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Abstract. In this article we study the blow-up in finite time of solutions for
the Cauchy problem of fractional ordinary equations

ut + a1
cDα1

0+
u+ a2

cDα2
0+
u+ · · ·+ an

cDαn0+
u =

Z t

0

(t− s)−γ1

Γ(1− γ1)
f(u(s), v(s))ds,

vt + b1
cDβ1

0+
v + b2

cDβ2
0+
v + · · ·+ bn

cDβn0+
v =

Z t

0

(t− s)−γ2

Γ(1− γ2)
g(u(s), v(s))ds,

for t > 0, where the derivatives are Caputo fractional derivatives of order αi, βi,

and f and g are two continuously differentiable functions with polynomial

growth. First, we prove the existence and uniqueness of local solutions for
the above system supplemented with initial conditions, then we establish that

they blow-up in finite time.

1. Introduction

In this work, we study the system of ordinary fractional differential equations
ut + a1

cDα1
0+
u+ a2

cDα2
0+
u+ · · ·+ an

cDαn
0+
u

=
∫ t

0

(t− s)−γ1
Γ(1− γ1)

f(u(s), v(s))ds,

vt + b1
cDβ1

0+
v + b2

cDβ2
0+
v + · · ·+ bn

cDβn
0+
v

=
∫ t

0

(t− s)−γ2
Γ(1− γ2)

g(u(s), v(s))ds,

(1.1)

for t > 0, with initial data

u(0) = u0 > 0, v(0) = v0 > 0, (1.2)

and where 0 < αi < 1, 0 < βi < 1, i = 1, . . . , n, 0 < γj < 1, j = 1, 2, f and g are
two real continuous differentiable functions defined on R×R, ai, bi i = 1, . . . , n are
positive constants, Γ is the Euler function and Dαi

0+ , Dβi
0+ , i = 1, . . . , n, are Caputo

fractional derivatives.
In recent years, fractional differential equations have played an important role

in the study of models for many phenomena in various fields of physics, biology
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and engineering, such as aerodynamics, viscoelasticity, control of dynamic systems,
electrochemistry, porous media, etc (see [1, 3, 6, 14] and the references therein);
their study attracted the attention of many researchers (see for instance [8, 10, 11,
12] and the references therein). In addition, a particular attention was given for
the study of the local existence and uniqueness of solutions for these systems and
their properties like the blow-up in finite time, the global existence, the asymptotic
behavior, etc. (see [3, 10, 11, 12]).

In [9], the profile of the blowing-up solutions has been investigated for the fol-
lowing nonlinear nonlocal system

ut(t) +Dα
0+

(u− u0)(t) = |v(t)|q, t > 0, q > 1,

vt(t) +Dβ
0+

(v − v0)(t) = |u(t)|p, t > 0, p > 1,

u(0) = u0 > 0, v(0) = v0 > 0,

as well as for solutions of systems obtained by dropping either the usual derivatives
or the fractional derivatives.

In [7], some results on the blow-up of the solutions and lower bounds of the
maximal time have been established for the system

ut(t) + ρDα
0+

(u− u0)(t) = ev(t), t > 0, ρ > 0,

vt(t) + σDβ
0+

(v − v0)(t) = eu(t), t > 0, σ > 0,

u(0) = u0 > 0, v(0) = v0 > 0,

and the subsystem obtained by dropping the usual derivatives.
In the spirit of the interesting works [4, 7, 9], we prove that the non global

existence of solutions to (1.1)-(1.2) holds for polynomial nonlinearities. For the
existence of solutions for the system (1.1)-(1.2), we will use the Schauder theorem.

Our paper is organized as follows: In Section 2, we give some preliminary re-
sults for fractional derivatives. In Section 3, we will prove the local existence and
uniqueness of the solutions. In Section 4, we will state and prove our main result
on the blow- up in finite time of solutions for system (1.1)-(1.2).

2. Preliminaries and mathematical background

For the convenience of the reader, we shall recall some known results concerning
fractional integrals and derivatives that will be useful in the sequel.

The Riemann-Liouville fractional integral of order 0 < α < 1 with lower limit 0
is defined for a locally integrable function ϕ : R+ → R by

Jα0+
ϕ(t) =

1
Γ(α)

∫ t

0

ϕ(s)
(t− s)1−α ds, t > 0,

where Γ is the Euler Gamma function.
The left-handed and right-handed Riemann-Liouville fractional derivatives of

order α with 0 < α < 1 of a continuous function ψ(t) are defined by

Dα
0+
ψ(t) =

1
Γ(1− α)

d

dt

∫ t

0

ψ(s)
(t− s)α

ds, t > 0,

and

Dα
T−ψ(t) = − 1

Γ(1− α)
d

dt

∫ T

t

ψ(s)
(s− t)α

ds, t > 0,
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respectively. One can see that
d

dt
J1−α

0+ ψ(t) = Dα
0+ψ(t), t > 0.

