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INFINITELY MANY SOLUTIONS FOR FRACTIONAL
SCHRODINGER EQUATIONS IN RY

CAISHENG CHEN

ABSTRACT. Using variational methods we prove the existence of infinitely
many solutions to the fractional Schrédinger equation

(=A)u+V(@)u= f(z,u), zeRY,

where N > 2, s € (0,1). (—A)S® stands for the fractional Laplacian. The poten-
tial function satisfies V(z) > Vp > 0. The nonlinearity f(z,u) is superlinear,
has subcritical growth in u, and may or may not satisfy the (AR) condition.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we investigate the existence of infinitely many solutions to the
fractional Schrodinger equation

(=AYu+V(z)u= f(z,u), zcRY, (1.1)

where N > 2, s € (0,1). (—A)?® stands for the fractional Laplacian. The function
f(z,u) is odd, sublinear or suplinear and subcritical in w, V(z) is positive and
bounded below in RY.

Equation arises in the study of the fractional Schrédinger equation

Z%f (=AY + V(z)y = f(z,v), xRN, t>0, (1.2)
when looking for standing waves, that is, solutions with the form 1 (z,t) = e™“!u(x),
where w is a constant. This equation was introduced by Laskin [I4], [I5] and comes
from an expansion of the Feynman path integral and from Brownian-like to Lévy-
like quantum mechanical paths.

This equation is of particular interest in fractional quantum mechanics for the
study of particles on stochastic fields modelled by Lévy processes, which occur
widely in physics, chemistry and biology. The stable Lévy processes that gives rise
to equations with the fractional Laplacian have recently attracted much research
interest. For more details, we can see [5].

Nonlinear equations like have recently been studied by Cabré and Roque-
joffre [3], Cabré and Tan [4], Sire and Valdinoci [22], Tannizzotto et al. [I3], Hua
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and Yu [I2]. A one-dimensional version of has been studied in the context of
solitary waves by Weinstein [27].

Equations of the form in the whole space RN were studied by a number
of authors; see for instance [6l Ol 19 20, 2T] and the references therein. Felmer
et al. [9] considered the existence and regularity of positive solution of with
V(xz) =1and s € (0,1) when f has subcritical growth and satisfies the Ambrosetti-
Rabinowitz ((AR) for short) condition. Secchi [19] obtained the existence of ground
state solutions of for s € (0,1) when V(z) — oo as |z] — oo and (AR)
condition holds. In [8], the authors proved the existence of infinitely many weak
solutions for by variant fountain theorem under the assumption

0< ierﬁng V(z) < llimian(x) = Vo < 0. (1.3)

z|—o0

Tang [25] studied (1.1]) with a potential V(z) satisfying
0< i%fN V(z), meas({z € RN|V(z) <d}) < oo, Vd>0. (1.4)
zE

Similar assumptions can be found in [I0, 21} 23, 28]. Each of these conditions
ensures that the embedding W*2?(RY) — L9(R") is compact for 2 < ¢ < 2} =
2=, On the other hand, Gou and Sun [I1], Chang and Wang [7] investigated the
existence of radial solutions for .

In this article, we are interest in the existence of infinitely many solutions for
under the assumptions (A3)—(A7) below. Our assumptions on f(x,u) are
different from that in the above papers. The weighted functions hq(z), he(x) and
hs(x) depend on the potential function V(z) and the nonlinear function f(z,u)
either satisfies (AR) condition or does not. Moreover, two cases that f(z,u) is
bounded and unbounded in x € RY are considered. We note that, in [I7, 23] 26],
f(x,u) is assumed to bounded in z € R

To state our main results, we recall some fractional Sobolev spaces and norms
[16]. Let V(z) satisfy (A1) below and

B={uew?®"): / |g|25|a\2d5+/ V@lPdr < oo} (15)

endowed with the norm
A 1/2
fulle = ([ lePlaPde + Jul) " (1.6)
RN
d

where and in the sequel, [[ul3y = [pn V(2)|ul?dz and & = &(€) is the Fourier

transform of w(z); that is,

w=Flw(x)] = @ﬂ%ﬂ /]RN w(x)e €% dx,

(1.7)
w(z) =F o] = (270%/2 /RN D(E)e T de.
In [TI6], the author shows that
(=A)'u)(z) = F7H[lg)al, Vo e RY, (1.8)

lh = gy L Pl (1.9
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)‘2 1/2
//w \x—y|N+2s da dy) (1.10)

is called the Gagliardo norm, and the constant C'(V, s) depends only on the space
dimensional N and the order s, and it is explicitly given by the integral

