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FRACTIONAL ELLIPTIC EQUATIONS WITH CRITICAL
GROWTH AND SINGULAR NONLINEARITIES

TUHINA MUKHERJEE, KONIJETI SREENADH

ABSTRACT. In this article, we study the fractional Laplacian equation with
critical growth and singular nonlinearity
(=A)u=Aa(z)u 9 +u*"1, u>0 inQ,
u=0 inR"\Q,

where € is a bounded domain in R™ with smooth boundary 99, n > 2s,
s€(0,1),A>0,0< ¢ <1,0<a(zx) € L>(Q), for some § > 0 and 2} = n2_"28
We use variational methods to show the existence and multiplicity of positive
solutions of the above problem with respect to the parameter \.

1. INTRODUCTION

Let © C R™ be a bounded domain with smooth boundary 9, n > 2s and
s € (0,1). We consider the following problem with singular nonlinearity:

(=A)*u = Xa(z)u™ 9 +u*"1 w>0 inQ,
u=0 inR"\Q,

where A > 0,0 < ¢ <1, 0 <a(z) € L=(Q) for some 6 > 0, 2; = 22— and (—A)*
is the fractional Laplace operator defined as

(=A)’u(x) = —% /n uz+y) +|:|(:+28y) 2u(z) dy, for all x € R".
The fractional power of Laplacian is the infinitesimal generator of Lévy stable
diffusion process and arise in anomalous diffusion in plasma, population dynamics,
geophysical fluid dynamics, flames propagation, chemical reactions in liquids and
American options in finance. For more details, we refer to [2], [TT].

Recently, the study of the fractional elliptic equations attracted lot of interest by
researchers in nonlinear analysis. There are many works on existence of a solution
for fractional elliptic equations with regular nolinearities like u?4+Au?, p, ¢ > 0. The
sub critical growth problems are studied in [7, 81}, B83] and critical exponent problems
are studied in [0l 27] 25| [34] [32]. Also, the multiplicity of solutions by the method
of Nehari manifold and fibering maps has been investigated in [I5] [16, [35 B6]. To
the best of our knowledge, there are no works dealing with multiplicity results with
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singular and critical nonlinearities. We also refer [3| 12| T4, 23] 24, 26, 28], [30]
for related works with fractional Laplacian, singular nonlinearities, critical growth
or critical exponential nonlinearities. In this paper, we attempt to address the
multiplicity of positive solutions of problem with singular type nonlinearity Au~9+
w1 0<g<1.

In the local setting (s = 1), the paper by Crandall, Rabinowitz and Tartar [8] is
the starting point on semilinear problem with singular nonlinearity. A lot of work
has been done related to existence and multiplicity results on singular nonlinearity.
Among them we cite the reader to [I7, 13| 29} [18] 19, 2T 20] and references therein.
In [21], authors studied the critical growth singular problem

“Au=X"94u>"", u>0 inQ,
u=0 on 01,

where 0 < ¢ < 1. Using the variational methods and the geometry of the Nehari
manifold, they proved the existence of multiple solutions in a suitable range of .
Among the works dealing with elliptic equations with singular and critical growth
terms, we cite also [I} [, 17, [20] and references there in, with no attempt to provide
a complete list.

The fractional elliptic problem with only singular nonlinear term is studied by
Fang [10] where author studied the problem

(=A)Y’u=u"P, u>0 inQ,
u=0 inR"\Q,

with 0 < p < 1. Here, authors used the method of sub and super solutions to show
the existence of solution. Recently, in [5] the authors considered the problem

(—A)Suzx\%—kMup, uw>0 in £,
w=0 inR"\Q,

where n > 2s, M > 0,0 < s <1, vy>0,A>0,1<p<2—1and f €
L™(Q), m > 1 is a nonnegative function. Here, the authors studied the existence of
distributional solutions using the uniform estimates of {u,} which are solutions of
the regularized problems with singular term u~7 replaced by (u+ %)_7. They also
discussed the multiplicity results when M > 0 and for small A\ in the sub critical
case.

In this article, we study the multiplicity results with convex-concave type critical
growth and singular nonlinearity. Here, we follow the approach as in the work of
Hirano, Saccon and Shioji [2I]. We obtain our results by studying the existence of
minimizers that arise out of structure of Nehari manifold. We would like to remark
that the results proved here are new even for the case ¢ = 1. Also, the multiplicity
result is sharp in the sense that we consider the maximal range of A for which the
corresponding fibering maps have two critical points.

The article is organized as follows: In section 2, we present some preliminaries
on function spaces required for variational settings. In section 3, we study the
corresponding Nehari manifold and properties of minimizers. In section 4 and 5,
we show the existence of minimizers and solutions. In section 6, we show some
regularity results.
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2. PRELIMINARIES AND MAIN RESULTS

We recall some definitions of function spaces and results that are required in
later sections. In [32], Servadei and Valdinoci discussed the Dirichlet boundary
value problem in case of fractional Laplacian using the variational techniques. Due
to nonlocalness of the fractional Laplacian, they introduced the function space
(Xo, |l - [l x,)- The space X is defined as

X = {u:u:R" — R is measurable, ulq € L2(Q) and W e I2(Q)},
T —y|2s
where Q = R?" \ (CQ x CQ) and CQ := R™ \ . The space X is endowed with the

norm defined as

|u(z) — u(y)|2dxdy)1/2.

lullx = lull ey + ful . where [ulx = (

Q lz—y|t?
Then we define Xg = {u € X : u = Oa.e. in R™\ Q}. Also, there exists a constant
C > 0 such that [[ul[z2(q) < Clu]x, for all u € Xo. Hence, ||ul| = [u]x is a norm on
(Xo, ||-I) and Xj is a Hilbert space. Note that the norm ||-|| involves the interaction
between Q and R™\Q. We denote |[|.||zr(q) as || - ||, and || - || = []x for the norm in

X(].
Now for each o > 0, we set

Co = sup{/ﬁ\ur"dﬂc |l = 1}. (2.1)

Then Cy = |Q] is the Lebesgue measure of Q and [, |u|*dz < Cqllu|*, for all
u € Xo. In the case of n > 2s, we set 2] = = 29, 0 < s < 1. From the embedding
results, we know that Xy is continuously and compactly embedded in L"(€2) when

1 <r < 2} and the embedding is continuous but not compact if r = 2%. We define

. fQ ‘Ifir y\nf{z)el dr dy
S = inf )2/2

u€Xo\{0} (

Consider the family of functions {U.}, where U, is defined as
U, = e (0292 (E) , x € R™ | for any € > 0,
€

where u*(z) = ﬁ(é), i(z) = 290 and i(z) = a(B%+|z[2) "= with o € R\ {0}

llell2s

and 0 > 0 are fixed constants. Then for each € > 0, U, satisfies

(=A)*u = |ul*2u in R"

and verifies the equality

| = [

For a proof, we refer to [34].

