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PERIODIC SOLUTIONS OF A MULTI-DIMENSIONAL
CAHN-HILLTARD EQUATION

JI LIU, YIFU WANG, JIASHAN ZHENG

ABSTRACT. This article concerns a multi-dimensional Cahn-Hilliard equation
subject to Neumann boundary condition. We show existence of the periodic
solutions by using the viscosity approach. By applying the Schauder fixed
point theorem, we show existence of the solutions to the suitable approximate
problem and then obtain the solutions of the considered periodic problem using
a priori estimates. Our results extend those in [20].

1. INTRODUCTION
In 1958, Cahn and Hilliard [3] derived the Cahn-Hilliard equation
Ur —A(—ﬁAu—i—g(u)) :fa (11)

which is a model of phase separation in binary material. Here g(u) is the derivative
of free energy F'(u). If F(u) is a smooth function, can be used to characterize
the spread of populations and the diffusion of an oil film over a solid surface, see
[4, [16]. While F(u) is not smooth, is used to describe the phase separation
with constraints, see for example [2].

Because of the applications of Cahn-Hilliard equation in physics, there has
been a great interest in studying the qualitative properties of solutions to the Cahn-
Hilliard equation. For example, we can refer to [6l [19] for existence, uniqueness and
regularity of the solutions, and [7, [I[3] for asymptotic behavior of the solutions.
In addition, using the techniques of subdifferential operator, Kenmochi et al [9]
investigated the Cahn-Hilliard equation with constraints. More recently, Kubo [11]
considered the strong solution and weak solution to the Cahn-Hilliard equation
with a time-dependent constraint and also discussed the relation between these
solutions.

It is well known that one of the most interesting topics of the higher-order par-
abolic equations, from a theoretical and practical point of view, is existence of the
periodic solutions, which has been considered in several works [12] [14] 18] 20, 22].
Zhao et al [22] studied existence and uniqueness of the time-periodic generalized
solutions to a fourth-order parabolic equation by the Galerkin method. Moreover,
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[12, [14] are concerned with the existence, uniqueness and attractivity of the time-
periodic solutions to the Cahn-Hilliard equations with periodic gradient-dependent
potentials and sources. It should be remarked that [12] 14} [22] are all in the case of
one spatial dimension. Also in one spatial dimension, Yin et al [20] used the quali-
tative theory of parabolic equations to prove existence of the periodic solutions in
the classical sense to the following equation

Ur + Klgpre = (A(T)u3 — B(1)u)ga + f(z,7),

where A(7) and B(7) are positive, continuous and periodic functions with the period
w > 0, and f(7) is also a smooth w-periodic function satisfying f01 flz,7)dx =0
for any 7 € [0,w]. As for the case of higher dimensions, Wang and Zheng [18]
recently showed the existence of periodic solutions to the Cahn-Hillard equation
with a constraint by applying the viscosity approach.

Motivated by the above works, the purpose of this paper is to show existence of
the periodic solutions to the problem

ur(x,7) — A(—kAu(z, 7) + g(u(z, 7)) = f(z,7) in Q, =02 x (0,w), (1.2)
%(mn’) = (,%(—f{Au(x,T) +g(u(z,7))) =0 on X, =00 x (0,w), (1.3)
u(z,0) = u(z,w) inQ, (1.4)

where €2 is a bounded domain in R¥(1 < N < 3) with smooth boundary, %
stands for the outward normal derivative on 91, f is a w-periodic function and
g(u) = azu® + agu® + aju + ap with constants a3 > 0 and a; € R (i = 0,1,2).
In this case, the free energy F(u) = %u? + 2u® + %u® + agu + C, where C is
a constant. Particularly, if az = 0 and a; < 0, F(u) is called double-well form
potential. Since the principle part of is a fourth-order operator, we take the
viscosity approach in order to use the standard theory of the second order parabolic
equations. More precisely, we study the approximate problem

uT(x’T) - A(suT(:c,T) - HAU(‘TJ—) + g(u(:z:,T))) = f(JZ,T) in QuH
ou 0
5(%,7) = 5(—/@Au(:c77) +g(u(z,7))) =0 onX,, (1.5)
u(z,0) = u(z,w) in £,

where 0 < € < 1. In order to apply the Schauder fixed point theorem to show
existence of the periodic solutions of , we need to establish some a priori
estimates on the solutions of (cf. Lemma [3.4] below).

The plan of this article is as follows. In Section 2, we state some basic results
in functional analysis and give the main results. In Section 3, we first establish
some estimates of the solutions for , and then obtain existence of the periodic
solutions for by the Schauder fixed point theorem. In Section 4, based on the
a priori estimates in Section 3, we can take the limit as € — 0 and then obtain the

periodic solutions of (|1.2)—(1.4).

2. PRELIMINARIES

The notation and the basic results that we will use here are stated as follows.
(1) We denote by (-,-) and |- |2 the usual inner product and the norm in L?(Q),
respectively. Also, we denote the Hilbert space L?(2) by H.



EJDE-2016/42 MULTI-DIMENSIONAL CAHN-HILLIARD EQUATION 3

(2) We denote H'(Q2) by V and its inner product by (-, )y, where (91, m72)y =
(n1,m2) + (Vn1, V) for any n1,m2 € HL(2). As a result, the norm in H'({2) can be
denoted by |n|y = (77,77)%//2. V* denotes the dual space of V and (-, )y~ y stands
for the duality pairing between V* and V.