1 1 —cos(¢r)
:/RN Wd47 C:(Cl7§257§N) ERN (111)

where

C(N,s)
Moreover, by the Plancherel formula in Fourier analysis, we have
2
2 _ s/2, 112
=———|(-A . 1.12
= vy 1) 2l (112)

Then, from (L.8)-(T.12), we obtain that the norm || - || is equivalent to the norms

2 1/2
= ([ Velars [[ SO aoay) ™,

2 $/2, 112 1/2
HUII2= RNV(:E)IUI dz + ||(=A) u”z) :

In general, we define the fractional Sobolev space W*P(RV)(0 < s < 1 < p, sp <
N) as follows

(1.13)

WeP(RY) = {u € LP(RM) : T()fj(j’) € L”(RQN)}. (1.14)

This space is endowed with the natural norm

WP, N\

lu]lwse = (/ |u\1’das+//RQN \x— |N+p5 d:cdy) , (1.15)
wl AV

Wwes = //RN |x7 |N+ps dv dy) (1.16)

is called the Gagliardo norm. For the reader’s convenience, we recall the main
embedding results for W*P?(RY).

Lemma 1.1 ([16]). Let s € (0,1) and p > 1 such that sp < N. Then there exists
a positive constant Sy = So(N,p, s) such that, for any measurable and compactly
supported function u : RN — R, we have

l[ullpx < Solulwss, (1.17)

where p* = pN/(N —ps) is the fractional critical exponent. Consequently, the space
WeP(RN) is continuously embedded in LY(RN) for any q € [p,p%]. Moreover, the
embedding W*P(RY) — LI(RYN) is locally compact whenever 1 < q < pk.

while

Remark 1.2. By the density of the compactly supported functions in W*P(RY),
we know that (1.17) holds for any u € WP(RY).

From the Hélder inequality and Lemma we obtain the following lemma.
Lemma 1.3. Let s € (0,1), sp < N and p < q < pt. Then for any u € X =
WeP(RN),

[ully < Sgllullx (1.18)

where Sy is a constant depending on s,q,p, N. In particular, we denote Sy by So.
The inequality (T.18) shows that the embedding X — L4(RY) is continuous.
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Proof. When q = p, inequality (|1.18)]) is obvious. For ¢ = p¥, (1.18]) can be obtained
from (1.17)). Let p < ¢ < p%. Then there exists t € (0,1) such that ¢ = pt+pi(1—t).
It follows from the Holder inequality and (|1.17) that

* N (1—-t) t
/ |u|9da :/ ulPs (D) |y Pt < (/ u daz) (/ \u|pdx)
RN RN RN RN (1.19)

< SR T ul|pt < Sl U B = S9full%,
where S7 = S1 ¢, This implies (T.18). |

Similarly, for the Sobolev space F defined by (1.5)), we have the following result.

Lemma 1.4. Let s € (0,1),2s < N and 2 < g < 2*. Assume V(z) > Vy > 0 in
RN. Then, for any u € E,
[ullg < Sllulle (1.20)

where Sy is a constant depending on s,q,p, N and Vy. In particular, we denote Sz«
by So.

Definition 1.5. A function u € F is said to be a (weak) solution of (1.1 if for
any ¢ € E, we have

/ |§\28ﬁ¢ad§+/ V(z)updz :/ f(z,u)pde. (1.21)
RN RN RN
Let J(u) : E — R be the energy functional associated with (1.1)) defined by

1 1
=5 [ JePlatde g [ VelPe- [ Fewe 02
2 2 Jan .
whereF:z:u = [y f(x, t)dt.

Using (1 and assumptlons (A3)—(AT7) below, we see that the functional J is
well deﬁned and J € CY(E,R) with

J'(u)p = /RN |§|2“<pd§+/ V(x)updr — /RN fx,u)pdx, Vee E. (1.23)

Throughout this article, the function f(x,u) € C(RY x R) is odd in u. In
addition, we use the following assumptions.

(A1) The function V(z) € C(RY) satisfies inf,cgny V(x) > Vo > 0, where V; is a
constant.

(A2) There exists a > 0 such that lim,|_., meas({z € Bq(y) : V(z) < d}) =0
for any d > 0, where “meas” denotes the Lebesgue measure on RY and
B, (z) denotes any open ball of RY centered at x and of radius r > 0, while
we simply write B, when z = 0.