20 — g3=.

Definition 2.1. We say u is a positive weak solution of (|L.1)) if u > 0in Q, u € Xy

and
(12) ~ )@@ =) 1 [ et a1 —
/Q y- [ (ato Yz =0

|z —y|t2e Q

for all ¢ € C°(9).
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We define the functional Iy : Xo — (—o00, 00| by

1 (@) —u(y)P / 1/
D=3 e g BT oG e =g )

where G, : R — [—00, 00) is the function defined by

0 ifo<g<1
Injz|] ifg=1

.
Zde,

Gy(z) =

for v € R. Foreach 0 < ¢ <1, weset Xy ={u€ Xy:u>0}and
Xi,={ue X, uz0G,(u) el (Q)}

Notice that X; g = X, \0if 0 < ¢ <1 and X # 0 if 9Q is, for example, of class
C?. We will need the following important lemma.

Lemma 2.2. For each w € Xy, there exists a sequence {wy} in Xo such that

wg — w strongly in Xo, where 0 < wy < ws < ... and wg has compact support in
Q, for each k.

Proof. Let w € X and {¢1} be sequence in C$°(€2) such that v, is nonnegative
and converges strongly to w in Xy. Define 2z, = min{¢y, w}, then z; — w strongly
to w in Xo. Now, we set w; = z,, where r; > 0 is such that ||z, —w| < 1.
Then max{wi, 2, } — w strongly as m — oo, thus we can find ro > 0 such that
[l max{wn, 2z, } — wl|| < 1/2. We set wy = max{w, 2z, } and get max{wa, 2, } — w
strongly as m — oo. Consequently, by induction we set, wy+1 = max{ws, 2, } to
obtain the desired sequence, since we can see that wi € Xg has compact support,
for each k and || max{ws, 2, ,} —wl|| < 1/(k + 1) which says that {w} converges
strongly to w in Xy as k — oo. (Il

For each u € X , we define the fiber map ¢, : Rt — R by ¢,(t) = Ix(tu).
Then we prove the following result.

Theorem 2.3. Assume 0 < ¢ <1. In case ¢ =1, assume also X4 1 # 0. Let A be
a constant defined by

A =sup{\>0: for each u € X1 \{0}, ¢, (t) has two critical points in (0,00)}.
Then A > 0.

Using the variational methods on the Nehari manifold (see section 3), we will
prove the following multiplicity result.

Theorem 2.4. For each A € (0,A), Problem (1.1) has two solutions uy and vy in
X

3. NEHARI MANIFOLD AND FIBERING MAP ANALYSIS

We denote I, = I for simplicity. In this section, we describe the structure of
the Nehari manifold associated to the functional I. One can easily verify that
the energy functional I is not bounded below on the space Xy. But we will show
that I is bounded below on this Nehari manifold and we will extract solutions by
minimizing the functional on suitable subsets. The Nehari manifold is defined as

Ny =A{u € Xy o[(I'(u),u) = 0}.

Theorem 3.1. I is coercive and bounded below on Ny.
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Proof. Case (I) (0 < g < 1): Since u € Ny, using the embedding of X, in L179(Q),
we obtain

1 1 1 1 _
1) = (5 = )l =M= = 5) | a@)pul' e
> erlJull® = ealjull '

for some nonnegative constants ¢; and cy. Thus, I is coercive and bounded below

on Ny.
Case (II) (¢ = 1): In this case, using the inequality In |u| < |u| and Xo — L}(Q)
we obtain

1) = (5= o)l = ([ at)nfu] = 1 o)

> (5 —f)|| - (/Qa(m)ln|u|dac) (3.1)

> e [lull® = c|ull

\

for some nonnegative constants ¢ and ¢,. This again implies that I is coercive and
bounded below on Nj. O

From the definition of fiber map ¢,,, we have

2 1—
LH [ qu )|ul "~

Sl = $25 J al@) n(t|ul)dz —

dr if0<qg<l1
|u|2 sdr  if ¢ =1.

bu (t) =

which gives

9 (8) = t]jul]? — A9 / afa)|ul'~tdz — 2
Q

9(t) = llull® + grt=! /Qa<x>|u|1*qda: @

It is easy to see that the points in N are corresponding to critical points of ¢,, at
t = 1. So, it is natural to divide N in three sets corresponding to local minima,
local maxima and points of inflexion. Therefore, we define

N ={ueNy:¢,(1)=0,¢(1) >0}
= {tou € Ny : to > 0,¢,(to) = 0, (ty) > 0},
Ny ={ueNy: ¢, (1) =0,¢;(1) <0}
= {tou € N : to > 0, ¢, (to) = 0, ¢, (to) < 0}
and NY = {u € Ny : ¢,(1) = 0,¢//(1) = 0}.

Lemma 3.2. There exist A > 0 such that for each uw € X ,\{0}, there is unique
tmaxst1 and ty with the property that t1 < tmax < t2, tiu € Ny and tau € Ny, for
all X € (0, \).

Proof. Define A(u) = [, a(z)|ul'~9dz and B(u) = [,
have

. Let u € X, 4 then we

%I(tu) = t]ul]? — t~TA®) — 27 B(u) = t7 (my(t) — AA(u))
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and we define my, (t) := t'79||ul|? — t%~1H9B(u). Since limy_ o my(t) = —oc0, we
can easily see that m,(¢) attains its maximum at

N ST

L2 -1+ 9)B(w)

and

*_

1+4q
i (t ):< 25 -2 )( 1+gq )% s (Jlull®)
1w\ lmax 22 -1+ q 21‘ -1+ q (B(’U,))zlthz

Now, u € N, if and only if m,(t) = AA(u) and we see that
My (tmax) — AA(u)dx

> mu( mWX) /\HCLHOOHUH

2 —14

2; -2 1+q 3% (|uf?) 5
> (52755 ) o Aol > 0
2x—1+gq 2x—1+4¢ B(u)2;—2

if and only if

2% —2 1+gq 2 = 1
) () e e o
o) ()™ @ T el
(say), where Cl, is defined in (2.1).

