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STABLE SOLITARY WAVES FOR ONE-DIMENSIONAL
SCHRODINGER-POISSON SYSTEMS

GUOQING ZHANG, WEIGUO ZHANG, SANYANG LIU

ABSTRACT. Based on the concentration compactness principle, we shoe the ex-
istence of ground state solitary wave solutions for one-dimensional Schréodinger-
Poisson systems with large L2-norm in the energy space. We also obtain orbital
stability for ground state solitary waves.

1. INTRODUCTION

Consider the one-dimensional Schrédinger-Poisson system
104 + Opat) + W + b|Y0|P 29 =0, (t,2) € R*,
—0paW = Y|*, (t,x) € R, (1.1)
(0, 2) = ¢o(),

where p > 3, b is a real constant. The self-consistent Poisson potential W is
explicitly given by

+oo
Wolta) = =5 (ol s 0t.)) = =3 [ ko= yllwtt.)Pdy.

Problem (1.1)) can be reduced to the nonlinear nonlocal Schrédinger equation

O+ Dot — %(m f |60 )P0+ B2 =0, (t,3) € RMY,
(0, 2) = Yo(x).

The model equation appears in various frameworks, such as wave propagation
in fibre optics to biophysics [8], one-dimensional reduction of electron density in
plasma physics [2].

Recently, one-dimensional (1D) Schrodinger-Poisson system have been studied
extensively. In 2005, Stimming [T4] obtained the global existence result for
by using the semi-group theory. In 2007, De Leo, Rial [7] studied the global well-
posedness and smoothing effect of . In 2011, Masaki [12] proved that is
globally well-posed in the energy space, by means of perturbation methods.

(1.2)
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We are interested in the search of solitary wave solutions of (1.2)), i.e., solutions

to (1.2)) in the form ‘
U(tx) = e Mu(z), A ER,

and u solving
1
— Opat + = (|x| s |ul)u — blulP~?u =, NeER. (1.3)

As b =0, based on the rearrangement inequality, Choquard Stubble [6] proved the
existence and uniqueness result of ground states for . Hartmann, Zakvzewski
[9] obtained the analytic solitary wave solutions which is approximated by a Gauss-
ian, and soloved numerically.

In this article, we look for solutions u with a priori prescribed large L?-norm
by using the concentration compactness principle and the constraint minimization
method. Notice that the Schrédinger-Poisson system in three dimensional space,
Catto, Dolbeault, Sanchez, Soler [3] reviewed some recent results and open prob-
lems concerning the existence of solitary wave solutions in the frame work of the
concentration compactness principle.

This article is organized as follows. In Section 2, we give some preliminary results
and state our main theorems. In Section 3, we prove the existence of ground state
solitary wave solutions with sufficiently large L?-norm for .

2. PRELIMINARY RESULTS AND MAIN THEOREMS

For any 1 < ¢ < 400, L4(R) is the usual Lebesgue space endowed with the norm
luld = fjoos |u|9dz. H(R) is the usual Sobolev space with the norm ”“Hiﬂ(r@) =
OO(|8 ul? + |u?)dz. Consider the natural functional space X = {u :

R),v/|zlu € L*(R)}. The energy space X [12] is a Hilbert space with norm
glven by

lulli = llull @ + /; jz|u®()dz = [Jull 7 @) + lul?,
where |u|? = fj;o |z|u?(x)dr. By Rellich’s criterion [13], we have the following
result.
Lemma 2.1. X is compactly embedded in LI(R) for all ¢ € [2,+00).
Masaki [I2] proved the following lemma in 2011.

Lemma 2.2. When b > 0, 3 < p < 6, (z) € X, problem (L.1)) is globally
well-posed in the energy space X.

We consider the symmetric bilinear form

(u,v) — By(u,v) /JFOO/JFOO |z — y|u(zx)v(y) de dy,

and define the functional V : H'(R) — R U {+oc0} as
—+oo —+oo
V(u) = Bo(u?, o / | o=l dedy.

Lemma 2.3. Let {u,} be a sequence in L*(R) such that un, — u in L2(R) \ {0},
{vn} be a bounded sequence in L*(R) and sup,,cy Bo(uZ,v2) < co. Then there exist
ng € N, C > 0 such that |uy|« < C forn > ng.

n7 n
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Proof. From the assumptions and Egorov’s Theorem, that there exist ng € N, R,
§ >0 and A C Bg(0) such that |A| > 0 and u2(x) > ¢ for all n > ng. Since

|z —y| > % > /|yl for all z € BR(0) and y € R\ Bar(0),

we have
BoCunv) = [ [ o= yllun@)Ploat)? dody
R\B2r(0) /A
5| A
> oA o (0) Py
R\B2r(0)
5] A|
> O (o2 — 28] 7).
Hence, we have |u,|. < C for all n > ng because Bo(uy,v,) and |v,|3 are bounded.