(A3) There exist 2 < o < § < 2% such that

|f (2, )] < ha(@)[u] " 4 ho(@)[ul”",V(z,u) € RN x R, (1.24)
where hi(z), ha(z) € C(RY) and
lim sup 22@ o fm sup 228 (1.25)

r—00 IGBﬁ th (CE) T—00 IGBTC_ Vt2 (3’;)

with t; = (28 —)/(2F = 2), ta = (28 — B8)/(2F —2) and B¢ = RN\ B, =
{x e RN :|z| > r}.
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(A4) There exists u > 2 such that
tf(x,t) — uF(x,t) >0, Y(z,t) € RNV xR. (1.26)

(A5) limjy)— o0 (F(z,t)t72) = oo for any z € RV,
(A6) There exist k > % and 2 < a<f< kZ—_kl such that (|1.24]) and (|1.25]) hold.
Furthermore, there exist b,c¢; > 1 such that for z € RY and |u| > b,

F(x,u) >0, G(z,u)= %uf(a:,u) — F(z,u) >0,

(1.27)
P, )] < ok uf?hg(2) G (a, u),
where h3(x) € C(RY) satisfies
Jim s W =0, with k' = - f oty = 252__25/. (1.28)
(A7) There exist a constant Cy > 0 and 2 < a < § < 2%, such that
|f (2, u)] < Co(lul* + [ul®~1), V(z,u) e RY xR. (1.29)

Remark 1.6. Condition (A2), which is weaker than the coercivity assumption
V(z) — oo as |x| — oo, was originally introduced by Bartsch and Wang in [1] to
overcome the lack of compactness. Clearly, if V(z) — oo as |z| — oo, it is possible
that the functions hq (), he(z) and hs(z) in (A3) and (A6) are unbounded on RY.
So, it is necessary to consider the condition (AT).

Our main results in this paper are as follows.

Theorem 1.7. Let s € (0,1),2s < N. Assume (Al), (A2) and (A5) hold. In
addition, suppose that either (A3), (Ad) or (A6) are satisfied. Then (1.1)) admits
infinitely many solutions u, € E such that J(u,) — 00 as n — oo.

Theorem 1.8. Let s € (0,1),2s < N. Assume (A1)-(A3) and (A7) hold. In

addition, suppose that either (A4) or (1.27)) is satisfied with hs(x) = 1. Then (1.1))
admits infinitely many solutions u, € E such that J(u,) — 00 as n — oo.

Remark 1.9. Assumption (1.25) implies that the functions (h V1), (haV 1),
(hV 1), (haV %) belong to L (RY) and

lim sup [hy(x)V " (z)] = lim sup [ho(z)V " (2)] = 0.

T—00 xeBS T— 00 IeBg
Moreover, the condition k > £ in (A7) implies that 2 < 27.

Remark 1.10. Assumption (A4) is called the (AR) condition. Obviously, the
power functions in u like f(x,u) = > i hi(z)|uli~?u with 2 < B; < 2% satisfy
(A3) and (A4) for appropriate functions h; € C(RY). The functions like f(z,u) =
h(z)ulog(l + |u|) fails to satisfy condition (A4), but it satisfies (A6).

Teng [26] considered problem (1.1)) under assumption (A4) with hy(x), hao(z) €
L*(RY). Obviously, our assumptions on h, h; and hy are weaker than that in [26].
Without loss of generality, we let V5 = 1 in (Al).
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2. PROOF OF MAIN RESULTS
To prove the main results, we recall some useful concepts and results.

Definition 2.1. Let E be a real Banach space and the functional J € C1(E,R).
We say that J satisfies the (C'). condition if any (C). sequence {u,} C E:

I(un) = ¢, (14 |lunll£) |17 (un)]

has a convergent subsequence in F.

g-—0 asn— oo (2.1)

Lemma 2.2 ([I8, 24]). Let E be an infinite dimensional real Banach space, the
functional J € C1(E,R) be even and satisfy the (C). condition for all ¢ > 0 and
J(0) = 0. In addition, assume E =Y @® Z, in which Y is finite dimensional, and
J satisfies

(A8) there exist constants p, g > 0 such that J(2) > ag on 0B, N Z;

(A9) for each finite dimensional subspace Ey C E, there is an R = R(Ey) such
that J(2) <0 on Ey\ Br, where Bg = {z € E : ||z|g < R},0Br = {2 €
E:|z|lg = R}.