The integration by parts formula (see [14]) in [0, T ] reads∫ T

0

h(t)Dα
0+
k(t)dt =

∫ T

0

(Dα
T−h(t))k(t)dt,

for functions h, k in C([0, T ]) such that Dα
0+k and Dα

T−h are continuous.
The Caputo fractional derivative of order 0 < α < 1 of an absolutely continuous

function φ(t) of order 0 < α < 1 is defined by

cDα
0+
φ(t) = J1−α

0+

d

dt
φ(t) =

1
Γ(1− α)

∫ t

0

(s− t)−αφ′(s)ds.

The relation between the Riemann-Liouville and the Caputo fractional deriva-
tives for an absolutely continuous function φ(t) is given by

cDα
0+
φ(t) = Dα

0+
(φ(t)− φ(0)), 0 < α < 1.

3. Existence and uniqueness of solutions

In this section, we deal with the existence and uniqueness of local solutions for
problem (1.1)-(1.2). We say that (u, v) is a local classical solution if it satisfies
equations (1.1)-(1.2) on some interval (0, T ∗). Our main result in this section reads
as follows.

Theorem 3.1. Assume that the functions f and g are of class C1(R×R,R). Then
system (1.1)-(1.2) admits a unique local classical solution on a maximal interval
(0, Tmax) with the alternative: either Tmax = +∞ and the solution is global; or

Tmax < +∞ and lim
t→Tmax

(|u(t)|+ |v(t)|) = +∞.

Proof. For the sake of completeness, we give the proof of the existence of solutions
of (1.1)-(1.2). Let k > 0 be a positive constant and

h := min{σ1, σ2} > 0, (3.1)

where

σ1 := min
{

min
1≤i≤n

( 1
2n2āmax1≤i≤n( 1

Γ(2−αi) )

) 1
1−αi

,
(kΓ(2− γ1)

2M

) 1
1−γ1

}
,

σ2 := min
{

min
1≤i≤n

( 1
2n2b̄max1≤i≤n

1
Γ(2−βi) )

) 1
1−βi

,
(kΓ(2− γ2)

2M

) 1
1−γ2

}
,

ā = max
1≤i≤n

{ai}, b̄ = max
1≤i≤n

{bi}.

Let C([0, h]) × C([0, h]) be the space of all continuous functions (χ, ψ) on [0, h]
equipped with the norm

‖(χ, ψ)‖∞ = max(‖χ‖∞, ‖ψ‖∞),

where
‖χ‖∞ = max

0≤t≤h
|χ(t)|, ‖ψ‖∞ = max

0≤t≤h
|ψ(t)|.

For simplicity, we assume α1 ≤ α2 ≤ · · · ≤ αn and β1 ≤ β2 ≤ · · · ≤ βn.



4 A. MENNOUNI, A. YOUKANA EJDE-2017/152

Now, in order to prove the existence of solutions for problem (1.1)-(1.2), we
rewrite it as a system of integral equations in C([0, h])× C([0, h]),

x(t) = −a1J
1−α1
0+

x(t)− a2J
1−α2
0+

x(t)− · · · − anJ1−αn
0+

x(t) + J1−γ1
0+ f(u0

+
∫ t

0

x(s)ds, v0 +
∫ t

0

y(s)ds)

y(t) = −b1J1−β1
0+

y(t)− b2J1−β2
0+

y(t)− · · · − bnJ1−βn
0+

y(t) + J1−γ2
0+ g(u0

+
∫ t

0

x(s)ds, v0 +
∫ t

0

y(s)ds),

(3.2)

via the transformation

u(t) = u0 +
∫ t

0

x(s)ds, v(t) = v0 +
∫ t

0

y(s)ds,

and the relation cDα
0+ψ(t) = J1−α

0+
d
dtψ(t), and we shall prove the existence of local

solutions for (3.2).
So, let us define the operator A : C([0, h])× C([0, h])→ C([0, h])× C([0, h]) by

A(x, y) = (A1(x, y), A2(x, y)),

where

A1(x(t), y(t)) = −
n∑
i=1

aiJ
1−αi
0+

x(t)

+ J1−γ1
0+ f

(
u0 +

∫ t

0

x(s)ds, v0 +
∫ t

0

y(s)ds
)
,

A2(x(t), y(t)) = −
n∑
i=1

biJ
1−βi
0+

y(t)

+ J1−γ2
0+ g

(
u0 +

∫ t

0

x(s)ds, v0 +
∫ t

0

y(s)ds
)
.

