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INTEGRAL SOLUTIONS OF FRACTIONAL EVOLUTION
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Communicated by Mokhtar Kirane

ABSTRACT. In this article, we study the existence of integral solutions for two
classes of fractional order evolution equations with nondensely defined linear
operators. First, we consider the nonhomogeneous fractional order evolution
equation and obtain its integral solution by Laplace transform and probabil-
ity density function. Subsequently, based on the form of integral solution for
nonhomogeneous fractional order evolution equation, we investigate the exis-
tence of integral solution for nonlinear fractional order evolution equation by
noncompact measure method.

1. INTRODUCTION

We consider the nonhomogeneous fractional order evolution equation
“DE u(t) = Au(t) + (), te€(0,b],

(0 — g (1.1)

and the nonlinear fractional order evolution equation
“DE, u(t) = Au(t) + g(t, u(t)), te (0,0],

u(0) — e (1.2)

where CDg 4 is the Caputo fractional derivative of order 0 < ¢ < 1, the state
u(-) takes values in a Banach space X with norm |- |, A : D(A) C X — X is
a nondensely closed linear operator on X, f and g are given functions satisfying
appropriate conditions.
For the integer order evolution equation:
u'(t) = Au(t) + f(t,u(t)), te(0,b],
u(0) = uyg,
in case A is a Hille-Yosida operator and is densely defined (i.e., D(A) = X), the

problem has been extensively studied (see [I5]). When A is a Hille-Yosida operator
but its domain is nondensely defined, there have many results (see [2, [8 [I8, [19]
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and the references therein). It is noted that Da Prato and Sinestrari are the first
to work on equations with nondense domains, see [5].

On the other hand, fractional order differential equations have recently been
applied in various areas of engineering, physics and bio-engineering, and other ap-
plied sciences. For some fundamental results in the theory of fractional calculus
and fractional differential equations, we refer the reader to the monographs by
Samko et al. [I7], Kilbas et al. [9], Diethelm [4] and Zhou [30], and the papers
[1 [10] 29], 24, 27, [25] [26] 28] and the references cited therein.

For nonlinear fractional evolution equation with initial data or nonlocal
condition, when A is densely defined, there have been many results on the existence
of mild solutions (see [IT], 16l 20 23]). In [23], by using similar methods due to
El-Borai [0 [7], Zhou and Jiao proposed a suitable concept on mild solution by
applying probability density function and Laplace transform, which is widely used
now. When A is not densely defined, there have been some investigations (see
[13, 22]). However, in [13], there was an error in transforming integral solution into
an available form. Zhang et al. [22] presented a formula for integral solution by
using the similar method described in [23], but the equivalency of integral equations
was not proved.

Motivated by the above discussion, in this paper, we will firstly give the inte-
gral solution for nonhomogeneous fractional evolution equation by Laplace
transform and probability density function, and subsequently investigate the exis-
tence of integral solution for nonlinear fractional order evolution equation by
Ascoli-Arzela theorem and the measure of noncompactness. In what follows we do
not require the Cp—semigroup (will be given later) to be compact.

The rest of this paper is organized as follows. In Section 2, notation and pre-
liminaries are given. The integral solution of nonhomogeneous fractional evolution
equation is given in Section 3. In Section 4, the existence of integral solu-
tion for nonlinear fractional order evolution equation is studied. The paper
concludes with a problem proposed for further research.

2. PRELIMINARIES

In this section, we recall some concepts on fractional calculus and present some
lemmas and assumptions which are useful in the sequel.

Let p > 0, n = [p] (the least integer greater than or equal to p) and u €
L'([0,b], X). The Riemann-Liouville fractional integral is defined by

I§ u(t) = gp(t) * u(t) = /0 gp(t — s)u(s)ds, t >0,

where * denotes convolution and g,(t) = #*~!/T'(p). In case p = 0, we set
go(t) = d(t), the Dirac measure concentrated at the origin. For u € C(]0,b], X),
the Riemann-Liouville fractional derivative is defined by

, "
LDg+u(t) = (ﬁﬁ(gn—p(t) *u(t))
and the Caputo fractional derivative can be defined by
mn
. d™u(t)
dtn

CD&_u(t) = gn—p(t)

for all ¢ > 0. For more details, see [9].
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Next, we introduce the Hausdorff measure of noncompactness §(-) defined on
each bounded subset €2 of Banach space X by

B(2) = inf{e > 0,9 has a finite e-net in X}.
Some basic properties of 3(-) are listed in the following Lemmas.