Case(I) (0 < g < 1): We can also see that m,(t) = X [, a(z)|u|'~%dz if and only
if ¢/,(t) = 0. So for A € (0, ), there exists exactly two points 0 < t; < to with
ml,(t1) > 0 and m.,(t2) < 0 that is, tyu € Ny and tou € Ny . Thus, ¢, has a local
minimum at ¢ = ¢; and a local maximum at t = t5, that is ¢, is decreasing in (0, ¢1)
and increasing in (t1,t2).

Case(II) (¢ = 1): Since lim;—,g ¢, (t) = 0o and limy_, o0 ¢y, (t) = —o0 with similar
reasoning as above we obtain t1,t;. That is, in both cases ¢, has exactly two
critical points ¢; and ¢ such that 0 < #; < ta, ¢//(t1) > 0 and ¢ (t2) < 0 that is
tiu € Ny, tau € Ny . O

Corollary 3.3. N? = {0} for all X € (0, A).

Proof. Let u# 0 € NY. Then u € N implies u € Ny that is, 1 is a critical point of
¢,. Using previous results, we say that ¢, has critical points corresponding to local
minima or local maxima. So, 1 is the critical point corresponding to local minima or
local maxima of ¢,. Thus, either u € /\/’;r or u € Ny which is a contradiction. O

Proof of Theorem[2.3, From lemma[3.2] we see that A is positive. If I)(tu) has two
critical points for some A = A\*, then ¢ — I,(tu) also has two critical points for all
A< A% O

We can show that N and Ny are bounded in the following way.

Lemma 3.4. The following holds:
(i) sup{|lul| : v € N} < 00
(i) inf{|jv]| : v € Ny } > 0 and sup{|jv|| : v € N ,I(v) < M} < oo for each
M > 0.
Moreover, inf I(Ny) > —co and inf I(Ny ) > —cc.
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Proof. (i) Let u € Ny. Then we have
0<di(1) = (2—2)lul* +A2; -1+ Q)/ a(@)lul'~1dx
Q

< (2= 29)|ull + M2 — 1+ q)Ci—gllal|oo [[u] .

Thus we obtain

A2F -1 _ oo\ TH7
||’LL|| < ( ( s ;;q)(;l q”a” )H' )

(ii) Let v € N, . We have
0> 6(1) = (14 ol - (2~ 1+q) [ [ofSdo
Q

> (1+glvll* = (25 =1+ @) Co: |l

2

Thus, we obtain
1

o] = (&) -2
(23 =1+ q)Coe

which implies that inf{|jv]| : v € Ny} > 0. If I(v) < M, similarly we have for
O0<gx1

(28-2), 12 (22 -1+ Q) 1-

— (- 1< M.
e ol = A (Gt ) ol <
Now for ¢ = 1, using In(Jv]) < |v|, we obtain

2-2) ) A (2**2)
M > = |ol* = MlallooCallvl] + o llall > =5 || I = Alallso C1 0]l

which implies sup{||vH tv €Ny, Iv < M} < oo, for each M > 0. For u € Nyf,
when 0 < ¢ < 1 we have

(1+9) 2 (25-1+44q) 2*
I(u) > — — == |Jul|*s
(u) = — 201 = )II ull® = 2 i—g O I
and when ¢ = 1, we have
[lu]? P
1) 2 5~ Alallo|€5 O3 Jul = 5

So, using (i) we conclude that inf I(N;) > —oco and similarly, using (ii) we can
show that inf I(N ) > —oo. O

Lemma 3.5. Suppose u and v be minimizers of I over N; and N respectively.
Then for each w € X,

(1) there exists €9 > 0 such that I(u + ew) > I(u) for each € € [0, o], and
(2) te — 1 as € — 0%, where t. is the unique positive real number satisfying
te(v+ew) € Ny .

Proof. (1) Let w € X4 that is w € Xy and w > 0. We set

ple) = u+ ewl® + Ag / a(@)u -+ ew|' T dr — (25 — 1)
Q

for each € > 0. Then using continuity of p and p(0) = ¢//(1) > 0, since u € Ny,
there exist ¢y > 0 such that p(e) > 0 for € € [0,¢p]. Since for each ¢ > 0, there
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exists t. > 0 such that t.(u+ew) € Ny, so t. — 1 as € — 0 and for each € € [0, €],
we have
I(u+ ew) > I(tL(u+ ew)) > inf I(NY) = I(u).
(2) We define h : (0,00) x R* — R by
Wty o, ls) = Iyt — At~y — 271y
for (t,11,12,13) € (0,00) x R3. Then, h is a C° function. Also, we have

GO0, [ a@hlrdn, [ 0P = gn) <0

and for each € > 0, h(t., [|v+ew|?, [, a(z)|v+ew|'=0dz, [, |v]%) = @) p(te) = 0.

vt+ew
Moreover,
w10l [ a@)elvda, [ oP) = 6,0 =0.
Q Q

Therefore, by implicit function theorem, there exists an open nelghborhood AC
(0,00) and B C R3 containing 1 and Hv||2 Joa(@)v|'~?dz, [, [v]*) respectively
such that for all y € B, h(t,y) = 0 has a unique solution ¢t = g(y) € A, where
g: B — Ais a continuous function. So, (|lv + ew||?, [, a(z)|v + ew|' "¢ dx fQ v+
w|?) € B and

=) =t

o(lv +ew)lP, [ a@lo+ ol ds, [
Q Q
25) = 0. Thus, by continuity

since h(te, [|[v+ew)|?, [, a( |v+ew\1 9dzx, [,
of g, we obtain t, — 1 as ¢ — 0T ]

