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INFINITELY MANY SOLUTIONS FOR
SCHRODINGER-KIRCHHOFF TYPE EQUATIONS INVOLVING
THE FRACTIONAL p-LAPLACIAN AND CRITICAL EXPONENT

LI WANG, BINLIN ZHANG

ABSTRACT. In this article, we show the existence of infinitely many solutions
for the fractional p-Laplacian equations of Schrédinger-Kirchhoff type equation
M([u]f ) (=A)pu+ V() |ulP~2u = a|u|p:72u + Bk(z)|u|?%u = e RV,

where (—A)j is the fractional p-Laplacian operator, [u]s,p is the Gagliardo

p-seminorm, 0 < s <1 <p < oo, N> sp, 1 <q<p, Misa continuous and
positive function, V is a continuous and positive potential function and k(z)
is a non-negative function in an appropriate Lebesgue space. By means of the
concentration-compactness principle in fractional Sobolev space and Kajikiya’s
new version of the symmetric mountain pass lemma, we obtain the existence
of infinitely many solutions which tend to zero for suitable positive parameters
« and S.

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

In this article, we consider the following fractional p-Laplacian equations of
Schrodinger-Kirchhoff type:

M([u]z,px—A)Su V(@)% = aful’ 2 + B(@)ul" i B,
Ju(x) = u(y)|? (1.1)
Sp //R?N |33 _ |N+ps dx dy,

where 0 < s <1<p<oo,1<qg<p N> sp,pi= NZXI;S is the fractional critical

Sobolev exponent, M,V and k are functions satisfying some suitable conditions
which will be given later, (—A); is the fractional p-Laplace operator which, up to
normalization factors, by the Riesz potential as

— p—2 —
Aae) = 21 ) —uP ) —u) g
=0 JRN\ B, (z) |z — y|NFPs
where B.(z) := {y € RY : |z —y| < ¢}. Consistent, up to some normalization

constant depending upon n and s, with the linear fractional Laplacian (—A)® in
the case p = 2. As for some recent results on the fractional p-Laplacian, we refer
to for example [I5], [37, [38] and the references therein.
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Recently, a great deal of attention has been focused on studying of problems in-
volving fractional Sobolev spaces and corresponding nonlocal equations, both from
a pure mathematical point of view and for concrete applications, since they natu-
rally arise in many different contexts, such as, among the others, the thin obstacle
problem, optimization, finance, phase transitions, stratified materials, anomalous
diffusion, crystal dislocation, soft thin films, semipermeable membranes, flame prop-
agation, conservation laws, ultra relativistic limits of quantum mechanics, quasi-
geostrophic flows, multiple scattering, minimal surfaces, materials science and water
waves. For more details, we can see [9] 10, 25] and the references therein.

Problem is related to the stationary analogue of the Kirchhoff model

82 Po 2 82u -0
Poe ()\ 2L | ‘ )8:52 -

which was proposed by Kirchhoff in 1883 as a generalization of the well-known
D’Alembert wave equation for free vibrations of elastic strings, where p, pg, A,
E, L are constants which represent some physical meanings respectively. Indeed,
Kirchhoff’s model takes into account the changes in length of the string produced
by transverse vibrations. In particular, Kirchhoff’s equation models several physi-
cal and biological systems, we refer to [2] for more details. Recently, Fiscella and
Valdinoci [13] proposed a stationary Kirchhoff model involving the fractional Lapla-
cian by taking into account the nonlocal aspect of the tension arising from nonlocal
measurements of the fractional length of the string, see [13, Appendix A] for further
details.

When p = 2 and M = 1, problem becomes the fractional Schrodinger
equation with a critical nonlinearity

(—A)°u+V(x) P2y + Bk(z)|u|?%u  in RY, (1.2)

which was first proposed by Laskin in [I7, [I8] as a result of expanding the Feynman
path integral, from the Brownian-like to the Lévy-like quantum mechanical paths.
In recent years, a lot of interesting results about problem (|1.2)) have been obtained,
here we just quote a few, see for example [23], 4T, 40].

For our problem, we first assume that the Kirchhoff function M : Rg — RT, the
potential function V(z) and the weight function k(z) satisfy the following assump-
tions:

(A1) M € C(R{,RT) satisfies inf, R} M (t) > mg > 0, where mg is a constant.

(A2) There exists 6 € [1 ) such that OM(t) := 9]0 T)dr > M(t)t for

any t € R{.
(A3) V € C(RY) satisfies inf,cpy V(z) > Vo > 0, where V > 0 is a constant.

*

(A4) 0 < k(x) € L"(RY), where r = p?jq.

N
’ N—ps

A typical example for M is M (t) = mg + b1t~ with 6 > 1, mg € RT and b; € R{.
When M is of this type, the Kirchhoff problem is said to be non-degenerate if
mg > 0, while it is called degenerate if mg = 0.