Lemma 2.1 ([3]). The noncompact measure 3(-) satisfies:
() for all bounded subsets By, By of X, By C Bg implies (B1) < B(Bs);
ii) B({z} U B) = B(B) for every x € X and every nonempty subset B C X ;
(iii) B(B) = 0 if and only if B is relatively compact in X ;
(IV) ﬁ(Bl + BQ) < B(Bl) +ﬁ(BQ) where B1 + By = {.T +y:x e Bl, TAS BQ},‘
v) B(B1U Bz) < max{B(B1), 8(B2)};
(vi) B(AB) < |A|B(B) for any A € R.

Lemma 2.2 ([T4]). Let J = [0,b] and {u,}22, be a sequence of Bochner integrable
functions from J into X with |u,(t)] < m(t) for almost allt € J and every n > 1,
where m € L(J,RY). Then the function ¥(t) = B({un(t)}32;) belongs to L(J,RT)

and satisfies
6({/0 un(s)ds : n > 1}) < 2/0 P(s)ds

Let Xo = D(A) and Ag be the part of A in D(A) defined by
D(Ag) ={z € D(A) : Az € D(A)}, Apz = Ax.

Proposition 2.3 ([15]). The part Ay of A generates a strongly continuous semi-
group(that is, Co—semigroup) {Q(t) }1>0 on Xo.

In the forthcoming analysis, we need the following hypothesis:

(H1) The linear operator A : D(A) C X — X satisfies the Hille-Yosida condition,
that is, there exist two constant w € R and M such that (w, +00) C p(A4)
and

M
—k
(H2) Q(¢) is continuous in the uniform operator topology for ¢ > 0, and {Q(t) }+>0
is uniformly bounded, that is, there exists M > 1 such that sup,¢jo ;o0 [Q()] <
M.

3. INTEGRAL SOLUTION TO NONHOMOGENEOUS CAUCHY PROBLEM

Here we derive the integral solution for nonhomogeneous fractional order evo-
lution equation with the aid of Laplace transform and probability density
function. For Cauchy problem , it is assumed that up € Xg and f:J — X is
continuous.

Definition 3.1. A function u(t) is said to be an integral solution of (1.1)) if

(i) u:J — X is continuous;
(ii) 1§ u(t) € D(A) for t € J and
(iii)
u(t) = ug + AIf u(t) + IS, f(t), te (3.1)
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Remark 3.2. If u(t) is an integral solution of (1.1)), then u(t) € X for t € J. In
fact, by I, u(t) € D(A), we have Ij u(t) = I&;qlg+u(t) € D(A) for t € J. Then
u(t) = limy, o+ %f:“l u(s)ds € Xg for t € J.

Definition 3.3 ([12]). The Wright function M () defined by

)=y O
L(0) =
— (n—1IT(1—qn)
is such that
o0 I(1+90)
M, (0)d0 = ———2L for § > 0.
|, o - gy e

Consider the auxiliary problem

“Di, u(t) = Agu(t) + f(t), te (0,0,

3.2
u(0) = up. (3:2)

By Definition the integral solution of (3.2]) can be written as
u(t) = uo + Ao g u(t) + I, f(t) (3.3)

for ug € Xo and t € J. The following Lemma gives an equivalent form of (3.3) by
means of Laplace transform.