(3.3)

Let us define the set

D :=
{

(x, y) ∈ C([0, h])× C([0, h]), ‖(x, y)‖∞ = sup(‖x‖∞, ‖y‖∞) ≤ k},
as a domain of the operator A, which is a convex, bounded, and closed subset of
the Banach space C([0, h])×C([0, h]). Since f and g are continuously differentiable
on [u0 − kh, u0 + kh]× [v0 − kh, v0 + kh], there exists a positive constant M such
that for any t in [0, h] and any (x, y) in D,∣∣f(u0 +

∫ t

0

x(s)ds, v0 +
∫ t

0

y(s))ds
∣∣ ≤M, (3.4)

∣∣g((u0 +
∫ t

0

x(s)ds, v0 +
∫ t

0

y(s))ds
∣∣ ≤M, (3.5)

and for any (uj , vj) in [u0 − kh, u0 + kh] × [v0 − kh, v0 + kh], j = 1, 2, and any t
in [0, h], there exist two positive constants L1 and L2 depending on u0, v0, k, h and
on f and g respectively such that

|f(u1(t), v1(t))− f(u2(t), v2(t))| ≤ L1‖(u1(t)− u2(t), v1(t)− v2(t))‖, (3.6)

|g(u1(t), v1(t))− g(u2(t), v2(t))| ≤ L2‖(u1(t)− u2(t), u1(t)− u2(t))‖, (3.7)

where ‖(u1(t)− u2(t), v1(t)− v2(t))‖=|u1(t)− u2(t)|+ |v1(t)− v2(t)|.
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Now, by using (3.1) and (3.6) and (3.7), for all z1 = (x1, y1) ∈ D and z2 =
(x2, y2) ∈ D satisfying ‖z1 − z2‖∞ < δ, where δ is a positive constant which will
be defined later, we obtain

‖A1(z1)−A1(z2)‖∞

= sup
0≤t≤h

| −
n∑
i=1

aiJ
1−αi
0+

x1(t) + J1−γ1
0+ f(u0 +

∫ t

0

x1(s)ds, v0 +
∫ t

0

y1(s)ds)

+
n∑
i=1

aiJ
1−αi
0+

x2(t)− J1−γ1
0+ f(u0 +

∫ t

0

x2(s)ds, v0 +
∫ t

0

y2(s) ds) |

≤ sup
0≤t≤h

| −
n∑
i=1

aiJ
1−αi
0+

(x1(t)− x2(t))

+ J1−γ1
0+ {f(u0 +

∫ t

0

x1(s)ds, v0 +
∫ t

0

y1(s)ds)

− f(u0 +
∫ t

0

x2(s)ds, v0 +
∫ t

0

y2(s)ds)}|

≤
n∑
i=1

ai
Γ(1− αi)

∫ h

0

(t− s)−αi‖z1 − z2‖∞ds+
L1

Γ(2− γ1)
h2−γ1‖z1 − z2‖∞

≤
(
nā max

1≤ i≤n
{ 1

Γ(2− αi)
}

n∑
i=1

h1−αi +
L1

Γ(2− γ1)
h2−γ1

)
δ,

(3.8)

and in the same way, we obtain

‖A2(z1)−A2(z2)‖∞ ≤
(
nb̄ max

1≤ i≤n
{ 1

Γ(2− βi)
}

n∑
i=1

h1−βi+
L2

Γ(2− γ2)
h2−γ2

)
δ. (3.9)

Now, given an ε > 0, pick δ = min
{
ε
ω1
, εω2

}
, where

ω1 := nā max
1≤ i≤n

{ 1
Γ(2− αi)

} n∑
i=1

h1−αi
i +

L1

Γ(2− γ1)
h2−γ1 ,

ω2 := nb̄ max
1≤ i≤n

{ 1
Γ(2− βi)

} n∑
i=1

h1−βi
i +

L2

Γ(2− γ2)
h2−γ2 .

One can see that ‖A(z1)− A(z2)‖∞ < ε, consequently, A is a continuous operator
on D.
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Next, from (3.3), (3.4), (3.5) and (3.1), for all z = (x, y) ∈ D we have

‖A1(z)‖∞

≤ sup
0≤t≤h

∣∣∣ n∑
i=1

ai
Γ(1− αi)

∫ t

0

(t− s)−αix(s) ds

+
1

Γ(1− γ1)

∫ t

0

(t− s)−γ1f(u0 +
∫ t

0

x(s)ds, v0 +
∫ t

0

y(s))ds
∣∣∣

≤
n∑
i=1

ai
Γ(1− αi)

‖z‖∞
∫ h

0

(t− s)−αids+
1

Γ(1− γ1)

∫ t

0

(t− s)−γ1M ds

≤ nkā max
1≤i≤n

{ 1
Γ(2− αi)

} n∑
i=1

h1−αi +
1

Γ(2− γ1)
Mh1−γ1 ≤ k.