(3) We define Hy := {n € H| [, n(x)dz = 0} which is the closed subspace of H.
We choose the notation 7y to denote the projection operator from H onto Hy, that
is, mo[n)(z) = n(x) — \S%I Jon(y)dy. Also, we denote the inner product on Hy by
(.7 .)0_

(4) We denote by V, the space V N Hy with the inner product (-,-)y, and the
norm | - |y, where (n1,m2)v, = (Vn1, Vne) for any n1,n2 € Vy. Furthermore, F(;l
and (-, vy v, denote the duality mapping from Vi onto Vy and the duality pairing
between V;; and Vp, respectively. Thus, we see that V" is a Hilbert space and its
inner product can be defined as

(e, m2)ve = (1, Fy 'n2)ve vo = (Fy ", medve,ve  for any mime € Vi (2.1)
It is observed that the Hilbert spaces stated above satisfy the following relations
VCHCV*, VyCHcCVy,

where all the injections are compact and densely defined. Throughout this article,
we denote by C; > 0(j = 1,2,...) the constants induced by injection. Therefore,
from the above injections, we have

[nlv+ < Ci|n|lz for any n € H, (2.2)
Inle < Calnly, for any n € V. .
(5) Let Ay be the Laplace operator with homogeneous Neumann boundary
condition in Hy with its domain
0
D(An) ={ne H*(Q)N Hy : 8—77 =0 a.c. on 0Q}.
v
Specially, Ayn = An a.e. on Q) for any n € D(Ay). We note that —Ay is invertible
in Hy and the inverse (—Ax) ™! is linear, continuous, positive and selfadjoint in Hy
as well as its fractional power (—Ay)'/? [2I, Chapter 9, Section 11]. In addition,
we have
(AN 0], = [(=ANn) " 0lvy = nlvg,  Vn € Ho. (2.3)
In this article, we always assume that the following condition holds
(H1) f e L>(0,w; H) is a w—periodic function and satisfies f: Jo [z, 7)dedr =
0.

Now, we give the notion of the solution for (|1.2})—(1.4)).

Definition 2.1. A function w is called a solution of (1.2)—(1.4), if the conditions
below hold:
(H2) u e L*(0,w; H2(Q)) N L>®(0,w; V) N WH2(0,w; V*), 2% =0 a.e. on X,
H3) For all n € H2(Q) with 21| =0
(H3) For all n € H2(©) with 22| =0

w

/ C () )y wdr 4 / "(Au(r), An)dr | tatatr)) smpar

0 0 0
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Now, we subtract |T12\ Jo f(z,7)dx from (1.2)) and obtain

d 1 (7

. u(z,7) — @/0 /Qf(ac,s) dx ds} — A(—rAu(z, ) + g(u(z, 7)) (2.4)

= mo[f(z, 7)].
Let

1 T
w(z,7) = u(z,T) — @/0 /Qf(x,s) dz ds.
Then can be rewritten as
1 T
wy(x,T) — A[— kAw(x,T) + g(w(x,T) + i /0 /Qf(x, s)dx ds)} (2.5)

= WO[f(va)]'
Therefore ﬁ fQ w(x, T)dx = my for some constant mg. Further, putting v(z,7) =
w(x, T) —mo, we can rewrite ([2.5)) as
vr(2,7) — An(=kAnv(z, 7)) — AnTolg (v(z, 7) + m(7))] = mo[f (=, 7)],  (2.6)
with [, v(z, 7)dz = 0 for all 7 > 0, where m(7) = mg + |S12‘ Jo Jo fx,s)dx ds.

Now for any function z € Hp, we can take (—Ay)~'z as n in (H3). Hence by
the arguments in[5], Proposition 1.1}, for any z € Hy, it holds that

/w((fAN)*lfuT(T),z)odT + H/w(fANU(T),Z)odT

0 0

+ / (molg(w(r) + m(r))], 2)odr (2.7)
0

- / ((~Aw)~Lmol (7], 2)odr.

From ({2.3)), (2.7) and the definition of Fofl, we obtain an equivalent form of (1.2)),
that is,

Fy tor (1) = kANV(T) + molg((v(7) +m(7)))] = Fg 'mof(7)]. (2.8)
Similarly, is equivalent to

(Fy ' + el (1) — KANV(T) + mo[g(ve(7) + m(7))] = Fy 'mo[f(7)]  in Qu,

%U; (z,7)=0 onX,,

ve(x,0) = ve(z,w) in Q,

(2.9)
where € € (0,1), v.() = Lv.(r) and I is identity operator in Hy.
The main result of this article can be stated as follows.

Theorem 2.2. Assume that (H1) holds. Then for any constant mq, (1.2))—(1.4)
admits a solution u(x,T) with

il
x, 7)dx =mo + — f(x,s)dxds.
o iy Sy

To prove this theorem, we use the viscosity approach. Therefore, we need to
investigate (2.9)) first. We have the following result which is proved in next section.
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Theorem 2.3. Under the hypothesis of Theorem (12.9) admits a solution which
has the following properties:
(H2") ve € L2(0,w; H2(2) N Ho) N L*°(0,w; Vo) N WH2(0,w; Hy), %”lf =0a.e. on
Y-
(H3") For anyn € D(An) and 0 < 7 < w,

/0 (Er 4 D7) — sAnve(r) + molg(v(7) + m(r))], modr

= / (Fo_lﬂ'o[f(T)]’ n)OdT Zn Ho,
0
(H4") v:(0) = ve(w) in Hy.
3. PROOF OF THEOREM

For this purpose we use the Schauder fixed point theorem. Firstly, we study the
system
(Fyt 4 e/ (1) — kAnv(T) = f in Hy, (3.1)
v(0) = v(w) in Hy, .

where f € L°°(0,w; Hy).

Theorem 3.1. Let f € L=(0,w; Hy). Then there exists a unique solution v(x,t)

to problem (J3.1)).

We prove this theorem using Poincaré’s mapping. Thus, we first introduce the
corresponding Cauchy problem
(Fyt +eD)v/ (1) — kANv(T) = £, 0<T<uw,
v(0) = vy € Hy.

With the help of the results in [, [10], we can see that (3.2) admits one and only one
solution v € C([0,w]; Hy) N L (0,w; Vo). Consequently, with the unique solution

loc

v(7), we can define a single-valued mapping P : v(0) € Hy — v(w) € Hy.
Define ¢ : Hy — R|J{+o0} by

b(v) = £IVu|3, ifveV,
400, otherwise.