Lemma 3.6. Suppose u and v are minimizers of I on J\/;\+ and Ny respectively.
Then for each w € X4, we have u™%w,v" 9w € L*(Q) and

(ulz) ~ulp)(w(z) ~ viy) - a(z)u wdr — | u? w
/Q 2z — y[rt2 dz dy A/Q (z) d /Q >0, (3.2)

/ (v(z) = v(y)(w(z) - wly))
Q

|z —y|nt2s

dx dy — )\/ a(x)v"wdr — / v > 0. (3.3)
Q Q

Proof. Let w € X,. For sufficiently small € > 0, by lemma
I(u+ ew) — I(u)
€

0<

! 2 2y _ 2 a(x u+ ew) — Gy(u)) dz
= oo (lu+ew]” = lul”) ~ 6/Q (@)(Gq(u+ ew) — Gq(u)) d (3.4)

1 2
= /Q(|u—|—ew
We can easily verify that
(i)
(lu+ewl —f[ul®) [ (u(@) = uy))(w(z) - w(y)
I,

€ |z —y[nF2e

/ (|u + ew|® — |u|?) o
9) € 9)

*
s —

2:)

drdy ase— 0T,

(i)

271w ase — 0t
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which implies that

a(z) c L' (Q)
€
Also, for each = € Q,
Gy(u(®) + ew(z) — Gy(u(x)) _ [ 1 (Lt o jul 1)y ifo<qg<1
€ L(In(ju + ew|(z)) — In(|ul(z))) ifg=1
which increases monotonically as € | 0 and
0 ifw(z)=0
Hﬁ} Golu(@) + ew(zc)) = Go(u(@) = ¢ (u(z)) w(z) if w(z)>0,u(z)>0
00 if w(z) >0, u(z) =0.

So using monotone convergence theorem, we obtain u~9w € L'(Q). Letting ¢ | 0
in both sides of , we obtain . Next, we will show these properties for v.
For each € > 0, there exists te > 0 with t.(v + ew) € Ny . By lemma [3.5(2), for
sufficiently small € > 0, there holds

I(te(v+ ew)) > I(v) > I(tew)
which implies I(t.(v + ew)) — I(v) > 0 and thus, we have

1—q\ _ ,Ul—q T
A/Qa(x)(Gq(lv+€w| ) = Gy(lv[))d

23

2:)

td 2 2 %
< 5‘(HU+€WH = lolI*) = 7/9(|U+€w — v

2*

S

As e | 0,t. — 1. Thus, using similar arguments as above, we obtain v=%w € L(Q)

and (3.3]) follows. O

Let ¢1 > 0 be the eigenfunction of (—A)® corresponding to the smallest eigen-
value \1. Then, ¢; € L>°(Q) (see [34]) and

(—A)Sqﬁl =M\, u>0 inQ,
$1 =0 onR"™\ Q.
For instance, here we assume ||¢1]|cc = 1. Let n > 0 be such that ¢ = n¢; satisfies
(=A)*¢ + Aa(x)p™ 9+ %71 >0 (3.5)

and % ~119(z) < Aa(z) (%) for each x € Q. Then we have the following

Lemma.

Lemma 3.7. Suppose u and v are minimizers of I on ./\/';' and Ny respectively.
Then u > ¢ and v > ¢.

Proof. By 1emma let {wy} be a sequence in X such that supp(wy) is compact,
0 <wy < (¢—u)t for each k and {wy,} strongly converges to (¢ —u)™ in Xy. Then
for each = € Q,

d

S Qa@)t+ 1527 = —gha(x)tTTT 4 (2 —1)t2 72 <0 (3.6)
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if and only if t2 17 < Xa(z) ( 4 ) Using the previous lemma and (3.5), we

2r—1
have
(/Q (u(x) —u(:;y)_)(;t[iiizl—wk(y)) dxdy—A/Qa(x)u*qwk dﬂf—/ﬂuzzflwk)
(A =D gy [ g [ )
>0

which implies

/ (u(z) = u(y)) = (¢(z) = ¢(y))
Q

|17 _ y|n+25 [wk (il?) — Wk (y)] dx dy

— / (Aa(z)u™ 4+ v~ Ywy dx + / (Aa(z)p™ 4+ ¢% ~wy dz > 0.
o Q

Using the strong convergence, we assume {wy} converges to (¢ — u)+ pointwise

almost everywhere in  and we write wi(z) = (¢ — u)t(z) + o(1) as k — oo.
Consider,
RO ETE T A——
= [ e (6 - @)~ (0= ) ) oy
((u = 9)(x) — (u = )(y))
+0(1)/Q PRI dx dy

where we can see that

/Q ((u—9)(z) — (u—9)(y)) (¢ —u)t(z) — (¢ — )t (y)) dady

o =y

_ /Q —@ =W L0 =) (15— ) (@) - (6 - w)* (1) dody

|z —y|nt2

_ / (@—w)* = (0—uw) )y = (¢ —u)" —(¢—u))(=)
Q

|z —y|nt2e

x (¢ — u)* (z) — (6 — u)* (y)) da dy
- _/Q (16 =Wl + 1@ - @F + (6 - w~ e - u* @)

(0= u)~(@)(6 W) /le —y" du dy
_/Q (@ =) @) = (6w W,

a |2 — y|nt2s

= 6~ w*IP.

Since ¢ 114 (z) < )\a(fﬂ)(%) for each = € €, using we obtain
/Q<<Aa<x>u—q +u ) = (Ma(@)g " + %) wy do

- / ((Aa(z)u™ +u* 1) = (Aa(@)¢ ™ + ¢* 7)) (¢ — w) " (z) do + o(1)
Qn{o>u}
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> 0.

This implies
0< (6 —wt|? - / (Aa(@)u=? + w2 ywy de
Q

+ /Q(Aa(x)czrq + ¢% " Vwy dz + o(1)
< —ll(¢ —u)[I* + o(1)

and letting k — oo, we obtain —||(¢—u)¥||? > 0. Thus, we showed u > ¢. Similarly,
we can show v > ¢. O

4. EXISTENCE OF MINIMIZER ON N,

In this section, we will show that the minimum of I is achieved in N, ;‘ . Also, we
show that this minimizer is also the first solution of ([1.1)).
Proposition 4.1. For all A € (0,A), there exist uy € Ny satisfying I(uy) =
infueN; I(u).

