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NUMERICAL SOLUTIONS TO HEAT EQUATIONS VIA THE
SPECTRAL METHOD

MOHAMED ABDELWAHED, NEJMEDDINE CHORFI, VICENTIU RADULESCU

ABSTRACT. In this article we study a discretized version of the heat equation.
For the time semi-discrete problem, we use an implicit Euler’s scheme, and
for the space discretization we used the spectral method. We estimate for the
error between the exact and approximated discrete solutions, and illustrate
the features of our method with numerical examples.

1. INTRODUCTION

Let Q C R, d = 2,3 be a bounded connected domain, with boundary I' = 9Q
that is assumed Lipschitz continuous, and let 7" be a positive real number. We
consider the heat equation

ou .
i Au=f in Qx]0,T7,

u=0 on dNx]0,T], (1.1)
u(+,0) =wup in Q,

where f € L%(Qx]0,T[) and uy € L?(f2) are given, and u is the unknown function.

This model was studied in [I] using the finite element discretization. The aim of
this work is to extend this study to the spectral discretization method known for
its high precision [4]. The spectral element method is used for the discretization of
elliptic equations with discontinuous coefficients. This method is also used for the
heat diffusion in an inhomogeneous medium, see [2]. A posteriori analysis of the
spectral discretization of the heat equation is presented in [6].

We begin by doing the time discretization of the heat equation using an implicit
Euler scheme. The existence and uniqueness of the solution are established, and an
error estimate of order 1 in time is presented. Then, we use the spectral method
for space discretization and we prove an error estimate.

This article is organized as follows. We begin by presenting in section 2 the vari-
ational formulation of the problem and the proof of existence and uniqueness of the
solution. Section 3 is devoted to the time and space discretization problems. The
error estimates on time and space are proved in section 4. Finally some numerical
results are presented in section 5.
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2. CONTINUOUS PROBLEM

We first study the variational formulation of problem . Then we present
the existence and uniqueness of the solution. In the following, we use the classi-
cal Sobolev spaces H*(2) and H{(Q2) endowed with the norm || - ||+ o) and the
seminorm | - |gs(q). We use the following notation (see [9} 10]):

e (-,-) is the scalar product defined on L?(f2) and by extension, the duality
paring between H*(Q) and Hj(Q),

e LZ(Q) is the space of functions in L?(Q2) with a null integral,

e C°(0,T, X) the space of continuous functions from [0, 7] with values in X
a Banach space with associated norm || - || x,

e L?(0,T, X) the space of square integrable functions from [0, 7] with values
in X with associated norm

t
ol = [ o5 lFs.
2.1. Variational formulation. Problem (|1.1)) admits the following variational for-
mulation. Find u € C°(0,T; L*(Q)) N L?(0,T; H(2)) such that for all ¢ €]0, T,
u(-,0) =wug in £ (2.1)
/ %(w,t)v(m)dm +/ Vu(z,t)Vo(z)dz = / f(z,tw(x)de Yo e HI(Q). (2.2)
Q Q Q
It is shown in [8, Theorem 7.2.1], [7], [I1] that problem (2.1)-(2.2) has a unique
solution u € C°(0,T, L*(Q)) N L*(0, T, H}()).
By choosing v = u in (2.2) and integrating on ]0,¢[, 0 < ¢t < T, we deduce the
following stability condition:

) ) 1/2
[w®) < € (luollFa@) + 1 Bem-riay) (2.3)
where [ -] is a norm defined for all w € L?(0,t, H}(Q)) by

1/2
[wl(®) = (Newlaqey + lol3aq0m3cc0) ) (2.4)

and C is a constant depending only on the domain 2.
In the same way by taking v = % in (2.2)) and if ug € HJ(£2) we obtain

ou
|U(t)|12r{g(9) + HEH%Q(O,T,L%Q)) < |U0|§13(Q) + 1 £1Z2x 0.1 (2.5)
which implies that u is in L?(0,T, H*(2)).

3. DISCRETE PROBLEM

3.1. Time discretization. Let T be a fixed positive number and f be a function
in C(0,T, H-1(Q)). We consider the partition of [0, 7] into I equal subintervals
[t,;l,ti], 1<i<Iwithtg<t;<---<tr=Tand ft=1t; —t;_1 :T/I

Let W;s; be the space of functions vs; which are continuous on [0,7] and affine
on each subinterval [(i — 1)dt,4dt], 0 < i < I, with values in L?(Q2). For each family
vt € L2(Q), 0 < i < I, we associate the function vs; € W equal to v* on 4dt,
0 <4 < I. This function is written for 0 < i < I,

b=t . .
vse = v + 5 (' =Y, V€ [tiq,t). (3.1)
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For simplicity, we denote by f* = f(x,t;). Using the implicit Euler scheme, the
time discrete problem is written
i—1

—Aut=f" inQ 1<i<1,

ut —u
ot
w'=0 ondQ, 1<i<I, (3.2)

u? =wuy in Q.

