi(€)) — 27w
=z [(k, w(§)) + 2mw| — [(k, wi.(§) —w(E))]
> ﬁ[a — (24 K)™t¢.
Similarly, for sufficiently large K we have

[k, wi-(€)) + 51044(§) + 510+,(&) — 2mw| > ﬁ

with 0 < |s1] 4+ [s2] € 2, sq € Z, (d = 1,2), £ € II{ and 0 # k < K In view of
oz+—o¢—(2—|—K)T+1€ we have

[ — (24 K)" e,

20{.»,_
kY — 5104:(&) — s2044(&) — 2mw| > ———,
|<w+<£)a > 5104+ (f) 52 +J<§) 7T’lU| (2+|k|)T
where £ € TI; for all k € Z" (0 < |k| < K4), 0 < |s1| +|s2] < 2, and sq € Z

(d=1,2).
Given the choice of T, we suppose that hy < 5h For ¢ € H o it follows the
Cauchy estimate that

10(ws (€) — w(€))/0€n, < M 6e

Letting T} = T + 5 and hy = W, we obtain

Sex 0w, /O€] < b 0(wy — w(§))/ 0] +£1r%f(+ 0w /08| < T,
and
00, /0&| < T,
g?l%i' +/08| < Ty

3.2. Iteration. Set

S0 = S, Po = (1 - 0)8/105 To =T, Qo = «,

e—Kopo

no = Eo, €= a3’ pg’ Eong, 2 = Ep.
0

Let
wo(f) = w(E)’ 90(6) = (001(5)’ 902(5); ER) 90m(£))
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2cr
HO = {f c IT: ‘<(U0(£),k> — 81907;(5) — SQG()j(f) — 27TUI| 2 W7
ke Zm, 0< |kl <Ko 0< |si|+ |52 <2, sq €Z, d:l,z}.
o 00(9), 20(6)
W (67}
To=T = RAASTAL U P —
0 ?é%)}i{‘ 85 |? | 8€ |}7 0 (2+K0)T+1T0

Assume that p;,s;,r;, Ej, o, T; are well-defined for the j-th step. Then we define
n;, Kj, €5, h; as follows:

n = Ej, ¢ =03 pi B, (3.24)
—K;jp; .
c n?'p —E;, hj= OH;Y;}“TJ (3.25)
Define the inductive sequences:
Pi+1 = O0pjs Syl =85 =50, Tit1 = NiT;, (3.26)
i1 = a; — (14 K) ey, Ejpy=cES, Ty =T)+ %. (3.27)
Let ’
O = {f €Il : [{wj41(8), k) — s10;414(8) — $205112(8) — 2mw| > qlir[%;)ﬂ

K; < || < Kji1, 0< |sa] + [s2] <2, su € Z, d = 1,2}
and
Hj+1hj+1 = {5 eC": diSt(f7H]’+1) < hj+1}'
The proofs of the following two Lemmas are similar to the idea described in
[20, 29]. To make the paper self-contained, we present our proofs in the Appendix.

Lemma 3.2. In view of definitions of parameters in (3.24))-(3.27), we have

5 Owit1(§) | 90;11(6)
< Zh, J+1 J+ < T. .
hyer < Ghi e {I LT [} = T, (3.28)
1
T() S T’j S TO + 1, §Oéj S OZj+1 S Otj. (329)

Remark 3.3. By the KAM iteration theory and Lemma the KAM step can
iterate infinitely times.

We now provide some useful estimates on the Gevrey-smoothness and conver-
gence of the iteration. Let

D — calf_1p%_1 B!
J 18] 18]
hj hj
Then a straightforward calculation can lead to the following result.

Lemma 3.4. If Df and Jjﬁ are defined by (3.30)), then

cej—1 !

and J]@ = (3.30)

9
p v 18l g1 g T FD
DY < epy MIPl g BT
JP < cp?”MlﬁlmuE{M%l)
J — j s

where M = 27;—'“[%]“’1# =746 and c only depends on n,a and p.
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Using the generating functions (p, ¢+)+F}(p, ¢+ ) to define {¥;(-;£)}, the Cauchy
estimate gives

CE; CEj

DY, — Id|ly e sy ryart, <
o p¥ DV, | 53D (85 =3p;j,75) XTlp; a;pl_/-ﬁ-l
Let UJ = Wy0WUg0---0W;. Then we have {®;1(;€) = (V/) " 1o®,; 00/}, generated
by Hj1(€) = Nj1 + Py, where

H\I/j - id”'f‘j;D(Sj*gpj,Tj)Xth >

N o 1 1 -
Njy1 = (x +wj+1(£),9) + (Aj+1u,0) + §<Bj+1ua u) + §<C’j+1’U,U>
with
lwjs1 —wjl <5, (011 — 0] <y, Vi1,

