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GLOBAL REGULARITY CRITERIA FOR THE n-DIMENSIONAL
BOUSSINESQ EQUATIONS WITH FRACTIONAL DISSIPATION

ZUJIN ZHANG

ABSTRACT. We consider the n-dimensional Boussinesq equations with frac-
tional dissipation, and establish a regularity criterion in terms of the velocity
gradient in Besov spaces with negative order.

1. INTRODUCTION

In this article, we study the n-dimensional Boussinesq equations with fractional
dissipation,
dru+ (u-V)u+ A%*u + VII = e,
oY+ (u- V)9 =0,
V-u=0,
u(0) =ug, V¥(0) =y,

where u : RT x R® — R"™ is the velocity field; 9 : RT x R® — R is a scalar function
representing the temperature in the content of thermal convection (see [§]) and the
density in the modeling of geophysical fluids (see [9]); IT is the the fluid pressure;
e, is the unit vector in the z,, direction; and A := (—A)%7 a > 0 is a real number.

When a = 1, Equation reduces to the classical Boussinesq equations, which
are frequently used in the atmospheric sciences and oceanographic turbulence where
rotation and stratification are important (see [8,[9]). If ¥ = 0, then becomes
the generalized Navier-Stokes equation, which was first considered by Lions [7],
where he showed the global regularity once a > % + 4. One may refer the reader
to [0, 0] for recent advances. Xiang-Yan [I2], Yamazaki [I3] and Ye [I4] were
able to extend Lions’s result to system , where there is no diffusion in the ¢
equation. And it remains an open problem for the global-in-time smooth for
with 0 < a < % + 4. The purpose of the present paper is to establish a blow-up
criterion as follows.

(1.1)

Theorem 1.1. Let0 < a < £+2, (ug,99) € H*(R") with s > 1+% and V-uy = 0.
Assume that (u,d) be the smooth local unique solution pair to (L.1)) with initial data
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(ug, V). If additionally,

Vu e L= (0,T; B (R™)) (1.2)
for some 0 < v < 2a, then the solution (u,9) can be extended smoothly beyond T.

Here, Bgo’joo(R”) is the homogeneous Besov space with negative order, which

contains classical Lebesgue space L%(]R”)7 see [I, Chapter 2]. In the proof of
Theorem in Section 2] we shall frequently use the following refined Gagliardo-
Nirenberg inequality.

Lemma 1.2 ([I, Theorem 2.42]). Let 2 < ¢ < oo and v be a positive real number.
Then a constant C exists such that

Ifllze < CUFIL 2 1P/ (13)

oo H’Y(%*l).

Remark 1.3. Our result extends that of Kozono-Shimada [6]. Indeed, the Navier-
Stokes equations corresponds to (|1.1)) with ¥ =0 and a = 1.

Remark 1.4. In [3] (see also the end-point smallness condition in [2]), Geng-Fan
proved a regularity criterion

ue LT (0,T; B/ o (RY) (-1<r<1, r#0) (1.4)

for system (1.1)) with @ = 1 and n = 3. Thus our result generalizes (1.4]) also, in
view of the fact that

CilVillpzz < Iflgzr, < CallVFll gz

Moreover, our result (1.2)) is valid for (L.1) with arbitrarily large n and arbitrarily
small «.

Interested readers are referred to [II] for blow-up criterion for (1.1)) without
diffusion in the u equation.

2. PROOF oF THEOREM [L.1]

It is not difficult to prove that there exists a Ty > 0 and a unique smooth solution
(u,?) to on [0,7p]. We only need to establish the a priori estimates. There-
fore, in the following calculations, we assume that the solution (u,d) is sufficiently
smooth on [0, 7.