This problem admits the following equivalent variational formulation. Find v’ in
L2(Q) x HY(Q)! (1 <i < I) which satisfies

u’ =wuy in Q, (3.3)
and for each v € HJ(Q),

/Qui(ac)v(a?)der5t/QVui(:r)Vv(x)d:c

:/Quifl(x)v(m)dawrét/ﬂfi(x)v(:n)d:c.

Using the Lax-Milgram theorem, we deduce that problem (3.3)-(3.4)) has a unique
solution v’ € (H(Q))", 1 <i < 1.
Moreover, by taking v = «* in (3.4]) we obtain

[0']|Z2 0y + 0t VU [ 72y < llu' F2) + 61 F 51 (0 (3.5)

(3.4)

Summing with respect to i, we deduce the following stability condition on the
solution u?, 1 <i < I:

' Beqy + 0t D I gy < C (I ey + 08 1 rmaey ) (36)
=1 =1

where C is a constant independent of §t.
For vs; in W and if u® € (H'(2))!, we define the norm

A i 1/2
sl = (10 By + 68 D 10 fingey)
=1

We remark that
t;

, ; 1/2
wsl(t) = (Vs + [ Tom e )inapds)

Considering that

ti i tl
| oo lnoyds = 30 [ ool s
=1

ti—1

and using (3.1)) we obtain

t
St 2 ) < / |05t (-5 8) 711 (0yds < 80" G (-
ti—1

Computing the sum, we show finally that there exist two constants C; and Cj
independent of §t such that

Crlvse] (t:) < [lvse|](t:) < Calvse] (t). (3.7)
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3.1.1. A priori error estimates. Let ¢! = u(t;) —u’, 1 < i < I and e’ = 0. By
writing problem (2.2)) for ¢ = t; we obtain

ou
/Qa(x,ti)v(x)der/QVu(x,ti)Vv(x)dx:/Qf(x,ti)v(:c)dx.

Next, observing that

/Q (/tt %(x’t))”@dz = /Q (u(z, t;) — u(z, ti1))v(z)de

and using (3.1]), we deduce that for all v € H}(Q), the sequence (e%)1<;< is solution
of the problem

/Qei(x)v(m)dx—l—(5t/QVei(x)Vv(x)dac

/Qei1(;p)y(x)dx+§t((;/ﬂ(/tiilaa:;(x,t)dtC{;Ltt(x,ti))v(:z:)dx)

Considering (3.6) with f% = ﬁ(ftii—l %(x,t)d — %(x,ti)) and using the fact that

% € L?(0, T, H'(Q2)) we deduce

(3.8)

9%u
[lu — use[](t:) < 0575\\@”2L2(o,ti,r1—1(9)) (3.9)
where C is a constant independent of §t. Using the norm equivalence (3.7)), we
conclude that there exists a constant C' independent of §t such that

[u—us](t:) < CotllullFrago,e,, 1r-1(0y)- (3.10)

3.2. Space discretization. We suppose throughout this part that 2 is a rectangle
for d = 2 or a parallelepiped for d = 3.

For a positive integer N, we denote by Py () the set of polynomials with d
variables and degree < N for each variable. Let £, = —1 and £y = 1, we define
(N —1) nodes &, 1 < j < (N —1) (which are the zeros of the polynomial L’y where
Ly is the Legendre polynomial) and (N + 1) weights p;, 0 < j < N satisfying the

Gauss-Lobatto quadrature formula on | — 1, 1]
1 N
[ owdz =3 uw(&)p; Vi € Paxoa(] - 11D, (3.11)

We recall the following formula (see [5]):
N
lonlZeg-1ap < Do UR(E)ps < Bllunlie 1y Von €Bx(-1L1).  (3.12)
§=0

Let F be the affine application which transforms | — 1,1[% (d = 2,3) to Q. We
introduce the discrete scalar product

meas(2 N N

el S o Y g w0 F(€,5)v 0 F(&, &) piy, d=2
(’LL,U)N = meas(2) N N N

T im0 2ujm0 ko WO F(&i &5y Ek)v 0 F(&i, . E)pipipk, d =3

We suppose that ug and f are respectively continuous on 2 and Qx]0,T[. Using
the Galerkin method and numerical integration, the space discrete problem of (3.4))
is written as follows.
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Find v}, € (P(2))f, 1 <4 < I such that
uly = In(ug) in Q (3.13)
and for 1 <7 <1,
(uly vy ) +0H(Valy, Vol ) v = (uly s un) v+t on)n, - Yon € PR(Q), (3.14)
where Zy is the interpolation operator from L?(Q) to Py ().