Lemma 3.4. If f take values in Xo, then the integral equation (3.3]) can be ex-
pressed as

u(t) = (155K 1) o + /0 Kyt ) f(s)ds, te (3.4)
where
K (t) =t P, (), P,(t) = /0 = 0M,(0)Q(196)do.
Proof. Let A > 0. Applying the Laplace transform
YO = /O T e Nou(s)ds and w(\) = /0 TN f(s)ds
to , we obtain
X() = X0+ i Agx() + 35 ()
= MTHAT — Ag)hug + (AT — Ag) Trw(X) (3.5)
T / " e N5Q (s uods + / N Q(s)w(N)ds,

0

provided that the integrals in (3.5)) exist, where I is the identity operator defined
on X.
The Laplace transform of

is
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where ¢ € (0,1). Using (3.6]), we have
/ e NQ(s)upds = / gt e A Q1) ugdt
0

/ / Qg (0)e= NN Q1)1 Lugdfdt

Y
/ / iy (0 Q( eq) B ododt (3.7)
At !
- / / a0 071 —uode}dt

:/ 7)\ttq 1Pq( )Uodt
0

/ h e M Q(s)w(N)ds
0

= /oo /C><> gt te= O Q7)™ f(s)dsdt
0 0
— / - / - / h Qg (0)e= M Q1) e 1971 f(5)dBdsdt
/ / / quby(0 —A(t+s)Q(g)t(;;lf(s)dedsdt
[T [ (MG S s

:/0 e—”[/o ()7 Py(t — ) (s)ds] dr.

Since the Laplace inverse transform of A2~ is

and

(3.8)

tfq
=g g1-4(1),

therefore, by (3.5)), (3.7) and (3.8)), for t € J, we obtain

u(t) = (S_l()\q_l) * Kq(t) uo + / K, (t—s)f(s)ds

LI =

:(11 1K, ( u0—|—/K (t — s)f(s)ds.
This completes the proof. ([

Remark 3.5. Let S,(t) = Ié;qKq(t). By the uniqueness of Laplace inverse trans-
form, it is obvious that operators S,(t) and P,(t) (obtained here) are the same as
the ones given in [23]. In addition, we also obtain the relationship between S (t)
and K, (t); that is, S,(t) = I&;qKq(t) for ¢ > 0. So, we can say that {K,(¢)}i>0 is
generated by Ajp.

Proposition 3.6 ([30]). With assumption (H2), P,(¢) is continuous in the uniform
operator topology for ¢ > 0.
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Proposition 3.7 ([23]). With assumption (H2), for any fized t > 0, {K4(t)}i>0
and {Sq(t)}i>0 are linear operators, and for any x € Xo,

Mt
|Ky(t)x| < W

Proposition 3.8 ([23]). With assumption (H2), {K,(t)}1>0 and {S4(t)}i>0 are
strongly continuous, that is, for any x € Xo and 0 <t' <t” <b,

|K,(tx — Ko(t")z| = 0 and |Sy(t)z — Sy(t")x] — 0, ast’ —1t.
If we assume that f takes values in Xy, then (3.4]) can be written as

|z|  and |S4(t)z| < Mlx|.

u(t) = Sq(t)uo + /t Kq(t—s) )\lirf By f(s)ds (3.10)
0 — T 00
or ,
u(t) = Sq(t)uo + )\lirf K, (t —s)Baf(s)ds, (3.11)
—+ Jo

where By = MM — A)~!, since limy ..o Bar = z for z € Xog. When f takes
values in X, but not in Xy, then the limit in (3.11]) exists (as we will prove). But
the limit in (3.10)) will no longer exist.

Lemma 3.9. Any solution of integral equation (3.1) with values in Xo is repre-

sented by (3.11]).

Proof. Let
’U,/\(t) = B)\u(t), f)\(t) = B)\f(f), u) = B/\’LLO.
By applying B) to (3.1]), we have
U)\(t) =uy + AO_[(()ZJFU)\(t) + Ingf)\(t).

Hence, by Lemma |3.4] we obtain

t
ux(t) = Sq(t)un —I—/ K, (t —s)fr(s)ds.
0
As u(t), up € Xo, we have

ux(t) = u(t),un — ug, Sq(t)ur — Sy(t)ug, as A — +oo.