(3.2)

We see that ¢ is a proper, lower semicontinuous, and convex functional on Hj.
Now, we give two lemmas which play an important role in the proof of Theorem

.1l

Lemma 3.2. There exists a constant R > 0 such that P is a self-mapping on the
set

Br:={v € D(¢); ¢(v) < R},

that is P(Br) C Bg.
Proof. Multiplying the equation in (3.2) by v’, we have
L hd
2 dt

. . 1 -,
[0 [Fe +elv'f3 [Vols = (f,0")o < [ fl2lv']2 < %|f|§ + 513,
ie.,
€ K d 1, -
VI + 513 + 5@WU|§ < %\f@- (3.3)
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We also multiply the equation by v and obtain

/@\Vv@ = (fa U)O - (61)/71])0 - <F0_IU/7U>V07V0*

< [Flafvlz + el l2lvlz + [0/l o]
202 2e2C2 K C3C2 K
< S+ SVl + =2+ GIVol + T2 + IV
2C’ 26202 C3C:2 K
=2 |f|2 2+ R 4+ SVl
K 0 2
which implies
K 202 2e2C3 C3C3
Sivold < T2 PR+ 2 g 4 A2 (3.4)
Letting p > 0 and performing X 1+ (3.4]), we obtain
d
p o (R1V0B) + 5 1vo
no 203 C3C3 262027 pe
< (L TR+ (2 /s + (272 - o

2 ~2 2
Choosing 4 = max {%, %}, from 0 < € < 1 we have

1 202

d
%¢()+ ¢() (5 + o

=2)|715.

It follows from the Gronwall inequality that

w w C2. . ~
Ho@)) < e FSO) + (1 - H)(E + TP g iy

Set R = (& + 2%2) |1 FI2 « gwursy)- Then ¢(v(w)) < R provided that ¢(v(0)) < R.
The proof is complete. O

Lemma 3.3. The mapping P is continuous in Hy.

Proof. Let vy, € Hy be such that vg,, — vg in Hy. We denote the unique solution
of (3.2) by v, and v corresponding to the initial data v, and wvg, respectively.
Then we have

Fyt(l, —v') +e(v), —v') — kAN (v, —v) = 0. (3.5)
Multiplying (3.5) by v, — v and using integration by parts, we obtain
1d d
57510 = 0l%s + = lon = 3 + £V (v — )} = 0.

0 2dt
It can be easy to see that

1d

ed
§$|vn — ’UlVO* =+ 5%'1}” —’U|% S 0.

Therefore,

S1a@) 0@ + Sloa(w) —v(@)3

1 €
2 < §|Un0 — o %/0* + §|'Un0 —vol3,

which implies v, (w) — v(w) in Hy as n — oco. Hence, P is continuous in Hy. O
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Proof of Theorem[3.1. On the one hand, it follows from the definition of B and
the convexity of ¢ that Bp is compact and convex in Hy. On the other hand,
Lemmas and ensure that P maps Bgr to Br and is continuous in Hy. Thus,
the Schauder fixed point theorem admits a fixed point v§ € Br such that Pv§ = v,
which implies that the solution v(z,t) of with vg = v§ is the desired solution

of (3.1).
Now, we prove that the solution for (3.1]) is unique. To this end, let v; and vy
be two solutions of (3.1). Then we have

Fyt(v) — vh) 4 e(vf — vh) — kAN (v — v2) = 0. (3.6)

We multiply (3.6) by v; — vo and then get that

1d ed

5@ 5@“}1_’Ug‘g'i‘fqv(vl_ﬂz)@:().
Integrating the equation over (0,w) and by the periodic property, we obtain

| 19t = e <o,
0

which, together with (2.2)), implies that

//|vl—v2|2dxd7§0.
0o Ja

Hence, v; = vy and the proof is complete. [

|vg — v2|%,0* +

To apply the Schauder fixed point theorem to (2.9)), we need to establish a priori
estimates for v..

Lemma 3.4. Let v, be a solution of (2.9). Then

: / ol (7) dr + / oL (7 2 dr < WO |12 ity (3.7)
2 3C? + 4w
sup [ue(r)fY, < - (341 +44s + 2O e iy ). (38)
TE[0,w] K
|| - ANU€||%2(0,<.‘);H0)
L Awia A+ 4A
< ?(% + |a1|) (3 1+ 2) (3.9)

w a2
+ 560 + 40 (2 4 2anl) + O I e o

[0 (7) + M) & 0,01 28 0)) < A3 (3.10)
where a; (i =0,1,2,3) are the coefficients of g(-),

93 w 4 3a?  3a?
A= |Q‘ [Za3(|m0| + W”fHLW(O,W;H)) + (71 + h— + 1)

w 2
< (Imol + giza I I~ 0.

4 2
az 9.3  as 3a1+3}
+ 4((13) +12+ as ’
6a; a3 at® 6 1/3
PR L S L
2 it a3 Jr2a3Jr 4 (a3)
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- 03{ (200202 + 202 +1)(3A; + 44,) + 4m2|Q| (wC? + 1)

3C4C2 +4C2 + 2
1G5 405 + +2)

+ [4w36’12 + 4w2(% + 1) + 2012w( -

3CH(202 +1) )
+ f} ||f||L°°(0,w;H)}'

Proof. From ({2.2)), the definition of 7wy and (H1), we know that
701172 0wy < CEllmolfIIE2(0wsrre) < WOTIFINE 0 (0 w50)- (3.11)
It follows from the Holder inequality and (H1) that for any 7 € [0, w]

|m (T)mo+|Q|//fxsd:Eds

< |mo| + W”f”L“(O,w;H)-

(3.12)

We multiply the equation in (2.9 by v., and obtain
ol GITeB+ [ molgen(r) + m(r)da
2 dt o