Proposition 3.1. Problem (3.13)-(3.14) has a unique solution (ul,uly)1<i<r in
Py (Q) x (PR ()" and there exists a positive constant C independent of N such
that

v l3e) + 0t D 1By < € (ITn (o) 320y + ¢ D IZN () 32y ) (3:15)
=1 =1

Proof. Using the Lax-Milgram theorem, the Cauchy-Schwarz inequality and in-

equality (3.12), we show that (3.13)-(3.14)) has a unique solution (ul, uly)1<i<r €
Py () x (PR (Q))".

To prove (3.15)), we begin by choosing vy = u’; in (3.14) and using the Cauchy-
Schwarz inequality, we obtain
(uly, uly) v + 0t (Vuly, Vuiy) N

A o _ _ o (3.16)
< (i L uly P (uly uly ) N ST L I ) N (i ui ) N

a®

Using the inequality ab < % + %, the Poincaré-Friedrichs inequality and the in-

equality (3.12)), relation (3.16]) becomes

" Z. laie oy TN Z.

Sl @) + IV 320y < 5 48t ——— 1+ Ol Vuy 320
where C' is the Poincaré-Friedrichs constant. Finally, computing the sum on ¢, we
deduce the inequality ([3.15)). O

4. ERROR ESTIMATE

We establish now the error estimate between the solution u of the continuous
problem (I.1)) and the solution (u%;)o<i<r of the discrete problem (3.14). We define
uns: the function in W equal to ufy on idt.

Theorem 4.1. If f and ug are respectively continuous on x [0, T] and 2, we have
the following error estimates: There exists a constant C independent of 0t and N
such that

[use — unsel](ti)

<o inf (Lot = vnatll(ts) + luo = v 220y ) + luo = Twvoll oy
vy, €PN () XPY 1 (Q)
0<I<T

+(6t2[ inf llfl—levllL2<ﬂ>+||fl—INfl||L2<9>Dl/2>

-1 FNEPN_1()
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Proof. Let (v )o<i<n € Pn(Q) x (PX_,(Q))!. Considering that (u%)o<i<; and
(ui)ogig 1 are respectively the solutions of and and taking into account
that the quadrature formula is exact for polynomials with degree < 2N —1,
we deduce that for all wy € Py (Q)

(uly — vy, wn) N + 0t (V(uly —vY), Vo )y

— (u%1 — vj\fl,wN)N + /Q(u’ — o) (2)wy (2)dz
(4.2)

- / ('t — ol N (2)wy (z)dx + (5t/ V(u' —vi)(z)Vwyde
Q Q

SH(F )y — ot /Q Fi(z)wn ()dz

By introducing f4_, in Py_1(f), then following the exactness of the quadrature
formula (3.11)), for all wy € Pn(£2),

/ F (e @)z — (' ww)y = / ('~ o) (@wn @)z — (Tn S~ oy wn)n
Q Q

(4.3)
Summing over ¢ in (4.3)) and using the fact that
lust — unsell < [Juse — vnsell + lunse — vl
we obtain (4.1]). O

We define Iy (respectively H}\}O) the orthogonal projection operator from L?(Q)?

(respectively H}(2)?) onto Px(2) [5]. To obtain the order of convergence with
respect to N, we take va = IIyug X Hjl\’,oul and fll\,_1 =Ty_1f51<1<iin
and we use the polynomial approximation and interpolation results [3]. We obtain
the following theorem.

Theorem 4.2. Assume that f € C°([0,T] x H7(Q)) and ug € H?(Q), 0 > 4.
Let (u')o>i<1 € H*(Q), s > 1 be the solution of ([3.14). Then there exists C' > 0
independent of 6t and N such that

i 1/2
Juse = umal6) < € (5= (1 By + 3 1B )
=1

+ NU(UOHHS(Q) + ||f||cﬂ([o,T],Hs(Q)))>-

Let u be the solution of (1.1). By writing
lu —unsil] < [lu = usel] + [luse — uns:l]
and using the property (3.7)) we obtain the following property.