Thus (3.11)) holds. This completes the proof. O
Let us define
¢ t
Q,(t)r = lim K (t—s)Byrds = lim K,(s)Bxx ds, (3.12)
A— 400 0 A——+0o0 0

forx € X and t > 0.

Proposition 3.10. For x € X and t > 0, the limit in (3.12)) exists and defines a
bounded linear operator ®q(t).

Proof. Let
P (t)x = /t K, (t—s)xds = /t K, (s)zds,
for xg € Xg and t > 0. Then, tohe definition '
Oq(t) = (M = A)@°(t)(M — A),
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for A > w, extends ®)(t) from Xo to X. This definition is independent of A because
of the resolvent identity. As ®,(t) maps X into Xy, we have

Q,(t)x = )\Erfoo B)\®,(t)x = )\Erfoo <I>2(t)B>\:17.
This completes the proof. ([l

Proposition 3.11. For z € Xo and t > 0, “D§, ®0(t)x = Sq(t)x and Sy(t)z =
AD)(t)x + .

The proof of the above proposition follows directly from the definitions of S, (t)
and ®9(t) for t > 0.
Lemma 3.12. (i) For x € X andt >0, I, ®,(t) € D(A) and
4
(i) For x € D(A),
O, (1) Az + x = Sy(t)x. (3.14)
Proof. (i) For x € X and ¢t > 0, let

q

V(t) = M () (M — A) o + m(ﬂ —A) e — @) (A — A)!
Clearly V(0) = 0. By Proposition we have
“DELV(t)
= APV ()M — A)rw + (AT — A)'a — ODE @0 () (M — A)~!
= A0 ()M — A) e+ (M — A)'a — Sy (t) (M — A)~!
=APY(t) (A — A)ra+ (M — A A<1>0( YA —A) e — (M- Az
(t)(

— ADY(t)(M — A)
= (M = A)°(t)(N\ - A) 'z

= q(t)x
Then
V() = I3, @, (t) + V(0) = I8, @y (t)a
and
M —-A)V ()= (A — A)Ig+<1)q(t):1: = )Jg+<I>q(t)x + F(ltij—q)x — @, (t)x.
Thus a

(ii) For x € D(A), it follows by Proposition that
¢ ¢
O,(t)Axr = lim K (s)ByAxds = lim AO/ K (s)Bxzds

A—+oo A—+o0
= AOCIDE( ) =S,(t)x — x.
This completes the proof. (I
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Theorem 3.13. u(t) is an integral solution of (1.1) if and only if
t
u(t) = Sq(t)uo + )\lirf K, (t —s)Bxf(s)ds (3.15)
— 100 0

fort e J and ug € Xp.
Proof. In view of Lemma we only need to show that (3.15) is the integral
solution of (|1.1). Indeed it is sufficient to prove the theorem for uy = 0, because

it can easily be proved for the special case f = 0. We complete the proof in two
steps.

Step I. Assume that f is continuously differentiable, then for ¢t € J, we have

un(t) = /0 " K(5)Ba f(5)ds
_ /Ot K, (9)Bx(£(0) + /O 7/(r)dr ) s
:/Ot Kq(s)BAf(O)ds—i—/Ot Kq(s)B,\</os 7/(r)dr ) s

= &) (t)Bxf(0) +/ DY (t —r)Byf'(r)dr.

0
By Lemma for t € J, we obtain

u(t) = )\Erfoo uy(t)

= 2,(0f(0) + [ Byft = f)ar
0
14
I(1+4q)
t q (t — T)q /
Jr/o {A(IOJF(I)q(t — 7”)) + m}f (T)d?"

= A1, 2,)/(0) + /0 T By — ) f ()

e 1
+mf(0)+

= A(I5,24(1) £(0)) + £(0)

71_‘(1 0 /0 (t —r)2f'(r)dr

= Al1g. 2,0 50) + 13, ( /O @yt~ ) (r)dr)]
ta 1 t o
= A(I§, u(t) + I§, f(t).