= (Fy 'mo[f], v v vg
< |molf]

Ve Felly +

(3.13)

v Vel vy

2 2
= §|770[f]|v0* + §|Ue Vi

By the definition of my and g() we have

1 712 ’ d/|:a3 4
slotl + elutly+ 5 Vel + 3 [ [ (wetr) 4 m(r)
ag

P (0a(r) + m() + T (0e(r) + () + aow(r) + () de (314)

< §|7To[f] Ve

From the periodic property, we integrate (3.14]) over (0,w) and then obtain

w , w , 2 w
2 [+ [ lofsar < [ imlro)

Combining this inequality with (3.11)), we have

e / vl () 2dr + / vt (7)
0 0

which is (3.7)).
Choose any s,t € [0,w] which satisfy s < t. Integrating (3.14]) on (s,t), we have

[ Rt e [+ v+ [ 0.0+ mo)!
+ %(vg(t) +m(t))® + %(Us(t) +m(t)* + ag(ve(t) + m(t))]dzx
(3.16)

<5 | MO+ 590 B+ [ 200 +m()’

2. dr. (3.15)

Ve dr S WO 2o 0,050)

-2
+ 2 (ves) +m(s) +

ay

% (02(5) + m(s))? + ao(ve(s) + m(s))] do.
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From Young’s inequality, we obtain

a2 a, a%
%2 (0e(r) + m()° < S (v(r) +m(r))t + 1ig ,
P 0e(r) 4 m(r))? < Ga(oe(r) + m(r) o+ 50
a 3ay/? 1 6 \1/3
ao(ve(7) +m(7)) < T2 (ve(r) +m(7))* + 0 (;3)

It follows from and - ) that

1 t
; / ot

as

—_ v, m 4 X
+ 2 [ ey mie)'a

343 (ve(s) + m(s))*dx
Q

¢
K
)%/U*dT—I-e/ [ol(7)|3dT + §|Vv5(t)|§

K
< S |Vouls)f +
1

1 A,

(3.17)

(3.18)

Deleting the first two terms on the left-hand side of (3.18) and integrating it on

(0,t) with respect to s, we have

agt

S KCORRIOIE

Kt
SIVe () + 25

w 3 ©
<5 [ s 32 [ [ v me)tavds+ 5 [l
2 Jo 2 Jo

+ Asw.
Letting ¢ = w, one sees that

Cng

AV @)+ 52 [ (0.0) +mo)da

w 3 “
<5 ) 19eoas+ 52 [ [ et ot anas + 5 [ rals)
2 /o 2 Jo

+ Agw,

ie.,
SV @)+ [ (0w + mo)tdo

2w
+ As.

w 1 w
< V. (s \st—k%/ / (ve(s) +m(s)) dx ds + 2/ |mo[f(7)]
0 0

2
Vi dr

2
7 dr

2
v dr
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From the periodic property, we have

ﬂwmﬁ+%/m®+mwx
2 8 Jo

< [T Vs |2d5+3a3/ /UE +m(s))* dz ds (3.19)
2w Jq

+3 [ Imlro)

Multiplying the equation in (2.9) by v. and performing a proper arrangement,
we obtain

%m+@.

ol +
—— |V, *
st Ve T o

+ ag/Q [(ve(r) + m(7)) — m(T)(ve () + m(7))3] dx

|Us|2 H|V’U€|§

+as /Q 02 (7) + m(r)* do + [a1 — asm(7)] /Q [v.(7) + m(r)? do

(3.20)
- alm(T)/Q [ve(T) + m(T)] dx
= (Fy 'molf], ve)vo. vy
< Imol[fllvg
< Crlmolfllvg loe () + m(r)]z + Crlmol v 1942 ()]
From Young’s inequality, we obtain
3
m(r) oe(r) + m(r)f° < 2 [oe(r) +m(r)]* + - lm(n) |,
aa ue(r) + m(r))" < T ox(r) + mio)]* + 2 ()
a1 — azm(r)] o) + m(r ) < B oo(r) + ()] + 5 for — azm(r)]
3
< B fu(r) 4 m()]! + 2 4 3%,
as as

3
< Tp e(n) +m(n)])* + 554 Safm(n) P,
2
mol v boe(r) + m(r)ls < TEimol IR + () + m(r)

C? 3

< Limlflfy; + 3 [ loelr) 4 m(o)* da+ 2ol

and
1/2 Ct 2 2
molfllv 190 /2m(@)] < L imolf1 + 2lm(r)P. (321)
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In light of (3.12), (3.20) and (3.21)), we have

1d
Gloclty + S5l e+ 2 [ )+ min) do
2dt 2 dt 2
i (3.22)
< 71|7T0[f] e+ Ar

From the periodic property, we integrate (3.22)) over (0,w) and obtain

/1/ |Voe (T dT—i——/ /ve + m(r))* dx dr
0

< L |7r [f]|2 dr + Aw
=5 ol/ vy 1w-.
Combining (3.19)) with ( -, we have
SIVeOF + 5 [ (w(0)+mo)'de
8
1 w
< 7/ |7T0 V*dT+A1 + 2/ ‘WQ[f(T)] ‘Z/O*dT+A2 (324)
0

<A+ A+ w+C

1o 11172 0 wivig) -

Letting s = 0 in (3.18]) and deleting the first two terms on the left-hand side, we
obtain

as 4
2 [ )+ mie)'aa

K 3as
< Ve + 22

SV ()3 +

[0+ mo)tdo s 5 [T ImlRdr+ 42 (325)

K a 1 (¢
(5190008 + 2 [ (0e0) 4 moytds] + 5 [ molr(r)
Q 0
It follows from (3.24)) and (3.25) that for any t € [0, w],

P 2 w
SV OB+ % [ 00+ me)'de <341+ 440+ XL 1o

%/0* dT + Ag.