Proof. Assume 0 < ¢ <1 and A € (0,A). Let {ur} C N be a sequence such that
I(ug) — infue/\/;r I(u) as k — oco. Using lemma we can assume that there exist

uy such that up — wuy weakly in Xy. First we will show that infueN;r I(u) < 0. Let
up € Ny, then we have ¢/, (1) > 0 which gives

( 1+¢ /|u
—1+¢q 0

Therefore, using 27 —1 > 1 we obtain

""IZ?.

[(uo):(%*%_q)”’uow fq** /|U0 sdx
_MHU ||2 (7—|-C])||u ||2
= 21-g Y Tm—g

1 1,,14¢ 2
= (-2 (4 <0.
(2; 2)(1_q)||u0||
We set wy, := (ug —uy) and claim that uj, — uy strongly in Xg. Suppose ||wg||* —
¢ # 0 and [, |wy|*dx — d* as k — oo. Since u, € Ny, using Brezis-Lieb we
obtain
_ _ 2 o
0= tim ¢, (1) = ¢, (1) + ¢~ d (4.1)

which implies

luall® + & —A/ 2)ual'dz + 2 gy + 2

We claim that vy € X, , Suppose uy = 0. If 0 < ¢ < 1 and ¢ = 0 then
0 > inf I(N}") = I(0) = 0, which is a contradiction and if ¢ # 0 then

2 d2s 2 d2s
inf I(w)=I0)+> -5 =% -5
e 2 2or T2 2

(4.2)

S S
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But we have [ug]|3.S < [Jug|[* which gives ¢ > Sd*. Also from (4.I)), we have
¢ = d?. Then (&.2) implies

11
inf I(u)=(z——)c*>
0>u1€r/1\&+ (w) = (3 22)0 >

Vs

So%
n

which is again a contradiction. In the case ¢ = 1, the sequence { [, In(Jux|)} is
bounded, since the sequence {I(ug)} and {|lug||} is bounded, using Fatou’s lemma
and for each k, In(Jux|) < ug, we obtain

1n(|uk|)dx§/klim 1n(|uk|)dx:/ln(|u)\|)dx.
Q — 00

Q Q
which implies uy # 0. Thus, in both cases we have shown that uy € X4 4. So,
there exists 0 < t; < t2 such that ¢, (t1) = ¢/, (t2) = 0 and tyuy € N} . Then,
three cases arise:

(1) to < 1,

(i) t,>1and & — 22 <0, and

(iii) £, > 1 and & — <= >0,

—oo < lim
k—oo

Case (i) Let
C2t2 dQ:tZ:
h(t) = ¢u, (t) + PR
t > 0. By (@), we obtain h/(1) = ¢/, (1) 4+ ¢®> — d* =0 and
h/(tz) = (b;/\(l) + t202 — t22:_1d2: = t2(02 — t22:_2d2:) > t2(C2 - dQZ) >0

which implies that h increases on [to, 1]. Then we obtain

2 2;
inf I(w) = lim I(ug) > 6, (1) + © — T — h(1) > h(ta)
22 243 /2 )
= $uy (o) + 52 — T2 > gy, (o) + 2 (P — dF)
2 2% 2
> buy (t2) > duy (t1) > inf I(u),
ueN

which is a contradiction.
Case (ii) In this case, since A € (0,A), we have (¢?/2 —d% /2*) < 0 and Sd? < 2.
Also we see that, for each ug € Ny

0< 6, (1) = ol + o [ ala)fuol'"de— (25 = 1) [ Juol 7
Q Q

— (4 q) ol + (g — 27 + 1)/ o |2 da
Q
which implies

(14 )lluoll? > (g + 2% - 1>/ o 2 d = (g + 2% — 1) o | Z
) .

or

1+¢ o 1+gq s 2k
C*<< ) 2 257 2<( ) s 52;72.
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Thus, we have

2\ 2%
sup{Jull: w e N} < (=) 78T <o < supfull* s w e Y},
S

which gives a contradiction. Consequently, in case (iii) we have
2 d*

inf I(u)=1 °
ug}v; (u) (UA)+2 o

> I(u) = Guy (1) = buy (1) = inf I(NT).

Clearly, this holds when t; = 1 and (c?/2 — d?: /2¥) = 0 which yields ¢ = 0 and
uy € ./\/')\"' Thus, uy — uy strongly in Xy and I(uy) = infueNj I(u). O

Proposition 4.2. uy is a positive weak solution of (1.1)).

Proof. Let ¢ € C*(2). By lemma since ¢ > 0, we can find o > 0 such that
uy > « on support of ¢». Then u+ ) > 0 for small e. With similar reasoning as in
the proof of lemma I(uy + ep) > I(uy) for sufficiently small € > 0. Then we
have

I(uy + e) — I(uy)

0 < lim
T e—0 €
[ (ua(m) —ua(y) (W (x) — P(y)) Sy N G
_/Q lz — y|n+es dz dy )\/Q()Awd /QA ¥ d.

Since ¢ € C°(Q) is arbitrary, we conclude that uy is a positive weak solution of

[T). O

As a consequence, we have the following result.
Lemma 4.3. A < cc.

Proof. Taking ¢ as the test function in (1.1)), we obtain

/\1/Quq$1 :/Q(/\Uiq—FUZ'zil)qSl.

Let p* > 0 be such that u*t=9 + 1%~ > (\; + €)t, for all # > 0. Then we obtain
A < p* and the proof follows. O

5. EXISTENCE OF MINIMIZER ON N,

In this section, we shall show the existence of second solution by proving the
existence of minimizer of I on N, . We need some lemmas to prove this and for
instance, we assume 0 € ). To put U, zero outside €2, we fix § > 0 such that
Bys € Q and let ¢ € C°(R™) be such that 0 < ¢ < 1 in R™, ¢ = 0 in CBys and
¢ =1in Bs. For each € > 0 and x € R", we define

D (x) := ((2)Uc ().

Moreover, since u) is positive and bounded (see lemmal6.2)), we can find m, M > 0
such that for each z € Q, m < uy(z) < M.