Step II. We approximate f by continuously differentiable functions f,, such that
sup |f(t) — fu(t)] — 0, asn — oc.
teJ

Letting
t

un(t) = lim K, (8)Bx fn(s)ds,

A—0o0 0
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we have
un (t) = A(I§ un (t)) + I, ful(t).
Then
[t () — wpm (t |—’ hm / Kq(5)BA[fu(s) = fin(s)]ds]
MM a1 — s)|ds
SW/O(H) £a(8) = Fun(s)ld

MMb
W||fn_fm||v

which implies that {u,} is a Cauchy sequence and its limit, denoted by u(¢), exists.
Taking limit on both sides of , we obtain

u(t) = A(I§, u(t)) + I, f(t), forte J.
Therefore, (3.15) is the integral solution of (|1.1)). This completes the proof. O

Remark 3.14. (i) Integrating the last term in (3.15) and using Proposition
the integral solution (3.15)) can be expressed as

t

u(t) = Sq(t)uo + % D, (t —s)f(s)ds.

(ii) (AT —A) "tz = X [[T e MP4(t)x ds for x € X and A > w. In fact, by taking
Laplace transform of (3.13), we obtain

4
I(1+4q)
= \TIAL[D, ()] + AT e
= A\ - A

L[4 (t)z] = AL, @q(t)x] + £]

2]

(i) We can say that A generates the operator {®,(t)};>0. When ¢ = 1,
{®4(t)}+>0 degenerates into {S(t)}i>0, which is integrated semigroup generated
by A in [18].

4. INTEGRAL SOLUTION TO A NONLINEAR CAUCHY PROBLEM

In this section, we study the existence of integral solution of nonlinear fractional
evolution equation ([1.2)). We need the following assumptions:

(H3) for each t € J, the function g(¢,-) : X — X is continuous and for each
x € X, the function g(-,z) : J — X is strongly measurable;
(H4) there exists a function m € L(J,R") such that

q + : q —
I§, m(t) € C(J,RT), tlirél+ I§, m(t) =0,
lg(t,z)] < m(t) for all z € X and almost all t € J;
(H5) there exists a constant [ > 0 such that for any bounded D C X,
B(g(t,D)) <1B(D), for ae. teJ.
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By Theorem it is easy to see that the integral solution of (|1.2)) is equal to
the solution of

u(t) = Sq(t)uo + :llt/o D, (t — s)g(s,u(s))ds (4.1)
or
u(t) = Sq(t)uo + Erfoo | K, (t — s)Bag(s, u(s))ds. (4.2)

For u € C(J,Xy), define an operator
(Fu)(t) = (Z1u)(t) + (F2u)(b),

where
t

(Fiu)(t) = Sy(huo and (Fou)(t) = Tim [ K, (= )Bagls,uls))ds,
> Jo

for all t € J. Let B,(J) = {u € C(J, Xo) : ||Ju|| <r}.

Lemma 4.1. Suppose that conditions (H1)-(H4) hold. Then {Tu :u € B.(J)} is
equicontinuous.

Proof. By Proposition Sq(t)uo is uniformly continuous on J. Consequently,
{Zu: ue B.(J)} is equicontinuous.
For u € B,(J), taking t; =0, 0 < t < b, we obtain
ta

(Zou)(ta) — (Fa)(©) = | Tim [ Kyt = 5)Bagls, us))ds|
> Jo

MM/t2 .
< = to —s5)7'm(s)ds — 0, asty — 0.
T Jy 70 :

For 0 < t1 <ty < b, we have
[(Z2u)(t2) — (Z2u)(t1)|

< ) lim /t2 (ty — )17 1P, (ta — S)B,\g(s,u(s))ds‘

A——+o00 t

t1
+ ‘ )\11111 / (t2 — 5)97 1 P,(ta — s)Bag(s,u(s))ds
— T 00 0

t1

- )\lirf (t; — )11 P,(ta — s)Bag(s, u(s))ds‘
— T 00 0

t1
+ ‘ lim / (t1 — 8)97 1P, (ta — 5)Bag(s, u(s))ds
A—+oo Jo
t1

— lim (t1 — 8)7 Pyt — s)BAg(s,u(s))ds’
A——+o00 0

—MM ’ =L (s)ds

< T \/tl (t2 — 5)7'm(s)d
MM " =1 (ty — 5)T Ym(s)ds
17 [ 0= = = 9 m(e)d

+| AETOO/O (tr = )7 [Py(t2 — 5) — Pyt — 5)|Bag(s, u(s))ds

<+ I + I,
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where

)