2
90 Vi dr,

which together with (3.11]) yields (3.8])
Multiplying the equation of (2.9) by —Anv. and integrating it by parts, we have
§%|Ua|2 2 dt'vvab + "|ANUE‘2 + 3a3 /Q( =(7) + m(T))2|VUE|2dx

+2a2/(1,5(7)+m(T))|VUE|2dx+a1/ |V, |2 dx
o Q
= <F0_1770[f}7 _ANUE>V07V0*

< Crlmo[f]vy |ANnvel2
Cc? K
< 21 |mo[f]15s + §|ANUe|§~
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After a proper arrangement, we obtain

GITO B+ S an 0 430y [ (va(r) + m(r)? Vo e
Q

AT
+2a2/(UE(T)+m(T))|Vv€|2dx (3.26)
Q
C
< 21| olf V* a1/|VUE| dx.

From Young’s inequality, we have
a2
2a5(ve (1) + m(7)) < 2a3(ve (1) + m(1))? + 2. (3.27)

2@3
It follows from (3.26]) and (3.27)) that

AT S I |2—|—a3/(v () + m(r)2|Vo.|2dz
2dt' " 2dt Velz cl2 o ¢

2 2

a3 2 C1 2
< (22 1
< (52 +la) [ 1Voelda+ GhimlfI5,

With the help of the periodic property, we integrate (3.28]) over (0,w) and then get
that

@ 2/ a? @ cz (¢
29~ 2 2 2 1
[ v <252 vial) [ [ 190mP dsar S [l

Substituting (3.8)) and (3.11]) into the above inequality, we obtain (3.9)).
By (3.7) and (3.8)), we know that v. € W2(0,w; Vy) N L°°(0,w; Vp). Therefore,
ve(T) +m(7) € WH2(0,w; V*) N L>(0,w; V). Since

WH2(0,w; V)N L>®(0,w; V) — C([0,w]; L°()),

(3.28)

2
v dr.

it is clear that there exists a positive constant C3 such that
[[ve(T) + m(T)H%’([O,w];LG(Q))
< Cs(||ve(r) + m(7) [f1.2(0,w5v+) + [10(7) + M) (0 ,w5v))-

Now, we establish the estimates for |lvo(7) 4+ m(7)|lw1.2(0,w;v+) and [Jve(T) +
m(7)|| Lo (0,w;v), Tespectively. Since

(3.29)

2.)dr

[ oy o

Ve T 2ve (7l [m(7) v+ + [m(7)

%,*dTS/O (Jve(T)

< 2(C3C? / o2 (7) 2, dr + C2 / jm(r) 2dr)
0 0
< 2O (CE e ()2 g vy + 9 Im()2),

we obtain

JECRRC:

203
2 dr < 2002 [ 2 (34, +445) + 2m2|Q|
(3.30)

3C4C2 + 4wC2C2 N\ e
+( i + 202113 g0t
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Similarly, we have

/ 0! (7) + ! (7)|3 - dr
0

< [" (1

§2(/ |vg(7)|%/0*dr+012/ () 3 ).
0 0

w w 1 2
il (r)ar = [ | [ ey dr < e,
0 o 119 Jo 2 o
Thus, together with (3.7, (3.31) can be written as
w d 2
— dr < AwCE| f11300 (0.0 1)- 3.32
| G+ men]dr < 40021 g (3:32)

It follows from (3.30]) and (3.32]) that

[ve(7) + m(T) 1.2 (0 wiv+)
2 2
< 2wC3 {&
K
N <3Cfc§ + 4wC3C2
K

ve o+ [m'(7)

Ve 27y [m'(7)

%,) dr (3.31)

Moreover,

(341 +442) + 2mg|Q) (3.33)

202+ 2) 13 gty

Also, since
oo (7) + () [ 0.
= esssup,cp | [ foelr) +m(r)Pdo + [ [9(0u(r) + m(r)) ]
Q Q
< 2e885Up e / R2(r) + [m(r)|2)dz + esssup, o, / V. (r)dx
Q Q
< (€2 + 1)[[0e e (0,0rvs) + 2E555UDs 0. /Q jm(r)[2d,

from (3.8)) and (3.12)) we have

lve(7) + m(7) | Z e 0.0v)

2
< (205 + 1)(341 + 44;) + 4mg || (3.34)
(2C2 +-1)(3C? + 4w
+ [BAFNECE o k] 13 e
Combining (3.33)) with (3.34)), we obtain
[0 (7) + m(T) [ 0wz () < As- (3.35)
Thus,
[0 (T) + m(T) & 0wz () < A3 (3.36)

which is (3.10)). The proof is complete. O
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Define a set

Yy = {17 € L=(0,w; Vo) N WL2(0,w; Ho)|5(0) = 5(w),
. ) (3.37)
15(r) + () o, oqay < A3}
Now, for any v € Y7, we study the problem
Fy /(1) + ev'(1) — kAN (T) = —mo[g(0(7) + m(T))] + Fg 'mo[f(7)]
in Hy, 0<7<uw, (3.38)
v(0) = v(w) in Hy.
For convenience, we denote the above system by (E., ).

Lemma 3.5. Let v(t) be the solution of (E.,?). Then the following estimates can
be established

[ e

%/0* dr + {—:/O |v/ (1) |3dT

(3.39)
w
< — [345(a3 + a3 + ai) + |Ql(a3 + 2a0)] + wCE | f 7 (0,5,
| etar
0 0 (3.40)
w
< 52 [343(03 + a3 + a}) + 19(a3 + 203) + CH IS e 0 )
CQ
AIVo) < 2(% + =2) [343(a3 + a3 + o) + [2(a3 + 202)]
RS (3.41)
2( ), CICEY | 1o
+ 207 (W + - )HfHLOC(O,w;H)
fort € [0,w] and
/ |Anv(T)|3dT
0 (3.42)

2w
< =5 [343(03 + a3 + a) + 192163 + 203) + CHI W 0nv)
where As is the same as that in Lemma[3.4)

Proof. For any 7 € [0,w], we have
| Imolas(ote) +mir))
= a3 [ @)+ me)fde = [ [ @)+ mepa] @
< a3 [ (o) + m(r)da.