Then, J possesses an unbounded sequence of critical values, i.e. there exists a
sequence {u,} C E such that J' (u,) =0 and J(up,) — 00 as n — oo.

In the proof of our results, we use the following lemma.

Lemma 2.3 ([I7]). Let s € (0,1),2s < N and 2 < q < 2% = 28—, Assume (A1)
and (A2). Then the embedding E — L4(RY) is compact.

For the prove Theorems [T.7] and we need the following lemmas.

Lemma 2.4. Assume (A1) and (A2). If (A4) is satisfied, then any (C). sequence
{un} is bounded in E.

Proof. Let the sequence {uy,} satisfy (2.1)) and p > 2. Then for large n, we have

1
et 14 lunlle > J(un) = =J (un)un
8 2.2
11 1 (2:2)
=(3- E)Hun”% + /RN f (@, tn)tn — pF (z, un))da.

Then (A4) implies that {u,} is bounded in E. The proof is complete. O

Lemma 2.5. Assume (Al), (A2), (A5), (A6) hold. Then any (C). sequence {u,}
1s bounded in E.

Proof. To prove the boundedness of {u,}, arguing contradiction, we suppose that

lun|lg — oo as n — oo. Let v,(z) = ‘ﬁf(ﬁ. Then |lv,||g = 1 for all n > 1. By

Lemma there exists a subsequence of {v,}, still denoted by {v,}, and v € F
such that ||v]|g <1 and

v, — v weakly in E; v, —vin LYRY) (2 < ¢ < 2%); (2.3)

vp(z) — v(z) a.e. in RY. '

Clearly, it follows from (2.3) that there exists w(x) € LY(RY)(2 < g < 2) such
that |v,(2)| < w(x) a.e. in RY for all n > 1.
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From (1.22), (1.23)) and (2.1)), it follows that for, n large,

c+ 1> J(uy) — %J’(un)un = / G(z,up)dz, (2.4)
RN

where G(z,u) = Luf(z,u) — F(z,u), and

1
- < limsup/ ———dx
2 n—oo JRN ||un||2E

F(z,up . F(z,up,
Slimsup/ w|vn|2do:+hmsup/ M\vnﬁdx,
B B

n—o0 Jun? n—o0 |un?

(2.5)

c
r ™

for any r > 0. By (A6), we obtain, for any ¢ > 0, there exists 6 > 0 such

that |F|(tfgt)‘ < e(hi(z) + ha(z)) for all 0 < [t| < § and all z € RY. Denote

X, ={z € RV : |u,(2)] <6}, Yo ={z € RN : § < |u,(z)| < b}, Z, = {zr e RV :
|u,, (z)| > b}, where the constant b is given in (A6). Obviously, RY = X,,UY,, U Z,
and BE = B¢ N (X, UY, U Z,). Then

F n
/ Mw% < 5/ (h1(z) + ha(z))|vn|2da
BeNX,, BeNX,,

|un?
<e([PaV T oo + thv’llloo)/ Viofdz (>0
RN

< 2eMi|jvn||% = 26 My,

where M7 = max{||h1V "}, [|h2V 7! s }. Furthermore, by (1.24) and (1.25)), one
sees that

<12 / (h (&) + ho (@) [va () dz

BenY, 27)
. hi () ha(z) '
<v72( su + su V(z)|v,|2dz
a (zegﬁ V() megg V(x)> Be (@)l
_ hi(z) ha(z)
< b2 su + su —0 asr=|z|] — .
(xEBﬁ V() xegg V(:z:)) =
On the other hand, from ((1.27)) and (2.4)) it follows that
F(z,up
/ | ($7’L; )|‘7)n|2d.’)3
BeNZ, |t
F(z,up)|\k  \1/k , 1/k
([, (R (] )
BENZ, R |un| BENZy, (2.8)

< cl(/RN G(x,u@dm)l/k(/’;gmzn |h3vn|2k/dx)1/k/

/ 1/k
<ci(c+ 1)1/k</ |h3vn|2k dm) )
B¢
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Note that 2 < 2k’ < 2%. Let t3 = (2% — 2k’)/(2% — 2). By the Holder inequality
and (1.20]), we obtain