O
Remark 2.4. (1) From Lemmal[2.3] we obtain that if By(up, v,) — 0 and vy, |2 — 0

as n — oo, then |u,|. — 0 as n — oo.
(2) From Lemma and Lemma it is easy to obtain that if u,, — u weakly
in X, then we have Bo(u2, (u, — u)u) — 0 as n — oo.

Now, for problem (|1.3)), we consider the functionals I, N : X — R defined by

1 +oo 1 —+oo —+oo b +oo
I(u) = —/ |0, u|?dx + Z/ / |z — ylu?(x)u’(y) da dy — f/ |u|Pdx
— 00 — 00 — 00 p

2 —00
1/+oo ) 1 b/+oo

= - Oyul“dx + =V (u) — — ulPdz,
5 Joeulde v = [

and

N(u) = (/joo |u|2dx)1/2 = [ulo.

o0

From [0, [13], we obtain that the functionals I, N are well-defined on X.
Lemma 2.5. The functional I is of class C' on X.

Proof. Let {u,} be a sequence in X converging to some u € X, we obtain that
{un} is bounded and

[V (un) = V(u)|
+

+oo oo
- / / & — yl[un (@) P12 (y) — w2 ()| de dy
+oo “+oo
+ / / & — ][ () — (@) |uly)? dz dy
+oo “+oo
< / |+ oDl @) Pluas) = w(w)llun) + u(w)] de dy

+oo +o0o
[ el (o) = e o) + ) ) ey

< Jun (@) 2|un = ul3|un + uls + [un 3w — ulfun, + ul.

+ |un|%|un — ulu]un + uls + |u|i\un — ul2|un + ulz
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< Cllun — ul%,

for some C' > 0. So, we obtain that V(u,) — V(u) as n — oo. By a simple
calculation, we have

400 ptoo
V' (u)v = 4/_ /_ |z — ylu(x)*u(y)v(y) dedy, Yove X.

When u,, — u in X, we can argue as before and obtain

V' an)e = V(o
+o0 +oo
—t [ [ @) - ) dedy
boo ptos
<ol [l o) ) () n ) + w5 0(0)] o dy
+o0 +oo
H [ el D wals) - u) @) Plo(w)] dedy)

< AJun — ullun + ulsun3[v]2 + un — ul2|ulflv]2)
< AClun — ullxllollx, Vo€ X.
In conclusion, we obtain that V' (u) is C! on X. Since 3 < p < 6, by Lemma

we obtain that |u[} is C' on X. Hence, the functional I is of class C! on X.
On the other hand, it is easy to obtain that N(u) is C* on X by Lemma O

Inspired by the papers [3], [§], we look for the solution of the problem (1.3)) with a
priori prescribed L2-norm. The natural way is to consider the constrained critical
points of the functional I on the set

BM:{’U,EXZ |u|2:M}

So by a solution of we mean a couple (Ays,ups) € R x X, where Ay is the
Lagrange multiplier associated with the critical point up; on Bjs. From a physical
point of view, the most interesting case is the existence of solutions for with
minimal energy (ground state solutions), that is the minimizers of

Iy = inf I(u). 2.1
M= inf (u) (2.1)

Functionals I, N are translation invariant, i.e., for every z € R,
I(u(- +2)) = I(u), N(u(-+2))=N(u).

Therefore, the concentration compactness principle [I0,[11] is the natural framework
for the study of the existence of a minimizer, and for the analysis of the minimizing
sequence of (2.1]). It is known that, in this kind of problems, the main difficulty
is the lack of compactness of the minimizing sequences {u,} in Bj; indeed, two
possible bad scenarios are possible: (1) (Vanishing)
(2) (Dichotomy)

up, = #0 and 0< |alz < M. (2.3)
By the concentration compactness principle, we obtain the strict inequalities

IM<IM/+I\/W forallM,M’, and O<M/<M,
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as necessary and sufficient conditions for the precompactness of the minimizing
sequences {uy} in the problem (2.1)). Now, we state our main theorems in this

paper.

Theorem 2.6. Let b > 0, 3 < p < 6. Then the minimizing sequences for 18
precompact in X up to translations with prescribed large L?-norm. In particular,
there exists a couple (Apr,upr) € R x X solution of , 1.e., problem has a
ground state solitary wave solution.