(3.10)

and

‖A2(z)‖∞

≤ sup
0≤t≤h

∣∣ n∑
i=1

bi
Γ(1− βi)

∫ t

0

(t− s)−βix(s) ds+
1

Γ(2− γ2)
Mh1−γ1

∣∣
≤

n∑
i=1

ai
Γ(1− βi)

‖z‖∞
∫ h

0

(t− s)−βids+
1

Γ(2− γ2)
Mh1−γ2

≤ nkb̄ max
1≤i≤n

{ 1
Γ(2− βi)

} n∑
i=1

h1−βi +
1

Γ(2− γ2)
Mh1−γ2 ≤ k.

(3.11)

Inequalities (3.10) and (3.11) assert that A(D) ⊂ D. Thus, the set A(D) is
uniformly bounded. Now, for all 0 ≤ t1 ≤ t2 ≤ h with |t1 − t2| < η, and all
z = (x, y) ∈ C([0, h])× C([0, h]), from (3.6) we have

|A1( z(t1))−A1( z(t2) )|

=
∣∣∣− n∑

i=1

ai
Γ(1− αi)

∫ t1

0

(t1 − s)−αix(s)ds

+
1

Γ(1− γ1)

∫ t1

0

(t1 − s)−γ1f(u0 +
∫ s

0

x(τ)dτ, v0 +
∫ s

0

y(τ)dτ)ds

+
n∑
i=1

ai
Γ(1− αi)

∫ t2

0

(t2 − s)−αix(s)ds

− 1
Γ(1− γ1)

∫ t2

0

(t2 − s)−γ1f(u0 +
∫ s

0

x(τ)dτ, v0 +
∫ s

0

y(τ)dτ)ds
∣∣∣

≤
n∑
i=1

ai
Γ(1− αi)

∫ t1

0

(
(t1 − s)−αi − (t2 − s)−αi

)
|x(s)|ds

+
n∑
i=1

ai
Γ(1− αi)

∫ t2

t1

(t2 − s)−αi |x(s)|ds

+
1

Γ(1− γ1)

∫ t1

0

(
(t1 − s)−γ1 − (t2 − s)−γ1

)
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×
∣∣∣f(u0 +

∫ s

0

x(τ)dτ, v0 +
∫ s

0

y(τ)dτ)
∣∣∣ds

+
1

Γ(1− γ1)

∫ t2

t1

(t2 − s)−γ1
∣∣∣f(u0 +

∫ s

0

x(τ)dτ, v0 +
∫ s

0

y(τ)dτ)
∣∣∣ds

≤ kā
n∑
i=1

1
Γ(2− αi)

(t2 − t1)1−αi +
2M

Γ(2− γ1)
(t2 − t1)1−γ1 . (3.12)

Similarly, we obtain

|A2(z(t1))−A2(z(t2))|

≤ kb̄
n∑
i=1

1
Γ(2− βi)

(t2 − t1)1−βi +
2M

Γ(2− γ2)
(t2 − t1)1−γ2 .

(3.13)

From (3.12) and (3.13) it yields that A(D) is equicontinuous, and so by us-
ing Arzela-Ascoli theorem, we find that A(D) is relatively compact in C([0, h]) ×
C([0, h]).

Finally, by Schauder theorem, we conclude that the operator A has at least one
fixed point, this means that the system of integral equations (3.2) has at least one
local continuous solution (x, y) defined on [0, h]. Now, since for all t ∈ [0, h],

u(t) = u0 +
∫ t

0

x(s)ds, v(t) = v0 +
∫ t

0

y(s)ds, (3.14)

where x and y are solutions of system (3.2) of integral equations, it follows that
u′(t) = x(t), v′(t) = y(t) for any t in (0, h).

Using the definition of Caputo fractional derivative, we find for all t in (0, h),

cDαi
0+
u(t) = J1−αi

0+
x(t) =

1
Γ(1− αi)

∫ T

0

(t− s)−αix(s) ds, i = 1, . . . , n,

cDβi
0+
v(t) = J1−βi

0+
y(t) =

1
Γ(1− βi)

∫ T

0

(t− s)−βiy(s) ds, i = 1, . . . , n.

(3.15)

Combining (3.14), (3.15) and (3.2), for all t in (0, h) we obtain

u′(t) +
n∑
i=1

aiJ
1−αi
0+

du(t)
dt

= J1−γ1
0+

f(u(s), v(s))

v′(t) +
n∑
i=1

biJ
1−βi
0+

dv(t)
dt

= J1−γ2
0+

g(u(s), v(s)).