Similarly, for any 7 € [0,w], we have

| mofas(otr) + mo)Rf i <
/ |molar (B(T) + m(T))H2 dx < a% / (v(r) + m(T))zdz. (3.45)
Q Q

=
\]
S~—"
+
3
=
=
IS
S

(3.44)
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It follows from Young’s inequality that

agéwvaMﬂVMSa;/wvaMﬂWM+

Q

4
da 9, (3.46)

ai [ (o(r) +m(r))*dz < af | (o(r) +m(r))° 3
l l o

<a? /Q(TJ(T) +m(7))%dx + 2a1 1€2].

By (3-46)-(3.47), for any 7 € [0,w], we have
/Q |molas(v(r) +m(r)* + az(0(r) + m(r))? + a (6(7) + m(7))]|" dz

< 3(a3 + a3 + af) /Q(@(T) +m(r))bdz + |Q] (4%3 + 2a§) (3.48)

< 3A3(a3 + a3+ a?) + |Q|(a3 + 2a3).
Multiplying the equation in (3.38) by v and integrating by parts, we have

o' IWIQ

:(*Wo[as(v( ) +m(7))* + az(8(7) + m(1))? + a1 (8(7) + m(7)) + aol,v')o
+ (Fy ' molf1 v ) vevy

< |molaz(8(r) +m(7))* + az(0(7) + m(7))* + a1 (8(r) + m(7))]], [v'2
+ |mo[f]

ve [V ver

< SR+ o [molas(0(r) + m(r))? + ax(a(r) + m(r))? + a1 (2(7) + m()];

1
S1 L + 5 Imol 1

ie.,

1 €
5\”’ %/0* + 5\”l|2 + 5%\Wl2

= %|ﬂ—0[a3(@(7—)+m( )) +a2( ( )—|—m( ))2 (349)

+a1(v(r) + m(r ’2 |7T0[f}|%/0*-

It follows from (|3.48]) that

1

SR+ S B 2w

. 2dt . (3.50)
< o7 [343(a3 + a3+ ai) + [Ql(a3 + 2a7)] + S Imolf15;;-
Integrating (3.50)) on (0,w) and from (3.11)), we obtain
1 (¢ e [“
5/0 o ()3 dr + 5/0 ' (7) B
w 37,2 2 2 2 2 wC? 2
< % [343(a3 + a3 + af) + |Q|(a3 + 2a7)] + T”f”LOO(O,w;H)J
which is (3.39)).
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Multiplying the equation of ([3.38) by v and integrating by parts, we have
1 d| 2
24t V0
= (=molas(v(r) +m(r))* + az(0(7) + m(r))

+ a1 (8(7) +m(1)) + ao), v)o + (Fy 'mo[f], v)vo, vy
< [molas (9(7) + m(7))” + a2(8(7) +m(7))* + ar (o(7) + m(7))]], lvl2 (3 51
+ |mo[f]

2 dt ‘”|2 + K|Vol3

v lolve
< 5190+ 2 rolas(@(r) + m(r))? + ax((r) + m(r))

Cics

|7T0[f] \2/0*7

where the last two inequality signs follow from Young’s inequality and (2.2)). Com-
bining (3.51) with -, we obtain

1 d| 2

24t V0 2 dt

Far(o(r) +m)]| +

K
L 1ol + S1vol3

.52
003 (3.52)

02
< —2 [343(a3 + a3 + a?) +(Q|(a + 2a})] +

Integrating l on (0,w), we obtain

Imol£1IY,

Kk [¢ wC3
5 [ 1o < 22 (3433 + a3 + o) + 1005 + 201
(3.53)

C:C2
+ L= ||7T0[f]||%2(0,w;vo*)'

Therefore, from (2.2)) and ( -, we have

u / W@d@@ Vo(r) 3dr
2 0 2 0

4
<¥G 343 (a3 + a5 + a?) + |Q(a5 + 2a])] + CT| f1I7
= 3(a3 T Qg T 47 Qg a) l Loo(0,w;H) [

which is (3.40)).
For any s,t € [0,w] satisfying s < ¢, we integrate (3.50)) on (s,t) and obtain

1 t
: / v(r

o (3433 + o3 +0f) & |00(@ + 20D)] + 5 [ ImlI (e + Vo)l

2
(3.54)
Deleting the first two terms on the left-hand side of and integrating it on
(0,t) with respect to s, we have

t
)3 dr + g/ v/ () Bdr + ZIVo()]3

S 1900) < 2 3433+ + ) + [0 +20)] + 2 | ittt

2
Jrﬁ/ |Vo(s)|3ds.
2 Jo

2 d
Vo l
0
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In view of (3.53]), we obtain

Kt w C3
IV < w (o + =2 ) [3845(a3 + a3 + af) +10I(a3 +2a})] 555

w  CrC3 2
+ (5 + 2 Il v

Let t = w, then (3.55)) can be rewritten as

Kw w C3
SV (5 + =) [343(a3 + a3 + ) +10(a3 + 2a3)

w C3C3 2
NER:L -

ie.,

K w C?
SIVO@)B < (52 + =2) [343(a3 + a3 + a}) + 2(a3 + 203)

1 C3C3 2
+ (5 + 7 ) Il oy

It follows from the periodic property that

(3.56)

K w 02
§|Vv(0)|§ < (% + ?2) [345(a5 + a3 + a7) + Q| (a3 + 2a1)]
1 C3C3 2
I (5 + == )Hﬂo[f]||L2(0,w:Vo*>'

Choosing s = 0 in (3.54)), by (3.57)) we obtain
1 t t
! / W (72 dr + & / ! (7)2dr + 2 |Vo(t) 2
2 J, g 2 J; 2