/ h 2k’ t . 1t
/ |hgvn|*F da < sup %(/ vatdx) 3(/ |V 25dﬂ§> ’
Be cepe Vi3(z) B¢ B¢ (2.9)
o @Y s ()P '
< Sollva |2 Ihs(@I g R 0
< Solfenllz zseulgg Vis(z) — Oxseulgg Vis(x) -

as r = |z| — oo, where Sy = Sa+ is the constant in (1.20). Then, and application
of (2.6))-(2.9) implies that for any € > 0, there exist ng,r9 > 1, such that n > ny,
r> To,

F(z,u,
/ ‘L’z)'h}nﬁdx < e(2M; +1). (2.10)
Be |un|
Set T;, = X,, UY,,. Notice that for all z € B,, N T,,
| (2, un)

|U 2 p-2 T z))|on ()2
PE vn|” <077 (ha (@) + ha(z))|vn(2)| (2.11)

< VP2 Mylw(x)? = d(z) € LY(B,,),
where
Ms = sup (hi(x) + ha(z)). (2.12)
ajeBro

If v(x) = 0 in B,,, it follows from Fatou’s lemma that

limsup/ 72)||vn|2dac < Mgbﬁfz/ lim sup |v,, |*dz
nee Jarr, o (2.13)
= Mgbﬁﬂ/ |v[2dz = 0.

0

Arguing as in (2.8) and ([2.9)), we obtain

F(z,u , 1/k'

/ M\mﬁdax <y sup |h3(x)|2</ vy, | 2% dm) (2.14)
BryNZn [tn| 2E€Br, o

with C; = ¢1(c + 1)Y%. Similarly, since |v,(2)]?* < |w(z)[?* ae. in RY and

w(z)[?* € LY(RYN), we obtain

limsup/ v |2 d < / limsup |v, |** do = / w2 dz = 0.
n—oo B, B,, mn—© B,
Hence,
F n
lim Sup/ Mh}nﬁdx =0. (2.15)

2
n—oo BT‘O |un|
So, an application of (2.10) and (2.15) contradicts (2.5) and then meas(A4) >
0, where A = {x € RY : v(z) # 0}. Obviously, for a.e. z € A, we have
lim;, o |un (z)| = 00. Hence, A C Z,, for large n. Moreover, one sees that

/M|vn|2d9€§bﬁ_2/ (h1(x) + ha(2))|vn|*dz

|un? RN

T’VL

<V e+ 2V o) [ Vien P (210
RN

< 20972 My |jun || % = 20772y
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Moreover, using assumption (A5) and Fatou’s lemma, it follows from J(u,) — ¢
that

1 n 1 F(x,
ozlmliiél:1i ““3_ P— Aii?%wﬁw}
n=oo funlly oo flunl|f T nmeo 20 Jpy o fug
1 F(z,up
< = +26°"2M; — liminf ng)wn\?dx (2.17)
2 n—oo Jz o |un|

IA

1 Flz, up
3 + 26972 M, — / lim inf szn () v, |Pdr = —o0,

Ry n—oo |2

where x; denotes the characteristic function associated to the mensurable subset
I C RV, Clearly, (2.17) is impossible. Thus {u,} is bounded in E and the proof of
Lemma 2.8 is finished. O

Lemma 2.6. Assume (Al), (A2), (A5), (A7). In addition, suppose that (1.27)) is
satisfied with hs(x) = 1. Then any (C). sequence {u,} is bounded in E.

Proof. Arguing as the proof of Lemma we suppose that [[u,||z — 0o asn — oc.
Let v, (z) = 2% Then {v,} satisfies ([2.3). For any & > 0, we choose r; > 0 such

T lunlle
that [, |v(x)|?dz < & when r > rq. Since v, (z) — v(z) in L3(RY), we obtain

lim sup /
n—oo B

Then

v, (2)|*d S/ lim sup |v,, ()2 dz < /B lv(x)Pdr < e. (2.18)

c c n—oo c
e Bg H

F
limsup/ Mh}nﬁdx < 20°72Cy limsup/ v, |? de
n—oo JBenT, |un| n—oo JB:

(2.19)
< Cg/ lw(x)|?dx < Cae,
By

where Co = 20872C), b is the constant in (A6) and Cj is given in (T.29).
On the other hand, from (1.27)) with hs(x) =1 and (2.4)) it follows that

F
/ ‘ (x’zn)||vn|2d$
BS¢NZ, |tn|
|F(m,un)| k 1/k , 1/k
< (/ (7@ E ) dm) ( v |2 dx)
BeNZ, n BeNZy,