2OL [ [t = 2 = 9 s,

I =
I = ’A“If / (tr — 8)I7 [P, (ty — 5) — Py(t; — s)]B)\g(s,u(s))ds‘.
— T 00 0
By condition (H4), one can deduce that lim;, ¢, I; = 0. Noting that
[t — )71 = (t2 — 5 Jm(s) < (02 — 5~ m(s),

and fgl (t; — 5)71m(s)ds exists, it follows by Lebesgue dominated convergence
theorem that

t1
/ [(t; — 8)T7 — (ta — 8)T Hm(s)ds — 0, asty — t,
0

which implies that lims, ¢, T2 = 0.
For & > 0 small enough, by (H4), we have

hfﬁ/h%rwwwwr@—am—ﬂmMmmw
0
LT[ (0= )T Pyt — 5) — Pyt — 9)l[g(s, u(s))lds

tlffi

t1
< M/ (t1 — )1 'm(s)ds  sup |P,(ta —s) — Py(t, — s)|
0

s€[0,t1—¢]
2MM ("
+ = (t; — 8)7 ' m(s)ds
F(q> t1—¢
< I3y + I3p + I3,
where

rI'(q)

I31 = ——=—= sup |P,(ta —s)— P,(t1 — )|,

Wi Semﬁll a( ) — Pyl )l

Iy = %4‘ /Otl(tl — 8)7  m(s)ds — /Otl_e(tl — & — )9 hm(s)ds|,

AfﬂﬁfArlnﬁ—w*—m—w*m@m

By Proposition [3.6] it follows that Is; — 0 as to — t1. Applying the arguments
similar to the ones employed in proving that I, I> tend to zero, we obtain I3y — 0
and I33 — 0 as ¢ — 0. Thus, I3 tends to zero independently of u € B,.(J) as
to — t1, € — 0. Therefore, |(Fou)(t2) — (F2u)(t1)] — 0 independently of u € B,.(J)
as ta — t1, which implies that {Zu : u € B,(J)} is equicontinuous. Therefore,
{Zu: ue B(J)} is equicontinuous. The proof is complete. O

Lemma 4.2. Assume that (H1)-(H4) hold. Then J maps B,(J) into B.(J), and
is continuous in B,.(J).
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Proof. Claim I. . maps B,(J) into B,(J). Obviously, by (H4), there exists a
constant r > 0 such that

Mt
M (|ug| + su —/ t—5)9" m(s)ds ) <.
{7 10 mion)
For any u € B, (J), by Proposition we have

(Tu)(®)] < |Sy(B)uol + | | lim /0 Kqy(t = 5)Bag(s, u(s))ds|

— 400

< Mlug| + % / (t — )7 g(s, u(s))|ds

< M(\uo| + ilellj) {I‘JE{]) /Ot(t - s)qflm(s)ds}) <r

Hence || T u|| < r for any u € B,(J).
Claim II. .7 is continuous in B, (J). For any u,;,,u € B.(J), m = 1,2,..., with
lim,,— o0 Um = u, by (H3), we have
g(t,um(t)) — g(t,u(t)) asm — oo,
for t € J. On the one hand, using (H4), for each ¢ € J, we obtain
(t —8)Tg(s,um(s)) — g(s,u(s))] < 2(t — s)9 tm(s), a.e. in [0,1).

As the function s — 2(t — 5)? !m(s) is integrable for s € [0,¢) and t € J, by
Lebesgue dominated convergence theorem, we obtain

/0 (t = )7 g(5,um(s)) — g(s, u(s))lds — 0 as m — oo.
For t € J, we obtain
(T um)(t) = (Fu)(t)]

<[ Jim_ [ Kyt =) Balas, 0 (9) = s, u(s))is

MM [t -
<o /0 (£ = 5)7 (s, um(s)) — g5, us))lds — 0 as m — oc.