Lemma 5.1. sup{I(uy +t®.) : t > 0} < I(u) + £525, for each sufficiently small
e>0.
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Proof. We assume € > 0 to be sufficiently small. Using [34, Proposition 21], we

have
|(I)F(I) 7 (I)e(y)|2 P —2
—— " drdy < S2 + o(e"*
/Q |.’L’ _ y|n+2s ( )

which says that we can find r1 > 0 such that

2s

b, — &, 2 n
/ |®() ()l drdy < S% + 2.
o |lv—yl"t

Now, we consider

‘/m%m=/|mWM+/ C(2)U. ()
Q Bs B35\ Bs

— [P [P [ @U@
n R™\ Bj B35\ Bs

.
% dx

2/ U, 2ifdx—/ U |% da

R» R™\ Bs

= 8% — e*n/ |u* (x/€)|% da
R"’\B5

Z S% — 7’26”

n

and we have
n—2s

for some constant 7o > 0. We now fix 1 < p <

[ 1erae =200 [ @y oo do
Q Bas

—(n—2s)p

<T3/e_(”—25)P/2/ (=) 7 a
B Bas €S

(n—2s)p/2

= T3€

for constants r3’, 73 > 0. Now, choosing € > 5/5% we see that

o
Bs

21, az;—1ﬁ—(n+zs)€(n—zs)/2/ (Lt [y2) 22y
ly|<Zs2s

(n—2s)/2
> a2:—15—(n+25) € / dy
2(n+2s)/2 yl<1

— ,r4€(n—2$)/2

for some constant r4 > 0. We can find appropriate constants p1, ps > 0 such that
the following inequalities holds:

, foralle¢>m,d>0,

)\((c—i—d)l_q cl—4a d) > _pld”

1—g¢q _1—q_07 T3

2% 2 . d*
(u_c _62;1d> > —, forall¢c,d>0,
2 2 23

(c+d)* & 2> d> pacd® !
25 25 =25 rym(25 - 1)’

S S

foral0<e< M, d>1.
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Case I: 0 < ¢ < 1. Since u is a positive weak solution of ([1.1)), using the above
inequalities, we obtain

I(uy +t®.) — I(uy)

= I(uy +t®.) — I(uy) — t(/

Q

— )\/Qa(ac)fbe(;v)u;q dx —/S2<I>E(x)ui:71 dx)

12 O (z) — P (y)]?
_ 7/ [2c(@) = S W)I" +(2y)| de dy — / (lux + t®,
2 Jg |z—ylntE Q

— A(/Q )l 100 ) dx — t/Qa(x)@equ dx)

1—g¢q

(ur(@) — ur(9))(Pe(7) — Pe(y))
|z —y|nt2

dx dy

2 _ |u,\|2:)d:c—t/ ul T, da
Q

2 . 25 . tP
< (8% 4 e — - / || da + i / a(z)|®| dx
2 2% Jo s Ja

*

i o n—2sy _ p2t25 & n p (n—2s)p/2
< 5 (S2 +rie ) o (82 —13€™) 4 ||al|coprt’e
s

for 0 < ¢ < 1/2. Since we can assume t®, > 1, for each ¢t > 1/2 and |z| < 20, we
have

P noos 1% 2 pat® 1 2 1
<CstE pme) - L [ o 2ar - L2 1B [2 N da
2 25 Ja r4(25 = 1) Jizi<s
t
+ 25 [ a(@)| @) da
3 Ja
n 2% Pt (no2g
< (9% 4+ 1r1€"2) — —— (8% — o) — ¢
2 (2:-1)
tP (n—2s)
+ 25 4 Jlallsoprtee "

3
Now, we define a function A : [0,00) — R by

(n=25)p

S(S% +11€772) — L (SF —roe™) + [lal|oprt?e F 0 t€[0,1/2)
he(t) = %(SQL +reh28) — 2% (S% — 7€)

23
2:_1 (n—2s) (n—2s)
—hye 7+ 2 lalopitre 2 te[1/2,00)
By some computations, it can be checked that h. attains its maximum at
B pze(n—Qs)/Q

t = + 0(6(71—28)/2)7

(2~ 2)5%
so we obtain
S n p2€(n728)/2 S . n

sup{I(u +®c) — I(uy) : t > 0} < —§% — e + o(e29)/2) < —5%.

Case II: ¢ = 1. Since uy is a positive weak solution of (1.1), using previous
inequalities, we obtain

I(u,\ + t@e) — I(U)\>
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= I(uy + t®,) — I(uy) —t( /Q (ua(x) —ﬁ;(li)zj(lfi(zf) — %) 4y 4,

)\ / /Q cbe(a;)ui?‘ldx)

t? / |<I)6 — q)e( )| / 27 2% 2;-1
=— drdy — | (Jux +tP % — de—t/us b, dx
2 ) = *y|"+2s Q | | ) Q

7A(/§2a(r)(ln|u,\+t¢5| 71n|uA|)da:ft/Qa(x)%d:c)

2 n 12 " 2 |uc|?
< — (5% n=2sy _ %d —)\/ B
- 2( tre ) 2% v Q ol )2|u,\+tu€|2 v
o

2 - : . Allall
- n—2 27 o 20, |2
< (8% 4 e — /|<1>6| de + 520 /t|u6\ dx

< (8% 4 e — P / |®. |2 dx—|—’y\|a||oce(” 2s)

S

for 0 < ¢ < 1/2, where v is a constant. Since we can assume ¢®. > 1, for each
t > 1/2 and |z| < 26, we have

I(uy +t®,) — I(uy) <

t
2

_ p2t2:_1 / |® 5
r4(25 = 1) Jjzi<s

2 . 12
(S2s + r16"72s) - —
2

t2|u6‘2
- A —d
/a( )2|u>\—|—tue|2 v

2 . 12 pot®s ! (n-2e)
< (872 n—2s\ _ 52 _ € 7
=7 ( + 7ri€ ) 23 ( T2€ ) (2* — 1)
pit? n—2s
+ 2 a2

for each t > 1/2. With similar computations as in case (I), it can be shown that

sup{I(uy +t®.) : t > 0} < I(uy) + %Si.

Lemma 5.2. There holds inf I(Ny ) < I(uy) + £5%.