IlXPj+1 ||7"j+1§D(5j+1,7"j+1)XHh,j+1 < €41

3.3. Convergence of the KAM iteration. Following [29] [30] [3T], we have

J_ g1 v 3
97 — W ||rj;D(s]~—3pj,rj)xth < cof_ypi o ES g,

HD(\I/] - \Ilj_l)||Tj;D(Sj*3Pj,T‘j)><Hh- < a?*lp;{jllEffl'
J

By the Cauchy estimate and Lemma [3.4] we have
j ' _9
Hag(\lﬂ _ \Ilrl)||rj;D(sj—3pj,Tj)XHj < p;Mlﬁ\lg!#E;(nﬂ) 7

102 DO — W9l s, s, < P M GETT T,

55—=3p;,75)
_ o
Ha§<wj - wjfl)HHj < p?VMW\ﬁ!/LE;(n+1) 7
_o
||a§(9j - 9j71)||nj S P?VMlﬁlﬂ!”E;(n_H) )
Since s; — s/2, r; — 0, and h; — 0 as j — oo, we define

D, = D(%,O), I, = N;>oll; and U, = lim ¥/,

J—o0

So we have 8?\1” — 8?\11* on D(£,%) and

s r
202

_9 _
”5?(\1/* —id)||lz.p(s,zyx1. < CPSMl’Blﬂ!“ES("“)

for 8 € Z}. Thus, we arrive at (2.5)).
Let w, =1lim; o w; and 6, = lim;_, o, 8; We then have

108 (@i (€) — w(©))
102(0.(6) — 0(©))ln. < epd MV g B0

for all 3 € Z;F. Thus, we arrive at the desired result (2.6) and (2.7) Moreover, we
have

9
n. < cpp” M BIETTY,

Oy

(), k) = 510.4(6) = 526.5(6) = 2mul 2 e

where { € IL,, 0 # k € Z7, 0 < |s1]+ |s2]| < 2,80 € Z (d =1,2), o = limj 0 ¢
with ¢ < a, < ag This implies that ([2.8) holds.
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3.4. Estimate of measure. We consider the measure of the subset 1L, such that
the small divisor conditions — hold for all w;,0;,0; and 7 > 1

Recalling , we know that the frequency w;(§) satisfies . Thus, we can
follow the same approach as in [28, [29] to obtain the estimate for II.. Here we omit
the details.

4. APPENDIX

Proof of Lemma[3.2 From the definitions of E; and p;, we have E; < (cEy)“/3)
Letting z; = K;p; = —In E}, we have
Kj+1 _ 1 Inc 4

Kj o 21I1Ej + 30.
Let Ey be small enough such that

Inc 4
1—
“mg =193
Then we get
4 < Kj+1 < i

37 K; 3/)
Moreover, for a sufficiently small Ey, we have that 24 < K; < K;; Then we have

hjvr _ e Ty 24 K)" 5
hj aj  Tjy1 2+ Kj41)" ~ 6

Clearly, hj11 < %hj and so the assumption h+ < éh holds. Suppose that

9y (&) ae
(129,

max
£€llp;

From (3.27)), we know that T;11 =T + %_j. Since hjy1 < 2h;j and |wjp1 —w;| <€

we have

|5wj+1 = |5(wj+1 —wj+ wj)|
D¢ ¢
<2 =iy 12 < 7y,
and similarly,
|6§9ng | < Tja

Consequently, by mathematical induction we obtain the desired result (3.28)).
From the definitions of T}, h; and €;, we have

|| ||
i
M 0
:“’
I
8
'ﬂ
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Let Ey be sufficiently small such that
J
1
Z(x )2y —x,T 6
i=0
then we have Ty < T < Tp + 1.
Note that a3” < oy and (2 + K;)7*! < (3K;)?”. Then we have
OCQVP?V(Q"‘K )2VE3 a;(3p;K;)? ES < o (3x;)* e,
ajpr =0 — (2+K;) e > a5 (1 (325)*e™).
If Ey is sufficiently small, then it gives
= v, —x; —1 1

[[0 - Bz)?e ™) =1-0(x") > 5

j=1
Thus, we obtain

@ < Q1 < Q.
O
Proof of Lemma[34] By the choices of parameters, we have
5
pi1T ) = Pj+1K j+1 P]ﬂ

s ()t

A\ T srrn S
_ e s
- (3) o TPt

S+74+1
o =+ > 1 Since poac”r1

p]x;“ > 1 for all j > 1, and hence - < 27*"

> 1, we have
So we have

K. — L < x]j+7i1
pi 7

T+1 T4+14+6
which implies that K < z; In view of h; m, T; <T+1, a <oy

3
I _r
and B;_| = E’j4 = e~ 4, we have

_ T + 1\ Al 18|
B8 +1+6 —3z;/4
D gca”p’;ﬂ!( = ) (a:; ) e 23/
2
8 3z 3z 3x +5
gcpg(w)‘ ' 1e 4”#1%@16* 7 W,,,xé’ne*ij !
e

9
< Cp]V»Mlmﬁ!HE;("Jrl) ,

where M = 72Ta+1[44(“—1§("+1)]u—1

, it =7+ 6 and ¢ only depends on n,a and p.
In an analogous manner, we can derive

9
3 2v Bl pe p E(nF1)
TP < ep MVl g1 gD
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