02
< (2 +2) [343(a3 + 0} + o) +10I(a3 +20})] (3.58)

(3.57)

212

CiC; 2

+ (14 =22 mol 132 0 vy

Dropping the first two terms on the left-hand side of (3.58) and from (3.11}), we
obtain

K w O3

SV < (24 =2) [343(a3 + a3 + a}) + |9 (a3 + 20})]

ctc3
K

+ O (w+ 2N e oty

which is .
Now, multiplying the equation of by —A v and integrating by parts, we
have
1d ed
2dt 2 dt
< |mo [as(0(7) +m(7))* + az(0(r) + m(7))* + a1 (o(7) + m(7))]|, |Anv]2
+ |mo[fllvy | Anv
2

< o [as(0(r) + m(m)° + aa(o(r) + m(r))? + a1 (o(7) + m()]

[0]3 + 5= [Vol3 + sl ANu3

Vi Vs

C? K
+ Limolf)s + SlAnol.
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After a proper arrangement and with the aid of (3.48)), we obtain

1d
| 2+ 2L w0z + IAM)I%

02
<+ [343(63 + a3 + o) + [01(a3 + 20])] + Llmol ],
Integrating (3.59)) on (0,w), we have

k¢ w
5 [ 1avenfiae <2 [3A§<a§ a3 +ad) +10](a3 + 27

ey NG
0

%/O* dr,
i.e.,
| iavergi < 3 [3A3< 2+ a3+ ad) + 100(63 4+ 26) + G om0 |
Therefore, we obtain . The proof is complete. ([l
Now, we prove Theorem by the Schauder fixed point theorem.

Proof of Theorem[2.3. Based on Lemma[3.5] we define a set

YQ = {T/ S Y1 oosup K}|V'U|2 +8|U‘W1 2(0,w;Ho) + ‘U‘Wl 2(0,w; 1% ) S M},
te[0,w]

where
201C3  2wCtC3
M= [3wCf + =12 + 22122 e 4+ O])| 1w 0 i
3w 2073 2w02
[—+—+
K lﬁ

+

(e +CP)| [343(a3 + a3 + a3) +10(a3 + 20)]

We can see that Ys is a non-empty compact convex subset of L?(0,w; Hy). Since
for any 7 € [0,w], we have

|mol f |H0 /|fx7\dx—@ /f$7d95) <||fHL°°(OwH)

Thus, it follows from and (H1) that
—molaz(v(r) +m(7))* +a2(5(7)+m(T))2+a1(5(T)+m(7))}+7To[f] € L>(0,w; Ho).
As a result, by Theorem there exists a unique solution v, for each v € Y5. From
Lemma it is clear that v. € Y. Hence, the mapping S defined by S(v) = v.
maps Y5 into itself.

Next, we show that v. is a solution of ([3.38) and that S is continuous in Y with
respect to the topology of L?(0,w; Hy). Let {0, } be any convergent sequence in Y
with respect to the topology of L?(0,w; Hy). We denote the limit of {©,,} by ©. Let

{vn} be the sequence of solutions corresponding to {#,}. It follows from lemma

that v,(n = 1,2,...) satisfy (3.39) and (3.40). Thus, we can find a v. and a
subsequence of {v,} which is denoted by {vy, } such that

Vp,, — v weakly in W2(0,w; Hy). (3.60)

Therefore, by ,
Up,, — ve  in L2(0,w; Hp), (3.61)
v, — vl weakly in L*(0,w; Ho). (3.62)
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Since W2(0,w; Ho) N L>(0,w; Vo) — C([0,w]; Hy) [I5, Section 8, Corollary 5] and
the embedding is compact, it is clear that

Up, — Ve in C([0,w]; Hp). (3.63)
Thus,

Un,, (0) = v:(0), vy, (W) = ve(w) in Ho,
which implies v, satisfies the periodic condition
0:(0) = ve(w). (3.64)
Since FO_1 is linear and selfadjoint, it holds for any n € D(Ay) that

/ C(F W () — Fy Wl (), modr = / C(Ey Wy (1) — () m)odr
0 0

w (3.65)
= | 0har) = et B o
Therefore, from (3.62), we know that
Fy'vl, — Fy'ol  weakly in L?(0,w; Hp) as k — oo. (3.66)

Also, for any n € D(Ay), we have

| [ avim, = avomodr| = | [ (o, —ve=Bxnjods
0 0
< vy — Vell2(0,0:0) | AN 2002
In view of , we obtain
— ANVp, — —Apnv.  weakly in L?(0,w; Hy) as k — oo. (3.67)
For any v(7) € L?(0,w; Hp), let ¢(v(7)) = molaz(v(7) + m(7))3]. Then for any
v1(7),v2(7) € L(0,w; Hy),
/;(1/)(1}1(7)) — (va(7)), v1(7) — v2(7))odT
—aa [ [ 100) = s {[(0ar) 4 () 4 G eatr) +mie)] 369
+ %[’UQ(T) + m(7)]2}dx dr > 0.

Therefore, 1 is a monotone operator in L?(0,w; Hp). Since az(v(r) + m(7))? is
continuous with respect to v(7), it is easy to prove that ¢(-) is hemicontinuous [I]
Chapter II, Definition 1.3] in L?(0,w; Hp). In addition, it is clear to see that v is
everywhere defined in L?(0,w; Hy). Thus, by [I, Chapter II, Theorem 1.3], 9(-) is
maximal monotone in L?(0,w; Hp).