(3.16)

Since (u(0), v(0)) = (u0, v0), we conclude that (u, v) is a classical solution for (1.1)-
(1.2) on (0, h), and this solution may be extended (see [2]) to a maximal interval
(0, Tmax) with the alternative: either Tmax = +∞ and the solution is global; or

Tmax < +∞ and lim
t→Tmax

(|u(t)|+ |v(t)|) = +∞.

Next, we shall prove uniqueness. Assume that the Cauchy problem (1.1)-(1.2)
admits two classical solutions (u1, v1) and (u2, v2) with the same initial data (u0, v0)
on (0, Tmax). Observe that for all t ∈ (0, ρ) with ρ < Tmax, these solutions satisfy



8 A. MENNOUNI, A. YOUKANA EJDE-2017/152

the following equalities:

(u1 − u2)t +
n∑
i=1

aiD
αi
0+(u1 − u2) = J1−γ1

0+ (f(u1, v1)− f(u2, v2)),

(v1 − v2)t +
n∑
i=1

biD
βi
0+(v1 − v2) = J1−γ2

0+ (g(u1, v1)− g(u2, v2)).

(3.17)

Integrating (3.17) over (0, t) yields

(u1 − u2)(t) +
∫ t

0

n∑
i=1

aiD
αi
0+

(u1 − u2)(s)) ds

=
∫ t

0

J1−γ1
0+ (f(u1(s), v1(s))− f(u2(s), v2(s)))ds

(v1 − v2)(t) +
∫ t

0

n∑
i=1

bi D
βi
0+

(u1 − u2)(s)) ds

=
∫ t

0

J1−γ2
0+ (g(u1(s), v1(s))− g(u2(s), v2(s)))ds.

(3.18)

Let θ := max{α1, α2, . . . , αn, β1, β2, . . . , βn, γ1, γ2}. Using (3.18) and the fact
that f and g are locally Lipshitz on [0, h], thanks to (3.6) and (3.7), for all t ∈ (0, ρ),
we have
|u1(t)− u2(t)|

≤
∫ t

0

( n∑
i=1

ai
Γ(1− αi)

(t− s)−αi

+ L1
(t− s)−γ1
Γ(1− γ1)

)
‖u1(s)− u2(s), v1(s)− v2(s))‖ds

≤
∫ t

0

{ n∑
i=1

ai
Γ(1− αi)

(t− s)θ−αi

+
L1

Γ(1− γ1)
(t− s)θ−γ1}(t− s)−θ‖u1(s)− u2(s), v1(s)− v2(s))‖ds

≤ d1

∫ t

0

(t− s)−θ‖u1(s)− u2(s), v1(s)− v2(s))‖ds,

(3.19)

where

d1 := nā max
1≤i≤n

{ 1
Γ(1− αi)

ρθ−αi
}

+
L1

Γ(1− γ1)
ρθ−γ1 ,

and
‖u1(t)− u2(t), v1(t)− v2(t))‖ = |u1(t)− u2(t)|+ |v1(t)− v2(t)|.

Similarly,

|v1(t)− v2(t)| ≤
∫ t

0

( n∑
i=1

bi
Γ(1− βi)

(t− s)−βi

+ L2
(t− s)−γ2
Γ(1− γ2)

)
‖u1(s)− u2(s), v1(s)− v2(s))‖ds
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≤
∫ t

0

{ n∑
i=1

bi
Γ(1− βi)

(t− s)θ−βi +
L2

Γ(1− γ2)
(t− s)θ−γ2

}
× (t− s)−θ‖u1(s)− u2(s), v1(s)− v2(s))‖ds

≤ d2

∫ t

0

(t− s)−θ‖u1(s)− u2(s), v1(s)− v2(s)‖ds, (3.20)

where

d2 := nb̄ max
1≤i≤n

{ 1
Γ(1− βi)

ρθ−βi
}

+
L2

Γ(1− γ2)
ρθ−γ2 .

Then from (3.19) and (3.20), we find

‖(u1(t)− u2(t), v1(t)− v2(t)‖

≤ (d1 + d2)
∫ t

0

(t− s)−θ‖u1(s)− u2(s), v1(s)− v2(s)‖ ds ∀t ∈ (0, ρ).
(3.21)

Finally using Gronwall’s inequality (see [5, p. 6]), we deduce the uniqueness and
this completes the proof. �

4. Blow up results

This section is devoted to the blow up of solutions of the system (1.1)-(1.2)
whenever the nonlinear terms satisfy certain growth conditions. Our main result
reads as follows.

Theorem 4.1. Assume that the assumptions of Theorem 3.1 hold, and that the
functions f and g satisfy the growth conditions:

f(ξ, η) ≥ a|η|q, for all ξ, η ∈ R,
g(ξ, η) ≥ b|ξ|p, for all ξ, η ∈ R,

for some positive constants a, b. Then for all positive initial data, the solution of
(1.1)-(1.2) blows up in a finite time.