Proof. We start by fixing sufficiently small € > 0 as in previous lemma and define
functions oy, 02 : [0,00) — R by

9 :/ I( u,\+t<1>6|xx) — (ux +tP)(y)?

y|n+23

dxdy—)\/ a(x)|uy + t® | 1 d
Q

—/ luy + t®)% da,
Q

- s

‘A?/“@WM+¢®Pde—@:—U [ d.
Q

Let to = sup{t > 0 : o(t) > 0}, then 02(0) = ¢ (1) > 0 and 03(t) — —o0 as
t — oo which implies 0 < tp < co. As A € (0,A), we obtain o1 (fp) > 0 and since
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o1(t) — —o0 as t — oo, there exists t' € (¢g,00) such that o1(¢') = 0. This gives
s v, (1) <0, because t > to implies oo(t') < 0. Hence, (ux +t'®.) € Ny and
using previous lemma, we obtain the result. ([l

Proposition 5.3. There exists vy € N, satisfying I(vy) = infUGN; I(v).

Proof. Let {v;} be sequence in N, such that I(vj) — inf I(N; ) as k — oo. Using
lemma we may assume that there exist vy such that vy — vy weakly in Xj.
We set 25, := (v, —vy) and claim that vy — vy strongly in Xo. Suppose ||zx||?> — ¢
and [, |z|* dx — d* as k — oco. Then using Brezis-Lieb lemma, we obtain

sl + & = A [ atalo o+ [ onf 4

We claim that vy € X4 ;. Suppose vy = 0, this implies ¢ # 0 (using lemma it))
and thus N
. _ . 2 d®: s
inf I(N, ) =lim I(vg) = I(0) + = — > =52,
2 2% n
but by previous lemma, (5525 )/n < inf I(Ny ) < I(uy)+ £52 implying I(uy) >0
or we say that inf 7(N,") > 0, which is a contradiction. So vy € X, , and thus,
our assumption A € (0,A) says that there exists 0 < t; < t such that ¢, (t1) =
), (t2) = 0 and tyvy € Ny, tovy € Ny . Let us define f,g: (0,00) — R by
C2t2 d2:t2:
=" -

Then, following three cases arise:
(i) t2 <1,
(ii) t2 > 1 and d > 0, and
(iii) £, > 1 and d = 0.
Case (i) t2 < 1 implies ¢'(1) = ¢, (1) + f'(1) = 0, using and ¢'(t3) =
0 (t2) + f'(t2) = tao(® — d2:t§:_2) > ty(c® — d?) > 0. This implies that g is
increasing on [t2, 1] and we have

and  g(t) = v, (1) + f(1)- (5.1)

inf I(N) = g(1) > g(ta) > I(tavy) + %2(02 — d%) > I(tyvy) > inf I(NY)

which is a contradiction.
Case (ii) Let £ = (c?/d?:)?*=2 and we can check that f attains its maximum at
t and

242 2% 427 2 2 *
fy= S _dete ()77 (3- £) =572 = 25k,
2 2% d? 2 2

Also, f'(t) = (¢ —d*t*~2)t > 0if 0 <t <t and f'(t) < 0 if t > t. Moreover, we
know ¢(1) = maxy~o{g(t)} > g(¢t) using the assumption A € (0,A). If £ < 1, then
we have

. _ S n

inf I(NYT) = 9(1) 2 g(t) = I(tox) + f(8) 2 I(tior) + 52
which contradicts the previous lemma. Thus, we must have ¢ > 1. Since ¢'(t) <0
for t > 1, there holds ¢y (t) < —f'(t) <0 for 1 <t <t. Then we have t < t; or
tz =1. Ifﬁ S tl then

inf I(V7) = 9(1) = g(t) = I(toa) + £() = I(tiva) + 5%
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2

which is a contradiction. If ¢, = 1 then using c? = d = we obtain

2 d%

inf I(V7) = g(1) = I(0) + (5 - 55

which is a contradiction and thus only case (iii) holds. If ¢ # 0, then ¢, (1) =
—c? < 0and ¢y, (1) = —c? < 0 which contradicts to > 1. Thus, ¢ = 0 which implies
v — vy strongly in Xo. Consequently, vy € N, and inf I(N, ) = I(vy). O

) > I(vy) + ~ 8%
n

Proposition 5.4. For A € (0,A), vy is a positive weak solution of (1.1)).

Proof. Let 1 € C°(). Using lemma 3.7, since ¢ > 0 in €2, we can find a > 0 such
that vy > « on supp(v)). Also, tc — 1 as € — 0+, where ¢, is the unique positive
real number corresponding to (v + €t)) such that t.(vy + e)) € Ny . Then, by
lemma [3.5] we have

I(tc(vn 4+ €)) — I(vy) I(tc(vn +€)) — I(tevy)

I L
(oa(z) —ua(y) (W (x) — P(y)) - -
:/Q A |;‘_ S dx dy — )\/Qa(x)vA Ypdx — /Qvi Yyda.

Since ¢ € C2°(Q) is arbitrary, we conclude that vy is positive weak solution of

(L.1). O
Now the proof of Theorem [2:4 follows from proposition [I.2] lemma [£.3] and
proposition [5.4]
6. REGULARITY OF WEAK SOLUTIONS

In this section, we shall prove some regularity properties of positive weak solu-
tions of (1.1). We begin with the following lemma.

Lemma 6.1. Suppose u is a weak solution of , then for each w € Xy, it
satisfies
a(x)u~w € LY(),
[ ) te) )
Q

|z —y[nt2e Q

()\au_q + u2i_1) wdz = 0.