Theorem 2.7. Letb >0, 3 <p < 6. Then the set
Su = {eu, 6 €10,27), luly = M, I(u) = Iu},

is orbitally stable, i.e., the ground state solitary wave solution of (1.1) is orbitally
stable.

The definition of orbital stability is recalled in Definition [3.3] below.

3. EXISTENCE AND ORBITAL STABILITY

In this case, our aim is to discuss the applicability of concentration compactness
principle to the minimizing problem for proving the existence of ground state
solutions of . The next result is the Gagliardo-Nirenberg inequality in one-
dimensional space, see [4, p. 9].

Lemma 3.1. For all u € H'(R), we have
fulg < Cluly'™"|0sul3. (3.1)
where 2 < g < 00, § = % — %, the constant C' only depends on q and §.

By Lemma [3.1} we obtain that for every M > 0, the functional I is bounded
from below on Bjs. Indeed, from (3.1) and positive property of V(u), we have

1 [T b o[tee
I(u) > f/ |8$u\2da:—2;/ lulPd

2 —0o0 —00
b
p
Since 3 < p < 6, we have pd = & —1 < 2. Hence, we have

1 1-—
> Lol - Lo =0,

1 [tee
I(u)>/ 10,ul2dz + o(1),

= 5 -
which concludes the proof. Moreover, we also obtain that I is coercive on Bjy.
Notice that if we set ug(z) = 01~ %)u(z), 6 > 0, o is a real number, we have

+oo
/ g2z = Jugl2 = 67]uf2,

— 00

+oo +oo
/ |8, ug|?dx = 272 / |0puldz,

— 00 oo

“+oo “+o0 ) - )
/ / & — yl[ug () Plus ()P dz dy

4 +oo +oo (32)
— gla+a) / / & — yllu(@) Plu(y) ? dz dy,
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+oo o +o0o
/ |ug|Pdx = 9(1*5)1”04/ |u|Pdx.

Lemma 3.2. Ifb>0, 3 <p <6, then there exists My > 0, such that
Iny <0,  forall M' € (M, +0),
Ine <In + 1 g,
for all M > My and 0 < M’ < M.

Proof. By (3.2)), we have

9(2—204) +oo ) 9(4+a) +oo +oo ) 5
Iup) =" [ ozt = [ [ e = sllut) Plu(w) dedy
—o0 J—o0

> ). 1
b (1-2)pta +o00o
— =g =P |u|Pdx
p —o0
(—2a) _ 1 [+oo
— O[I(u) + ef / 10, ul2dz
0(2—&-04) -1 +oo  ptoo
e [ e sl@P ) dedy
b 1-%)pta—2 oo
LAt TS

= 0*(I(u) + g(0,u)),

9(72a) -1 +o0
g(f,u) = f/ |0y u|*dx

g(2+o) _ 1 ptoo ptoo ) )
= [ e @) lut) de dy
+oo

b e
_§(9<17>p+a72_1)/ u|P da.

Let « = —2/3, we have

110 [+ 110 [+ [T
tu) = 50% [ loldo+30% [ [ o yllu@)Plu) dedy

— 0o

where

b too
— Zgr3 / |ulPdz, Yug € X.
p —o0

Hence, we obtain that I(ug) < 0 for a sufficiently large # which proves the first case
because %p—§> % for 3 < p < 6.
Claim: Ipy < 021y for 0 sufficiently large. Indeed, let {u,} be a minimizing
sequence in By with Tpsr < 0. Since Inss(u,) < 0, we have

+00 +oo
0<Cy < / |0ptin|?dr < Coyy 0 < O3 < / |u,|Pdx < Cy.

— 00 — 00

When o = —2/3, we have

1) e
Q(G,un)zL 5 1)/ |0zt |2d

— 00
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/m /m | = yllun (@) |un (y) | da dy

—5<9<% g —1)/ P dz,

with %p — % > %, as 3 < p < 6. With a simple computation we obtain that

d2
@9(97un)|0:1 < 0 and 7029

In conclusion, we obtain that g(6,u,) < 0 forall @ > 1 and Ippy < 6%1(uy,) = %1y
From the claim, we obtain that for M’ sufficiently large,

2
IM—IMM/< —1Iy

(0,u,) <0, foralld>1.