First, taking the inner product of 1 and 2 with u, ¥ in L?(R") respec-
tively, we obtain

1d

1
5l + 147wl = [ e, wde < 5, 0)

Applying Gronwall inequality, we deduce

||(ll, ﬁ)HLoo(O,t;LZ(Rn)) + HAau||L2(07t;L2(Rn)) <C. (21)
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For k > 0, applying A* to (L.1),, and testing the resulting equations by A*u
respectively, we obtain

1d
2 dt

:7/ Ak[(u.V)u].Akud:r+/ Ak (Ye,,) - AFudz

— A" + [ A ulf,

(2.2)
—f/ {Ak[(u-V)u]—(u~V)(Aku)}~Akudx+/ Ak (e, - AFuda

=1+ 1%
We may use the following commutator estimates of Kato-Ponce [4]:

14*(f9) = fA*gllLe < ClIV fllwn |45 gllLes + 1A flloslgll o] (2.3)

with
1 1 1 1 1
1<p7p27p3<007 1§p1ap4§00a -—=—t+ —=—+—
P P11 P2 P3 P4

to bound I} as

If < CllA*[(u- V)u] - (u- V)(4*u)

MHA u|| Alktyta—1)
~y+2a—2 kF~vF+2a—2

S CHVUH 2(1¢+~,+a—1) ||Aku|| 4(k+y+a—1) * ||A u|| 4(k+y+a—1)
- 5 L2kFrF2a—2 L2kFyF2a—2
2k+~y+2a—2

kta L Skiqiza 2 )
< C||Vll| k+7+a T ||Vu| k+w1a—1 (||AkuH2(k+'y+a 1) ||Ak ||2(k+'y+a ) )

Hk+a—1 —(k—1+7) w(k+w 1)
k+y+2a—2

Y+2a—2

<CIIVuII“”“ 1||/1’“+°‘u||"+”+“ 1||VUI|’“+”+” A ’“T&ifu

kE+y+2a-2 (24)

< Cl[Vul g Ak e T

k % k4+a ﬁ 2:111?:2
x (A", T | gk

< Cl[Vul g Ak AR

U||Ez
< CIVul 7 A%l + 2145 3.
Substituting @ in (2.2)), we find
Al 4 Al < CIVlEET AN ot (25)
Now, we treat 2[5C step by step. If 0 < k < «, then
2IF =2 de, - A?*udz

Rn
< 2[[0]| 2| A%l 2

< CH79||L2 (lallze + 1A% *ullzz)  (H**(R") € H**(R™))
<C+3 IIA’““’uHiz (by @.1)).

Substituting ([2.6)) into , we apply Gronwall inequality to deduce
||Ak(u,19)||Loo(07t;L2(Rn)) + ||Ak+°‘u\|L2(0,t;Lz(Rn)) < C (O <k S Oz). (27)

(2.6)
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Suppose we have already the statement for some 0 <[ € N,
1A (0, )| e 0.2 + 14 |z iszqeny < € (Vi< k < (14 1)a), (28)
we wish to deduce higher-order estimate
([ AFF (u, N 2o 0,6:2®m)) + HAkJrzau”LQ(O,t;L?(R")) <C. (2.9)

Indeed, as long as (2.8) holds, we may dominate 2I§+a as
20T = 2/ Akte(ge,) - A uda

=2 [ A*We,)  AFT2*ud
. A (en) ne (2.10)

< 2] 45| ]| AF 2w
1
< 2 AR5 + 5|45l

Putting (2.10)) into (2.5 with & replaced by k + a, and using (2.8)), we deduce (2.9)

as desired.

Now prove that (2.7) and (2.8)) imply (2.9]), we see readily that
HASu|‘Loo(O)t;L2(Rn)) + ||As+auHL2(O,t;L2(R")) < C. (211)

With this good estimate of the velocity field, we are now in a position to treat that
of 9. Applying A° to (L.1)),, and testing the resultant equation by A%, we obtain

1d
> i
:7/ Ao[(u- V)] - A°9 dz

1497

=— | {4°[(u- V)9 — (u- V)A*9} - 450 dz
R (2.12)
< C(|IVullL= 140z + [ V9] e [ A%l 22 )[40 2 (by @)

< C(Jlullze + 4%z ) 140132 + (110]1z2 + 1 4°9l| 22 ) | 4%l 2 | A% 2
(by H*(R") C Wh(R™))

< C+CAI||7.  (by @1) and @2.11)).

Applying Gronwall inequality, we obtain
[ A% oo 0,652 (R )) < C.

With this estimate and (2.11)), we complete the proof.
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