Proof. Let u be a weak solution of (1.1)) and w € X ;. By lemma we obtain
a sequence {wy} € Xo such that {wy} — w strongly in Xy, each wy has compact
support in Q2 and 0 < wy; < wy < ... Since each wy has compact support in €2 and

u is a positive weak solution of (1.1)), for each k we obtain

[ @) —u) @) ) [
)\/Qa(a:)u kd_/Q ddy/Q . da.

|z —y|nt2e

Using monotone convergence theorem, we obtain a(z)u~%w € L'(Q) and

/\/Qa(z)qudx:/Q (u() = u(y))(w(z) — w(y)) dg;dy—/ﬂur"i”wdx:&

|z —y[nF2e

If w € Xp, then w = wt —w™ and wh,w™ € X . Since we proved the lemma for
each w € X, we obtain the conclusion. O

Lemma 6.2. Let u be a weak solution of (L.1). Then u € L>=(R).
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Proof. We follow [4]. We use the inequality known for fractional Laplacian
(=A)p(u) < ¢'(u)(=A)*u,
where ¢ is a convex and differentiable function. We define
0 ift<0
o(t) = erp(t) { ifo<t<T
BT Yt —-T)+T" ift>T,

where 3 > 1 and T > 0 is large. Then ¢ is Lipschitz with constant M = 771
which gives p € Xo. Thus,

o) = ()Y 2 ([ Mule) — Y2 _
o)l = / |x_ o / |x_ Y ar,
(6.1)

Using [[¢(u)]| = [|(=2)*?¢(u)||2, we obtain

/Q p(u)(~A) o) = )2 > Sllow)|]2

"
2%

where S is as defined in section 1. Since ¢ is convex and p(u)¢’(u) € X, we obtain

| ew-are) < [ dupe -2y
@ @ (6.2)
N / ()¢’ (u)(Aa()u™? + u? ) dz.
Q
Therefore, using and , we obtain
le(w)l3: < C'/Q(p(u)gp'(u)(/\a(x)u “ P de, (6.3)
for some constant C. We have up’(u) < Beo(u) and ¢’ (u) < B(14 ¢(u)) which gives
/ p(w)¢(w)(Aa(@)u™" +u®')dz
Q
/ (Aa(@)p()e (wpu=1dz + ()¢ (w)u® ) da
<Mwu5/ Ju~"(1+¢(u +6/ ))Put 2,
Thus from , we obtain
([ 1) ™ < cap(Male [ (ol + (@) + [ (owai?).
Q B Q Q
where Cy = C'max{\|as,1}. Next we claim that u € L% (), where 8, = 2*/2.

Fixing some K whose appropriate value is to be determined later and taking r = (4,
s =2%/(2% — 2), we obtain

/Q(@(u))%%z /u<1r((<p(u))2ux2 +/u>K(s0(u))2u2§2

< w2 [ et ([ etwr) ([ )

u
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Using the Monotone Convergence theorem, we choose K such that

/ S22
()
u>K 2056

and this gives

([ o)™

<2008 ( [ (el + [ (ePu K5 [ (o).

Using @15, (u) < v’ in left hand side of (6.4) and then letting T — oo in right
hand side, we obtain

x5\ 2/25 : . « .
(/u2>ﬂ1> g202ﬁ1(/u%‘q+/u2s—q+K2f2/u2s)
Q Q Q Q

since 20 = 2. This proves the claim. Again, from (), using p7.5(u) < u” in left
hand side and then letting T — oo in right hand side, we obtain

(/ u2:5)2/2: S025(/ ug,qu/ uz,@quer’;fQ/ u2ﬁ+2§*2)
Q Q Q Q

§O§ﬂ<1+/ u25*q+K23*2/ u25+23*2),
Q Q

where C4 > 0 is a constant. Now we see that

/uzﬂ—q:/ u25—q+/ 284 S/ W20H22 4.
Q u>1 u<l u>1

Using this in (6.5]), with some simplifications, we obtain

(1 +/Qu22ﬁ)2?“’1” < Og“%“ (1 +/Qu2ﬁ+222)"’“’1“, (6.6)
where Cg = 4C43(1 + |2]). For m > 1, let us define §,,4+1 inductively by
241+ 25 = 2= 2 fm;
that is, (Gm+1—1) = 27:(/3771 -1)= (%)m(ﬁl —1). Hence, from it follows that

1 1 1
1+ u2;ﬁm+1 25 Bm41—-1) S Cz(ﬁmﬁ»l*l) 1 4 u2:[‘}m 25 (Bm—1)
Q Bm+1 Q ’

vg N\ sl
where Cg,, ., = 4C5Bm+1(1 4 Q). Setting Dppyq = (1 + [ u?Pm) =00 we
obtain

(6.4)

(6.5)

1
2(Bm+1—1)

Dm+1 < Cm+1 Dm
m—+1

= (T o777 ) Difacha + a)y=r5 " woi=n
=2

m—+1

1—1 1
2% 2((25/2)71(B1—1)

X 1 Zs —1 ) s ! D;.
0+ (%) @-v :
=2

Since 1

. g i—1 2((1/2)-1(B1-1) _

lim (2) (B1—1)+1 =1,

i—00
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there exists C5 > 1 (independent of 3;) such that
Dpni1 < {4CH(1+ Q)= 7m0 G5y,

However,
m—+1 m—+1
1 1 2%\
2 551 2m -1 2 ()

and (%) < 1 implies that there exists a constant Cy > 0 such that D,,11 < CyDx;
that is,

1
(1 +/ u2:(5m+1)) 25 Bmy1—1) < C4D1, (67)
Q
where 2%3,, — 0o as m — oo. Let us assume |[ul|o > Cy4D;. Then there exists
17 >0 and Q' C Q such that 0 < || < 0o and
u(z) > CyDy +n, forallze Q.
It follows that

1
* F B —1 L. Bm
lim inf (/ |u|2sﬂ’"+1) - > liminf (CyDq + 1) Pm-T (‘Q/DQ:(B;*U =CyD1+n
Q

Bm—00 Bm—00

which contradicts (6.7). Hence, ||u|lcc < Cy4D; that is u € L>=(£2). O

Theorem 6.3. Let u be a positive solution of (1.1). Then there exist a € (0, s]
such that w € C: (), for all ' € Q.

Proof. Let Q' € Q. Then using lemma and above regularity result, for any
1 € C°(€)) we obtain

3 [ wrde+ [ pdn < [ spvde+ [ulE [ vaesc [ v
’ ’ Q/ Q Q

for some constant C' > 0, since we can find & > 0 such that ¢1 > k on €. Thus
we have |(—A)*u| < C weakly on Q. So, using [22] Theorem 4.4] and applying
a covering argument on inequality in [22, Corollary 5.5], we can prove that there

exist a € (0, s] such that u € Cf ('), for all Q" € Q. O
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