Corollary 4.3. Let f € L*(0,T,H°(Q)) and ug € L?(0,T, H°(S2)). If we assume
that the solution u of problem (L.1)) is in L*(0,T, H*(Q)) then

[u — unse)(t:)
< C1(8t + N'7%)Jull 20,0, 15 () + C2(8t + N=O) (£l L2 (0,05, 157 (2) + w0l e (q))-

where C1 and Cy are constants independent of 6t and N.
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—8— NomL2
—@— NormH1

log{error)

log(&t)

FIGURE 1. Error on time for the solution (5.1)

—8— NormL2
—&— NormH1

log(emor)
ob

\
10° 107
log(&t)

FIGURE 2. Error on time for the solution (5.2

5. NUMERICAL RESULTS
Let h; be the Lagrange polynomial interpolation defined by
hj € P([-1,1]), h;(&) =6, 0<4,j<N
where d;; is the Kronecker symbol.

We have then for each u’, € P (2)” solution of the discrete problem (3.14),

N—-1N-1

ui(z,y) = D Y un(&r, €)hE (x)hY (y)

i=1 j=1

where (§F,&Y) = F(&,&;) and hihY verify hih! o F' = h;h;.
If we consider U’ the vector composed by the admissible solutions u’;(£2 753)
then the discrete problem ([3.14) can be written as the matrix form

(D +5tAU" = F'
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where D is a diagonal matrix of components p,.ps, 1 < 7,5 < N—1, A is the matrix
with components (V(h;h;); V(h,hs)), 1 <4,5,7,8s <N —1 and F* is a vector with
components (uy " (&, &) + 8L (&, &) prps, 1 < iy <N =1

We note that D + §tA is a symmetric, positive definite matrix. The algorithm
is then solved using the gradient conjugate method.

We present in the following some numerical tests in order to confirm the theo-
retical results. The numerical results have been performed in dimension d = 2.

log{error)

F

FIcurE 3. Error on space for the solution ({5.1])

—8— NormL2
—&— NormH1

log{eror)

log{n)
FIGURE 4. Error on space for the solution ([5.2))

5.1. Convergence in time. We are interested in this case to the time convergence.
We consider the domain Q = [—1,1]2. Two examples of the exact solution are
tested. The first one is

u(t, x,y) = cos(nt) sin(nzx) sin(my) (5.1)

The domain is discretized with N = 20. T is taken equal to 1 and ¢ = 10~!, 1072,
107* and 10~*. We present in Figure [1| the quantities log, [|u — unsi|| 102 (in
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. g — ' f——
008

) 008
0
0.02

00 02 0.4 08 0.8 0

FIGURE 5. Convergence in space: Continuous solution (right), dis-
crete solution (left)

o

o

o
K

o

blue) and logyq [|u — unst||12(0)2 (in red) as a function of log;,(dt). For the second
test we consider a less regular solution

u(t,e,y) = 21— 2?2 (1 = )2 (5-2)

and we present in Figure [2] the same quantities as the Figure [1] for N = 20 a time
T = 0.1 and for time step dt = 5 x 1072,1072,5 x 1073, 10~%. The obtained figures
show that the errors decrease, which prove the convergence of the method.

5.2. Convergence in space. In this test, we fix the time step §¢t = 0.01 and we
vary N from 5 to 22. We consider

u=(1+8)(1-2)(1 -y

and T = 1. We present in figure 3| (respectively figure [4)) the quantities log;, ||u —
unst| 1 (0)2 (in blue) and logy [[u—unst | L2 ()2 (in red) as a function of N (respec-
tively log;o(&V)). We remark that the error norm logyq [|u — uns: | g1 ()2 decreases
until N = 10 and becomes sinusoidal for N > 10. The error logy, ||u — unstl|22()>
decreases until N = 10 and stagned for N > 10. These results are due to the fact
that the convergence order in time is less than that on space and that the time
variation polutes the space convergence. The isovalues of the exact and discrete
solutions for this case when 0t = 0.01 and N = 22 are presented in Figure

u=0
=2

u=g u=0

y=0
x=0 u=0 x=10

FIGURE 6. Physical test domain
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u;
:

FiGURE 8. Physical test, g = 10

FI1GURE 9. Physical test, g = 30

5.3. Physical interpretation. We consider the test presented in [12] where u
represents the temperature. The domain (2 is a rectangle [0, 10] x [0, 2] (see figure

We consider a variable boundary condition u = g at the inlet of the domain
and a fixed boundary condition v = 0 at the other parts. We consider T' = 1,
0t = 0.01 and N = 40. We present respectively in figures and [J] the isovalues
of the discrete solution for g equal respectively to 1,10 and 30. We remak the
convergence of the solution for the three cases which correspond to the thermic
convection in the direction of the x axis.

Remark 5.1. Although the spectral methods are known as highly order method
in space, we remark that they have the disadvantage of losing part of this accuracy
due to lower order of temporal discretization (often of order 1 or 2).
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