M/2
(M2 _M/2 +MI2)
= IM/
M/2
M2 _ M/2
R ) SV —
M2 e M?2—-M
< IM/ + I\/W.
Hence, we complete the proof. ([

Proof of Theorem[2.6. Since the functional I is bounded below and coercive on By,
we obtain that the minimizing sequence {u,} is bounded in H'(R?). By Lemma
we obtain that Ips < 0 on By, for sufficiently large M. Hence, we have that

sup/ lun|?dz >0 textand wu, —u#0in H'(R?).
z€R J B ()

and the vanishing case does not hold. On the other hand, by Lemma [3:2] I, <
Ing + I =g for all M’ > My and 0 < M’ < M, and the dichotomy case does
not hold. Hence, from concentration compactness principle, we obtain that

there exists x,, € R such that @, = u,(y — z,) € X, n € N, (3.3)
is precompact in H*(R) and converges strongly to some function u € H'(R)\{0}.
We may also assume that 4,, — u pointwise almost everywhere in R.

Claim 1: |ay]|« is bounded in n. Indeed, since {4, } is a minimizing sequence for
Iy on By, by the version of Ekeland Variational principle in [p.122]w1, we obtain
that there exists A € R such that

I'(iin) — AN'(@,) — 0, I(@in) — AN(@ty) — Ing — AM? asn —oco.  (3.4)
Hence, we have
BO( U n) V(tn) =V(un) =o(1) + )‘”un”QL?(R) + bHunHIz,p(R) - ||un||%Il(R)

as n — oo, and the right-hand side of this equality remains bounded in n. So, we
obtain that By(@2,42) is bounded in n. By Lemma and Remark [2.4 . we have
|tin, |« is bounded in n. Hence, by the definition of the norm ||@,||x, we obtain that
ltn|lx < oco.

Claim 2: ||@, — ul]|x — 0 as n — oo. Indeed, by (3.4]), we have
I' () (@ — u) — AN (i) (U, —u) — 0 as n — oo.
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By a simple calculation, we obtain that

—+o0
171y = NullFr gy + V(i) (i = ) — b/ [t P~ i (11, — ) dx

+oo
- )\/ i (i — )z = o(1).
Since ||ty || x is bounded in X, we obtain that @, — u weakly in X. By Lemma
2.1] we obtain that @, — u strongly in L*(R) for s € [2,00). Hence, we have
V() (n —u) = Bo(iiy, @n (i —u)) = Bo(ty, (in —u)?) + Bo(uy, u(ty, —u)) — 0

as n — 0o. By Lemma we obtain that |4, — ul. — 0 as n — oco. Hence, we
obtain that ||@, —ul|x — 0 as n — oo.

From Claim 2, we obtain that the minimizing sequence {,} of is precom-
pact in X with prescribed large L2-norm. So there exists a couple (Apr, upr) € Rx X
solution of , and has a ground state solitary wave solution. Let

Su = {eu(x), 6 € [0,2n), |uls = M, I(u) = Inr}.
O

Definition 3.3 (c3). We say Sy, is orbitally stable if for every £ > 0, there exists
0(g) > 0 such that if ¢y € X satisfies inf,eg,, [[v — ¥ollx < d(€), then we have

sup inf |[¢(t,z) —v(z)||x <e,
t>0 VESM
where (¢, -) is the solution of ([1.1)) with initial datum )g.

Proof of Theorem[2.7. By [Theorem 1.5]m1, we obtain the solution of (L.I)) con-
serves [1|7, (r) and the energy

1 1 +oo +oo
Bt =01 [ [ el dedy

+oo
_b / ho(t, ) Pd,

PJ-
ie.,
400 —+oo
[ topa= [ P
and
1 , 1 [T e ) ) b [T
sl [ [ st P ey - 2 [ opds
1 9 1 +oo “+o0 ) ) b +oo »
—slowB 1 [ [ o= vl Pl dedy =2 [ ool

Suppose by contradiction that there exists a M such that Sy, is not orbitally stable.
Hence, there exist a subsequence {1,,(0,z)} and {¢,} € R such that

inf ||, (0,2) —v(x)|[|x — 0, inf |[Yn(th,z) —v(z)]|x > € asn— oco.
vESM vESM

Then, we obtain that there exists uy; € X minimizer of Iy, and 6 € [0, 27] such
that v = e“uyy,

[n(0,2)|2 — [v|a =M, I(¥n(0,2)) —» I(v)=1In asn — oco.
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Actually, we can assume that ¢, (0,x) € By (there exists a;, = W — 1s0
that a,1,(0,2) € By and I(a,,(0,z)) — Iy, ie., we can replace 1, (0, x) with
ann(0,)). So, we have {¢,(0,x)} is a minimizing sequence for Ip; and

I(wn(tna x)) = I(wn(ov x))a

and {¢n, (tn, )} is a minimizing sequence for I;. Since we obtain that every mini-
mizing sequence has a subsequence converging in X —norm to a minimum on By,
and it is a contradiction. (]
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