Proof. We proceed by contradiction. We assume that Tmax = +∞ and we consider
the function used in [4],

φ(t) =

{
T−λ(T − t)λ for t ∈ [0, T ], λ� 1,
0 for t > T.

(4.1)

Then by multiplying the first equation in (1.1) by φ and integrating over (0, T ), we
obtain ∫ T

0

ut(t)φ(t)dt+
∫ T

0

n∑
i=1

ai(Dαi
0+

(u(t)− u0))φ(t)dt

=
∫ T

0

(J1−γ1
0+

f(u(t), v(t)))φ(t)dt.

(4.2)

Let

ψ(t) :=
∫ t

0

φ(s)ds = − 1
λ+ 1

T−λ(T − t)λ+1 t ∈ [0, T ].
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Integrating by parts, and since ψ(T ) = 0, yields∫ T

0

(J1−γ1
0+

f(u(t), v(t)))φ(t)dt = −
∫ T

0

d

dt
(J1−γ1

0+
f(u(t), v(t)))ψ(t)dt

= −
∫ T

0

(Dγ1
0+
f(u(t), v(t)))ψ(t)dt

= −
∫ T

0

(Dγ1
T−
ψ(t))f((u(t), v(t))dt.

(4.3)

Recall (see [4]) the formulas

D
γj
T−φ(t) = Cλ,γjT

−λ(T − t)λ−γj , whereCλ,γj =
λΓ(λ− γj)

Γ(λ− 2γj + 1)
,

and

D
γj
T−ψ(t) = − 1

λ+ 1
Cλ+1,γjT

−λ(T − t)λ+1−γj = −C ′λ,γjφ(t)(T − t)1−γj , (4.4)

for j = 1, 2, where C ′λ,γj = 1
λ+1Cλ+1,γj , j = 1, 2. Then

−
∫ T

0

(Dγ1
0+
ψ(t))f(u(t), v(t))dt =

∫ T

0

C ′λ,γ1φ(t)(T − t)1−γ1f(u(t), v(t))dt. (4.5)

From (4.2), (4.3) and (4.5) and since u0 is positive and φ is in C1([0, T ]), thanks
to (4.1), an integration by parts yields

C ′λ,γ1

∫ T

0

φ(t)(T − t)1−γ1f(u(t), v(t))dt

≤ −
∫ T

0

u(t)φ′(t)dt+
n∑
i=1

∫ T

0

u(t)Dαi
T−

(aiφ(t))dt.
(4.6)

Observe that if p′ is the conjugate of p, then∫ T

0

u(t)(−φ′(t))dt

=
∫ T

0

u(t)(φ(t))
1
p (φ(t))−1/p(T − t)

1−γ2
p (T − t)

−(1−γ2)
p (−φ′(t))dt

≤ C ′λ,γ2
b

4

∫ T

0

|u(t)|pφ(t)(T − t)1−γ2 dt

+
( 4
bC ′λ,γ2

)p′/p ∫ T

0

(φ(t))−p
′/p(T − t)−(1−γ2) p

′
p |(φ′(t))|p

′
dt

≤ C ′λ,γ2
1
4

∫ T

0

g(u(t), v(t))φ(t)(T − t)1−γ2dt

+
( 4
bC ′λ,γ2

)p′/p ∫ T

0

(φ(t))−p
′/p(T − t)−(1−γ2) p

′
p |φ′(t)|p

′
dt,

(4.7)



EJDE-2017/152 FINITE TIME BLOW-UP OF SOLUTIONS 11

and for all 1 ≤ i ≤ n,∫ T

0

u(t)(Dαi
T−

(aiφ(t))dt

=
∫ T

0

u(t)(φ(t))
1
p (φ(t))−

1
p (T − t)

1−γ2
p (T − t)

−(1−γ2)
p Dαi

T−
(aiφ(t))dt

≤ C ′λ,γ2
b

4n

∫ T

0

|u(t)|pφ(t)(T − t)1−γ2dt

+
( 4n
bC ′λ,γ2

)p′/p
ap
′

i

∫ T

0

(φ(t))−p
′/p(T − t)−(1−γ2) p

′
p |(Dαi

T−
φ(t))|p

′
dt

≤ C ′λ,γ2
1

4n

∫ T

0

g(u(t), v(t))φ(t)(T − t)1−γ2dt

+
( 4n
bC ′λ,γ2

)p′/p
āp
′
∫ T

0

(φ(t))−p
′/p(T − t)−(1−γ2)p′/p|(Dαi

T−
φ(t))|p

′
dt.