Therefore, T U, — J u pointwise on J as m — oo. Hence it follows by Lemma [4.1
that T u,, — Ju uniformly on J as m — oo and so .7 is continuous. The proof is
complete. |

Theorem 4.3. Assume that (H1)—(H5) hold. Then the Cauchy problem (1.2) has
at least one integral solution in B,(J).

Proof. Let yo(t) = Sy(t)up forallt € J and ypt1 = TYm, m =0,1,2,---. Consider
the set # = {ym : m =0,1,2,---}, and show that it is relatively compact.

By Lemmas and A is uniformly bounded and eugicontinuous on J.
Next, for any ¢t € J, we just need to show that s#(t) = {y,,(t),m =0,1,2,--- } is
relatively compact in Xj.

By the assumption (H5) together with Lemmas and for any t € J, we
have

(o ®) = 8({ym®¥=0) = B({wo®} U fym®ims ) = B({ym®)}is)
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and

B({um®¥=1) = B({(Tvm) 520

B({Suuo+ lim_ [ Kyt —)Brgls.ym(s)ds} )

A—+o00 g m=0

= ({ 1im /Ot Kolt = 5)Bagls, ym(9))ds} )

A—-+o0 m=

QMM [* » N
< F(q)/o (t—s)* ﬂ(g(S,{ym(s)}m:O)>dS
2M M1
I'(q)

/Ot(t - s)lfQQ({ym(s)}fnozo) ds.

Thus —
sre) < 21 [ -9 aprs)as
I'(e) Jo
Therefore, by generalized Grownwall’s inequality [21I], we infer that (72 (t)) =
0. In consequence, J2(t) is relatively compact. Hence, it follows from Ascoli-
Arzela theorem that 7 is relatively compact. Therefore, there exists a convergent
subsequence of {y,}5°_,. For the sake of clarity, let lim,, oo ym = y* € B,(J).
Thus, by continuity of the operator .77, we have

y* = lim yp, = lim Ty, =7( lim ynm_1) =Ty,
m— 00 m— 00

m—0o0

which implies the Cauchy problem (1.2)) has least an integral solution. O

5. AN EXAMPLE

As an application of our results we consider the fractional time partial differential
equation

q 2
%z(t,z) _ %z(,x) LG (), zel0,m], te (0,8, 0<q<l,

z((t,0) = z(t,m) =0, te€(0,b], (5.1)
2(0,x) = z9, x €10,
where G : [0,b] x R — R is a given function. Let
u(t)(z) = z(t,z), tel0,b], z€l0,n],
g(t,u)(z) = G(t,u(x)), te€]0,b], z€|0,n].

We choose X = C([0, 7], R) endowed with the uniform topology and consider the
operator A : D(A) C X — X defined by:

D(A) = {u € C*([0,7],R) : u(0) = u(n) =0}, Au=1u".
It is well known that the operator A satisfies the Hille-Yosida condition with
(0,400) C p(A), [[(AI = A)7!| < & for A > 0, and
D(A)={ue X :u(0) =u(nr) =0} # X.

We can show that problem (1.2)) is an abstract formulation of problem (5.1)). Under
suitable conditions, Theorem implies that problem ([5.1)) has a unique solution
z on [0,b] x [0, 7].



14 H. B. GU, Y. ZHOU, B. AHMAD, A. ALSAEDI EJDE-2017/145

Concluding remarks. In this article, we have obtained the integral solution for
nonhomogeneous Cauchy problem and established the relationship between
{S4(t)}+>0 and {K4(t) }+>0. Also sufficient conditions ensuring the existence of inte-
gral solutions to nonlinear Cauchy problem , involving a linear closed operator
A of Hille-Yosida type with not densely defined domain, are presented.

For further research, we propose the following open problem: How to establish
the existence of an integral solution to fractional evolution equation when
linear closed operator A is not a Hille-Yosida type and its domain is not densely
defined?
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Foundation of China (11671339).
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