1/k , 1/k'
< cl( G(x,un)dm) (/ v, |2 dm)
RN BeNZn

Y
<ci(c+ l)l/k(/ vy, | 2% dz)
Bg

From (2.9) and (2.18)), for large n, we obtain

/ 1— 2%
/B o2 d2 < [[0n 175, ey 0nll Vaz ey < Solloall?8 ) < Soe- (2.21)

’

(2.20)

L?5 (Bg)

r

Then, an application of (2.19))-(2.21]) gives that for any € > 0 there exist ng,ry > 1
such that n > ng,r > ro,

F
/Li@ﬁmﬁwgq@+%qy (2.22)
BU
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Similar to (2.11)), for a.e. z € B, NT,, and n > 1, we obtain
F(x, u,
||(j’|u2)|vn|2 < Colon (@) < Colw(@)® = d() € L'(By). (2.23)

By Fatou’s lemma,

F n .
limsup/ MWF < C’g/ lim sup |v,, (2)|?
n—oo J B, NT, [t By, n—oo (2.24)
:(12/ (o () 2dz.
Brg
Similar to (2.20)), we derive
F / 1/K
limsup/ Fwl, e o 01(/ o(a) ¥ de) (2.25)
n—oo JB. NZn, |t By,
If v(xz) = 0 in B,,, an application of (2.24]) and (2.25) gives that
F(z,un
limsup/ L’ZM%F = 0. (2.26)
n—oo JB,, |un|

Combining (2.22)) with (2.26)) contradicts (2.5). So, meas(A) > 0, where A = {z €
RN : v(x) # 0} and for a.e. x € A, we have lim,,_ |u,(z)| = co. Hence, A C Z,
for large n. Moreover, one sees that

F(z,u,
/ @ )l 2, cl/ lon [2dz < cl/ Vivn[2dz < Cillon|3 = Ch.
RN RN

|t ?
(2.27)
Moreover, using assumption (A5) and Fatou’s lemma, from J(u,) — c it follows
that

n

1 J(un, 1 F(z, u,
0= tim SO _ gy, Tlm) 5 - LUQ)I%I%G}
n—oo funlly  n—ee flupllp T nmee L2 Jpy o fug
1 F n
<50 ht [ S s 229
1 F n
<-4+C) - / lim inf (xi’z)xzn(x)wnﬁdx = —00.
2 RN n—oo Uy
Clearly, the limit ([2.28]) is impossible. Thus {u,} is bounded in F and the proof is
complete. 0

From Lemmas 2.6, we know that any (PS). sequence and (C). sequence
{un} of the functional J are bounded in E. Therefore, by Lemma there exists
a subsequence of {uy }, still denoted by {u,}, and u € E such that ||u,| g+ ||u]g <
M(¥n > 1) and

u, — u weakly in B, u, — uin LYRY) (2 < ¢ < 27), (2.29)
Up(z) — u(x) a.e. in RY '
with some constant M > 0.

Lemma 2.7. Assume (A1)—(A6) hold. If the sequence {uy} satisfies (2.29), then

n—oo

lim ha(Jun|® = Ju|%)dz =0, lim / ho(|un|® — [ul?)dz =0,  (2.30)
RN n—oo JpN
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lim flx,up)(uy —u)de =0, lim flz,u)(u, —uw)de =0, (2.31)

n—oo JpN n—oo JpN
lim F(z,up)dx = / F(z,u)dz. (2.32)
n—oo RN RN

Proof. First, we assume (A3), (A4). From (2.29)), we obtain

lim hi(|un|® = |u|*)dz =0, lim / o ([tn|? = |ul?Ydz =0 (2.33)
B n—oo Jp

n—oo
r

for any r > 0. On the other hand, we see from the Holder inequality and (A3) that

/r haluy,|“dx < mseugp ‘lflt (EU)) ( - V|un|2d:r)t1 (/ Q:dzlc>1_t1

ha(z) s
ot | 260 | 5y~

< S sup Vi) (2.34)
ha ()
< SoM< s — 0, asr — oo,
0 a:GBC Vi ( )
where t; = (2§ — «)/(2; — 2), S0 = S2:. Similarly, as r — oo,
B ( ) 2t (1—t2)2%
/rhzw e < So sup Gl
2.35
<SM’Gsuph(x) -0 ( )
0 rEBS Vtz( ) ,

where ¢t = (2% — 3)/(2% — 2). Then an application of (2.33)), (2.34) and (2.35) gives
(2.30). Moreover, the limit (2.30)) and Brezis-Lieb lemma [2] give that