(4.8)

Furthermore,

C ′λ,γ1

∫ T

0

f(u(t), v(t))φ(t)(T − t)1−γ1dt

≤ 1
2
C ′λ,γ2

∫ T

0

g(u(t), v(t))φ(t)(T − t)1−γ2 dt

+
( 4
bC ′λ,γ2

)p′/p ∫ T

0

(φ(t))−p
′/p(T − t)−(1−γ2) p

′
p |φ′(t)|p

′
dt

+ āp
′
( 4n
bC ′λ,γ2

)p′/p n∑
i=1

∫ T

0

(φ(t))−p
′/p(T − t)−(1−γ2) p

′
p |Dαi

T−
φ(t))|p

′
dt.

(4.9)

Analogously, if q′ is the conjugate of q, we obtain

C ′λ,γ2

∫ T

0

g(u(t), v(t))φ(t)(T − t)1−γ2dt

≤ −
∫ T

0

v(t)φ′(t)dt+
n∑
i=1

∫ T

0

v(t)Dβi
T−

( bi(t)φ(t))dt

≤ 1
2
C ′λ,γ1

∫ T

0

f(u(t), v(t))φ(t)(T − t)1−γ1dt

+
( 4
aC ′λ,γ1

)q′/q ∫ T

0

(φ(t))−q
′/q(T − t)−(1−γ1)q′/q|φ′(t)|q

′
dt

+ b̄q
′
( 4n
aC ′λ,γ1

)q′/q n∑
i=1

∫ T

0

(φ(t))−q
′/q(T − t)−(1−γ1)q′/q|Dβi

T−φ(t)|q
′
dt.

(4.10)

Denote

A := C ′λ,γ1

∫ T

0

f(u(t), v(t))φ(t)(T − t)1−γ1dt,

B := C ′λ,γ2

∫ T

0

g(u(t), v(t))φ(t)(T − t)1−γ2dt,
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C :=
∫ T

0

(φ(t))−p
′/p(T − t)−(1−γ2) p

′
p |φ′(t) |p

′
dt,

D :=
∫ T

0

(φ(t))−q
′/q(T − t)−(1−γ1)q′/q|φ′(t)|q

′
dt,

E :=
∫ T

0

(φ(t))−p
′/p(T − t)−(1−γ2) p

′
p

n∑
i=1

|Dαi
T−φ(t)|p

′
dt,

F :=
∫ T

0

(φ(t))−q
′/q(T − t)−(1−γ1)q′/q

n∑
i=1

|Dβi
T−φ(t)|q

′
dt.

From (4.9) and (4.10) we have

A ≤ 1
2
B +

( 4
bC ′λ,γ2

)p′/p
(C + np

′/pāp
′
E),

B ≤ 1
2
A+

( 4
aC ′λ,γ1

)q′/q
(D + nq

′/q b̄q
′
F ),

then

A ≤ 1
2

(1
2
A+

( 4
aC ′λ,γ1

)q′/q
(D + nq

′/q b̄q
′
F )
)

+
( 4
bC ′λ,γ2

)p′/p
(C + n

p′
p āp

′
E)

=
1
4
A+

1
2

( 4
aC ′λ,γ1

)q′/q
(D + nq

′/q b̄q
′
F ) +

( 4
bC ′λ,γ2

)p′/p
(C + n

p′
p āp

′
E);

thus

A ≤ 2
3

( 4
aC ′λ,γ1

)q′/q
(D + nq

′/q b̄q
′
F ) +

4
3

( 4
bC ′λ,γ2

)p′/p
(C + n

p′
p āp

′
E)

and

B ≤ 1
2

(2
3

( 4
aC ′λ,γ1

)q′/q
(D + nq

′/q b̄q
′
F ) +

4
3

( 4
bC ′λ,γ2

)p′/p
(C + n

p′
p āp

′
E)
)

+
( 4
aC ′λ,γ1

)q′/q
(D + nq

′/q b̄q
′
F )

≤ 4
3

( 4
aC ′λ,γ1

)q′/q
(D + nq

′/q b̄q
′
F ) +

2
3

( 4
bC ′λ,γ2

)p′/p
(C + n

p′
p āp

′
E).

Taking into account (4.2), (4.7) and (4.8), we deduce that

u0

∫ T

0

Dα1
T−
φ(t)dt

=
u0

a1

∫ T

0

Dα1
T−

(a1φ(t))dt

≤ 1
a1

(
−
∫ T

0

u(t) φ′(t)dt+
∫ T

0

n∑
i=1

u(t) Dαi
T−

(aiφ(t)) dt
)

≤ 1
a1

(1
2
B +

( 4
bC ′λ,γ2

)p′/p
(C + n

p′
p āp

′
E)
)

≤ 1
a1

(2
3

( 4
aC ′λ,γ1

)q′/q
(D + nq

′/q b̄q
′
F ) +

4
3

( 4
bC ′λ,γ2

)p′/p
(C + n

p′
p āp

′
E)
)
.