It follows from the definition of Y5 and that

I7olas (Tn,, +m(7))* 1172 (0,w:m0) < a5AZW-

Thus, there exist a y(7) € L?(0,w; Hy) and a subsequence of {#,, } which is still
denoted by {@,, } such that

molas (T, (T) + m(r))3] = Y(Un, (1)) — (1) weakly in L?(0,w; Hy) (3.69)
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as k — oo. It follows from (3.69), the maximal monotonicity of ¢ and the [I7]
Theorem A], we obtain (7)) =7, i.e.,

mo[as(Tn, +m(7))?] — molaz(v +m(7))?] weakly in L?(0,w; Hy). (3.70)

From [I5, Section 8, Corollary 5|, we know that W12(0,w; Hyg) N L>=(0,w; Vo) —
C([0,w]; L*(2) N Hp) and the embedding is compact. Thus,

Up,, — ve  in C([0,w]; L*(Q) N Hyp). (3.71)

/ (B (7) + (7)) — (0() +m(r))?)? der 7
*az ) 7'71772177 v(T mTz.TCT
- / /Q<nk<> ()2 (B (7) + 0(r) + 2m(r))? di d

1/2

< a3 /O [ [ (@) = o)) e a /Q (0, (7) + () + 2m(r)da] - dr

]1/2

< a5, (1) = D Roupasiommy | | [ Fonlr) +50) + 2m() ]

where the last second inequality sign follows from the Hoélder inequality. From

(13.71)), we see that
ag(Op,, (1) + m(7))? = ax(0(r) + m(7))? in L*(0,w; Hy) as k — oo.

Then, it is easy to prove that

molaz(On, (1) +m(7))?] — molaz(0(7) + m(7))?] in L*(0,w; Hy) (3.72)
as k — oo. Similarly, implies
mola1(On,, (T) + m(7))] — mo[ar (v(7) +m(7))] in L2(0,w; Hy) (3.73)
as k — oo.

Consequently, with the help of (3.62)), (3.66), (3.67)), (3.70), (3.72) and (3.73)),

for any n € D(Any), we take k — oo on both sides of the equality

| E @ mdr+ [ (el @nodr + [ (-rtwun (7). mods
o 0 ) 0
— [ moloou () + mr))nhadr + [ (55 fonpodr,
0 0
and then
/ (Fy (1), m)odT +/ (evl(T),m)odT —|—/ (—kANv:(T),n)odT
0 0 0
— [ (molg(o() + m(e))mod + [ (F5 .o
0 0
This implies that v. = S(?) is a unique solution of (2.9). As a result, from (3.61)),
S is continuous in Y3 with respect to the topology of L?(0,w; Hp). By the Schauder

fixed theorem, we can see that S has at least one fixed point in Y5. The proof is
complete. O
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4. PROOF OF MAIN RESULTS

In this section, based on Lemma we prove Theorem by taking the limit
ase — 0.

Proof of Theorem[2.3 By Lemma [3.4] we can see that the constants on the right-

hand side of (3.7))-(3.10]) are independent of €. Thus, it follows from (3.7]) and (3.8)
that

ve € WH2(0,w; V5 N L>®(0,w; Vo), (4.1)
and there exists a v € WH2(0,w; Vy) N L>(0,w; Vo) such that
ve — v weakly in Wh2(0,w; Vy') as € — 0, (4.2)
ve — v weakly star in L*(0,w; V) as e — 0, (4.3)
ve — v in L?*(0,w; Hy) as € — 0, (4.4)
vl — v weakly in L*(0,w; Vy) as e — 0. (4.5)

Since W12(0,w; V5) N L*(0,w; Vo) — C([0,w]; Ho) [15} Section 8, Corollary 5] and
the embedding is compact, it follows from (4.2]) and (4.3]) that

ve = v in C([0,w]; Hp) as € — 0.

Thus,
v:(0) = v(0), ve(w) — v(w) in Hy,
which implies
v(0) = v(w). (4.6)
Similarly as , for any n € D(AyN), we have

/ (FWol(r) — B! (v), m)vo v dr = / (WL(r) — o' (7). Fy nvs vy
0 0

By (4.5)), we obtain
Fylol — Fy'' weakly in L2(0,w; Vp) as e — 0. (4.7)
Furthermore, for any n € D(Ay), we have

/Ow(—ANUE(T) — (—Anu(r),m)odr = /Ou(va(r) — o(r), —Anm)edr

< 02 = vl L2 (0.w: o) | A NTI2w 2.
It follows from (4.4]) that
— Anv. — —Apnv  weakly in L*(0,w; Hy) as € — 0. (4.8)
From ([3.10) and the similar arguments as (3.70]), we obtain
molaz(ve(T) +m(7))?] — molaz(v(T) + m(1))?] weakly in L*(0,w; Hy)  (4.9)
as e — 0.

By [15, Section 8, Corollary 5], we see that both W12(0, w; V5*) N L (0, w; Vo) —
C([0,w]; L*(Q)NHp) and WH2(0,w; Vg )NL>®(0,w; Vp) — C(]0,w]; Hp) are compact.
Therefore, being similar as (3.72)) and (3.73]), we have

mo[ag (ve(T) +m(7))?] — molaz(v(T) +m(7))?] in L*(0,w; Hy) as k — oo (4.10)
and

molar (ve (1) + m(7))] — mola1(v(T) + m(r))] in L*(0,w; Hp) as k — oco. (4.11)
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With the help of (4.7)-(4.11)), for any n € D(Ay), we take e — 0 on both sides of
the equation

[ ) s v
_ / " (B 1(7) = molg(s(7) + m(m)] + Ayva(r).n) dr
0

0
_/ <F0_1U.;(T)’77>V07V0*d7-7
0

and then get that for any n € D(Ay),
0= [ (B 1) = malalolr) + mlr)] + wAxo(r).mhods

- [ s dr
0
holds, which together with (4.6) implies that v is a solution of the problem
Fy (1) = kANo(7) + molg(v(T) +m(7))] = Fg ' f(7), 0<7<w,
v(0) = v(w).

As aresult, from the equivalence of (|1.2) and (2.8)), we know that u(x,7) = v(z, 7)+
m(7) is the solution of (1.2))-(1.4)). O
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