lim hilup —u|%dz =0, lim halu, — u|Pdz = 0. (2.36)

n—oo JpN n—oo [pN

Thus, from (2.36]), it follows that

a1 o (a—1)/a o 1/«
bl % up — ulde < ( hi|un] d:c) ( hi|u, — ul d:v)
RN RN RN

1/
< (SOM“thV‘“||Oo)("“1)/"‘(/ halun — u|adac> 0, asn— oo
]RN
(2.37)

and

/ ha|tn P~y — uldx
RN
1-1/8 1/8
< (/ h2|un|’8dx) (/ hg\un—u|ﬁdx) (2.38)
RN RN
B\ h, V—t2 || ) =1/ 84z)""
< (SoMP||heV ™" x) ( ho|w, — ul dx) — 0, asn— oo.
RN
Hence,
/ |f (2, un) (uy — u)|de < / (P ftn] ™ + Bolun P~ Y Ju, — uldz — 0, (2.39)
RN RN

as n — o0o. This proves the first limit of (2.31)). The second limit of (2.31) can be
obtained in a similar way.
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To prove the limit (2.32)), we use (|1.24) and derive that
|F (2, un) — F(z,0)|
< Clha (@)l + ™) + (o)l + )] — .

Then an application of (2.37) and ([2.38)) yields that the limit (2.32)). The proof is
complete. 0

(2.40)

Lemma 2.8. Let the assumptions in Theorem hold. If the sequence {u,}

satisfies (2.29)), then the limits (2.31) and (2.32)) hold.

Proof. Choose ¢ € C§°(R) such that suppy C [—2,2] and ¥(t) = 1 on [—1,1].

Denote g(z,t) = ¢(t)f(z,t), H(z,t) = (1 — (1)) f(2,t). Then f(z,t) = g(z,t) +
H(z,t). Furthermore, from (1.29)), there exist the constants ay,b; > 0 such that

lg(z,t)| < aq|t|*7Y,  |H(z,t)| < bi]t]P~Y, V(x,t) € RY x R. (2.41)

Denote

An:/ l9(x,un) — g(z,u)|* da, Dn:/ |H (2, un) — H(z,u)|” dz, (2.42)
RN R

N

where ¢ = t/(t — 1). By (2:29), there exist w;(z) € L*(RY) and wo(z) € LP(RY)
such that |u,(z)| < wi(z) and |u,(z)] < wa(x) a.e. in RY for all n > 1. Note that
lg(z,un) = g(z, w)|* < Cs(Jun(@)|* + u(z)|*) N (2.43)
< C3(Jwr (@)]* + [u(2)|*) = di(2) € L'(RY)
and
H (2, un) — H(z,0)|” < Coljun(@)]” + lu(2)]) o
< Cy(lwa(@)|? + [u(@))’) = dy(x) € LL(RY),

where C5 is a constant independent of n. By the Lebesgue dominated convergence

theorem and ([2.29)), we have

lim A, = / lim |g(z,un) — g(x,u)|* dz =0,
R

n— oo N n—00
(2.45)
lim D, = / lim |H(z,u,) — H(z,u)|” de = 0.
n— o0 RN N—o0
Therefore, by the Holder inequality,
[ 1) = £l ulda
RN
< [ Ugtevun) = gle) + [Hiz,u) ~ HewDlo — ulde (5 4
RN :

< AV lun = ulla + D/ |l —uls
< (A + D) up = ulls < M(AY + Di/P).
An application of (2.45)) and ([2.46) gives

lim f(zyun)(up — u)dz = lim flz,u)(uy — u)de. (2.47)

n—oo [pN n—oo [pN
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Similarly, from (2.41)), (2.43) and (2.44)), we can derive that

lim fz,u)(u, —u)dae = /R lim f(z,u)(u, —u)dz = 0. (2.48)

n—oo JpN N N—00

Consequently, the limit (2.31) is given. Similarly, (2.32) can be proved and the
proof is complete. O

Lemma 2.9. Let the assumptions in Theorems and hold. Let {uy} be the
sequence in Lemmas 2.6 satisfying (2.29). Then u is a critical point of the

functional J and u, — u in E.