EJDE-2017/152 FINITE TIME BLOW-UP OF SOLUTIONS 13

For λ > max{p
′

p + p′ − 1, q
′

q + q′ − 1}, it holds

∫ T

0

Dαi
T−
φ(t)dt = Cαi,λT

1−αi , (4.11)

where

Cαi,λ =
Γ(λ+ 1)

Γ(λ− αi + 2)
, ∀1 ≤ i ≤ n .

Also there exists a positive constant K such that

C ≤ KT (γ2−1) p
′
p +1−p′ , D ≤ KT (γ1−1) q

′
q +1−q′ ,

E ≤ K
n∑
i=1

T (γ2−1) p
′
p +1−p′αi , F ≤ K

n∑
i=1

T (γ1−1) q
′
q +1−q′βi , ∀1 ≤ i ≤ n. (4.12)

Consequently,

u0

∫ T

0

Dα1
T−
φ(t)dt

≤ 2
3a1

( 4
aC ′λ,γ1

)q′/q
K
(
T (γ1−1) q

′
q +1−q′ + nq

′/q b̄q
′
n∑
i=1

T (γ1−1) q
′
q +1−q′βi

)
+

4
3a1

( 4
bC ′λ,γ2

)p′/p
K
(
T (γ2−1) p

′
p +1−p′ + n

p′
p āp

′
n∑
i=1

T (γ2−1) p
′
p +1−p′αi

)
.

(4.13)

Using (4.11) and (4.13), we obtain

u0 ≤ C−1
α1,λ

K
{ 2

3a1

( 4
aC ′λ,γ1

)q′/q(
T (γ1−1) q

′
q +α1−q′

+ nq
′/q b̄q

′
n∑
i=1

T (γ1−1) q
′
q +α1−q′βi

)}
+ C−1

α1,λ
K
{ 4

3a1

( 4
bC ′λ,γ1

)p′/p(
T (γ2−1) p

′
p +α1−p′

+ n
p′
p āp

′
n∑
i=1

T (γ2−1) p
′
p +α1−p′αi

)}
.

(4.14)

Similarly we obtain

v0

∫ T

0

Dβ1
T−
φ(t)dt

≤ 1
b1

(1
2
A+

( 4
aC ′λ,γ1

)q′/q
(D + nq

′/q b̄q
′
F )
)

≤ C−1
β,λ

( 4
3b1

( 4
aC ′λ,γ1

)q′/q
(D + nq

′/q b̄q
′
F ) +

2
3b1

( 4
bC ′λ,γ2

)p′/p
(C + n

p′
p āp

′
E)
)
,
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which yields

v0 ≤ C−1
β1,λ

K
{ 4

3b1

( 4
aC ′λ,γ1

)q′/q(
T (γ1−1) q

′
q +β1−q′

+ nq
′/q b̄q

′
n∑
i=1

T (γ1−1) q
′
q +β1−q′βi

)}
+ C−1

β1,λ
K
{ 2

3b1

( 4
bC ′λ,γ2

)p′/p(
T (γ2−1) p

′
p +β1−p′

+ n
p′
p āp

′
n∑
i=1

T (γ2−1) p
′
p +β1−p′αi

)}
.

(4.15)

One can observe that

(γ1 − 1)
q′

q
+ α1 − q′ < 0, (γ2 − 1)

p′

p
+ α1 − p′ < 0,

(γ1 − 1)
q′

q
+ β1 − q′ < 0, (γ2 − 1)

p′

p
+ β1 − p′ < 0,

(γ2 − 1)
p′

p
+ α1 − p′αi < 0, (γ1 − 1)

q′

q
+ β1 − q′βi < 0, ∀1 ≤ i ≤ n,

(γ2 − 1)
p′

p
+ β1 − p′αi < β1 − α1, (γ1 − 1)

q′

q
+ α1 − q′βi < α1 − β1,

∀1 ≤ i ≤ n.

(4.16)

Inequalities (4.16) reduce to

(γ2 − 1)
p′

p
+ β1 − p′αi < 0, ∀1 ≤ i ≤ n,

or

(γ1 − 1)
q′

q
+ α1 − q′βi < 0, ∀1 ≤ i ≤ n.

Taking the limit when T approaches infinity in (4.14) and (4.15), we find

0 < u0 ≤ 0 or 0 < v0 ≤ 0. (4.17)

This leads to a contradiction and consequently the maximal time of existence for
the solution to (1.1)-(1.2) is finite and this completes the proof. �
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