Proof. First, we show that J'(u) = 0 in E*. By Lemmas 2.6, the sequence
{un} is bounded in E. So, there exists a subsequence, still denoted by {u,}, such
that {u,} satisfies (2.29). Moreover, one sees that for all ¢ € C5°(RY),

lim (/ €2 (i, — @) pdz + | V() (up — u)apdx) =0. (2.49)
Under assumptions (A3)—(A7), we obtain
lim (f(x,up) — flx,u))edr = 0. (2.50)

n—oo JpN

Furthermore, from (2.49)), (2.50) and the assumption J'(u,) — 0 in E*, we have
0= lim J'(u,)p = J(u)p, Yec CFRY). (2.51)

By the denseness of C§°(RY) in E, it follows that J’'(u)yp = 0,Vy € E. Hence, u is
a critical point of J in E. On the other hand, from (2.29) it follows that

R, = / |€)2a(t, — a)dé —l—/ V(z)u(up, —u)de — 0, as n—oo. (2.52)
RN

RN
Set
W, = flzyun)(up —w)de, S, = flz,u)(uy, —u)dx, VYn eN. (2.53)
RN RN
From (2.31)), it follows that W,,, S, — 0 as n — oo and so
J'(u)(up —u) = Ry, — S, — 0. (2.54)

Similarly, we set
Qn = (J (up) — J'(w) (un — u) = ||ty — ul|f — Wn +S,, VneN. (2.55)
Obviously, relation can be reduced to the form
ltn —ul|% =Wo 4+ Qpn —S,, VYneN. (2.56)
From (2.53), and J'(u,) — 0, we find @, — 0 and ||u, —u||g — 0 as n — occ.

Thus u,, — u in E as n — oo under assumptions (A3)—(A7). Therefore, J satisfies
the (C). condition in F and the proof is complete. O

Proof of Theorem[1.7. Clearly, the functional J defined by (1.22) is even. By
Lemma the functional J satisfies the (C). condition. Next, we prove that
J satisfies (A8) and (A9) in Lemma[2.2] From (A3), we have

1 1 N
T = gllly = [ Faade > Gl — [ (ulul® +haful e, (257)
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Arguing as in the proof of (2.34) and (2.35)), we obtain
1 1 _ 2
T() 2 3l SoMs(lull -+ ul3) > 07(5~250Msp" ) > £ = ag > 0, (2.58)

where Mj = max{|[1V "o, [ h2V %||sc} and |jul|z = p = min{1, (85, M3z)7= }.
Thus, by (2-58), condition (A8) is satisfied. We now satisfy condition (A9). For
any finite dimensional subspace Ey C E, we assert that there holds J(u,) — —o0
when u,, € Ey and ||u,||g — oo. Arguing by contradiction, suppose that for some
sequence {u, } C Ep with ||u,||g — oo, there is My > 0 such that J(u,) > — My, for

all n > 1. Set vy, (z) = %, then |lv, || = 1. Passing to a subsequence, we may

assume that v, — v in E, v,(x) — v(z) a.e on RY. Since Ej is finite dimensional,
then v, — v in Ey and so v # 0 a.ein RY. Set Q = {z € RY : v(x) # 0}, then
meas(2) > 0. For x € 2, we have lim,,_, |u,(z)] = oo.

Then, from (A5) it follows that

J(up, . 1 F(z,u,
0 = limsup 5 < limsup (UZ) = lim sup {f—/ Lﬁ(é)h}nﬁda:]
P = P TR e Tl .
1 F " '
< - —/ lim inf (xi’lé)xg(xﬂvnfdm = —o0,
RN "0 [Uy]

and we have a contradiction. So, there exists R = R(Ep) > 0 such that J(u) <
0 for u € Ey and |jul|[g > R. Therefore, condition (A9) is satisfied. Then an
application of Lemmashows that admits infinitely many solutions w,, € F
with J(u,) — oo as n — oo. This completes the proof. O

Proof of Theorem[I.8 Clearly, the functional J defined by (1.22) is even. By
Lemma the functional J satisfies the (C). condition. Next, we prove that
J satisfies (A8) and (A9) in Lemma From (A7), we have

1 1 .
J(w) = 2 |lull% —/ F(z,u)dz > 5 |lullf — CO/ (Jul* +Jul?)dz.  (2.60)
2 RN 2 RN
Furthermore, from (|1.20) it follows that

1 1 _ p?

Ty > Ll — Calllulg + ) > 25— G2 = &= a1 >0, (261)
with |lullz = p = min{1, (4C4)7=} and Cy = max{S2,S5}. Thus, by (2.61),
condition (A8) is satisfied. Similarly, we can derive (2.59) and the verification of
condition (A9) is finished. Again, using Lemma we complete the proof of
Theorem [L8l O
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