Next we state some recent advance related with our problem. First of all, we
consider the case that M satisfies (A1) and (A2). Xiang, Zhang and Ferrara [35]
studied the existence of solutions for the following Kirchhoff type problem driven
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by the fractional p-Laplacian operator with homogeneous Dirichlet boundary con-
ditions:
M([u]f ) (=A)ju = f(z,u) in €,

S,p

1.3
u=0 in RV \Q, (1.3)

where € is an open bounded subset of RY with smooth boundary 9. By using
variational methods, they gave some existence results with respect to f(z,u) =
a(z)ul?%u with 1 < ¢ < p and p < ¢ < pf. In [36], Xiang, Zhang and Guo
obtained the existence of infinitely many solutions for problem with p = 2 by
applying the fountain theorem and the dual fountain theorem. More precisely, they
considered mainly two cases: for any A € R, the above result holds as f(x,u) =
|u|972u + A with ¢ € (2,27%); there exists A* > 0 such that for any for A\ €
(0, A*), the above result holds when f(z,u) = a|u|*~2u + Blu|""?u + Au for any
a€R,[>0o0rfor any a > 0,5 € R, where 1 < £ <2 <20 <n < 2%, see also [0]
for similar applications of the fountain theorem. By appealing to Krasnoselskii’s
genus theory, Fiscella in [I2] obtained the existence of infinitely many solutions for
problem with p = 2 and f(z,u) = A\g(z, u)[ [, G(z,u)dz]" + |u
G(z,u) = [, g(z, p)dp, r and X are positive parameters, see also [I1, 24} 21} 30] for
similar results involving variational methods. By using a truncation argument and
the mountain pass theorem, Autuori, Fiscella and Pucci [3] considered the existence
of solutions for problem with f(x,u) = A\g(x,u) + |u|>* ~2u in the degenerate
and non-degenerate cases.

On the other hand, Pucci, Xiang and Zhang [29] were concerned with the
nonhomogeneous Schrodinger-Kirchhoff type equations involving the fractional p-
Laplacian

.
2:72y, where

M([u]? ) (=A)pu + V() |uf~?u = f(z,u) + g(z) inRY, (1.4)

8P
where M satisfies (Al) and (A2), f(x,u) satisfied the subcritical growth. with
the help of the Ekeland variational principle and the mountain pass theorem, the
authors obtained the existence of at least two solutions for problem 7 see also
[] for related results. Subsequently, in [30] they considered the existence and
multiplicity of solutions for the equation

M([u]? ) (=A)su+ V(@)|ulP"?u = dw(@)|u|*"*u — h(z)[u]"u in RN, (1.5)

S,p

where h(z) is a non-negative function satisfying some ratio of integration with w(z),
1 <g<r< oo, see also [28, [37] for related results. In this case, the existence of
infinitely many solutions for problem was obtained by genus theory in the
degenerate case.

In [32], with the help of classical variational techniques, Servadei consider the ex-
istence of infinite solutions for problem (1.3), in which M = 1 and f(x,t) = [u|!"2u
with 2 < ¢ < (2N — 2s)/(N — 2s), but in presence of a perturbation h € L?(Q).
In [22], by means of the symmetric mountain pass theorem, Molica Bisci obtained
the existence of infinite solutions for with M = 1. Concerning the study of
elliptic equations with critical Sobolev exponent, we refer to the seminal works of
Brézis and Nirenberg in [§]. In order to overcome the lack of compactness, Lions in
[19, 20] developed the concentrate-compactness principle. Based on the principle
of concentration compactness in the fractional Sobolev space in [27], Zhang, Zhang
and Xiang [4I] obtained the existence of ground state solution for problem
with @ = 1, see also [40] for extensive discussions for this kind of problem. Xiang,
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Zhang and Zhang [39] studied the multiplicity of solutions for problem in some
special cases. For this, they extended the concentrate-compactness principle in [27]
to the setting of fractional p-Laplacian. In the context of fractional Laplacian, the
discussions about the existence of infinitely many solutions, we also refer to [14].

Motivated by the above works, in the present paper we are interested in the
existence of infinitely many solutions for problem by means of Kajikiya’s new
version of the symmetric mountain pass lemma. To our best knowledge, there is
no result in the literature on problem . There is no doubt that we encounter
serious difficulties because of the lack of compactness and of the nonlocal nature of
the fractional p-Laplacian. To this end, we will use the concentrate-compactness
principle in [39] to conquer the difficulty due to the lack of compactness.

Now we first give the definition of weak solutions for problem .

Definition 1.1. We say that u € W is a weak solution of problem (1.1, if u € W
and

M([ul? ) //sz |u(z) — u(y) P2 (u(z) — uly))(e(z) — ¢(y) dady

|z —y| Ve

+ / V(x)|ulP~2updz
RN

:a/ |u
RN

for all p € W.

Ps2yupdx +ﬂ/ E(x)|u|? ?updz
RN

In the sequel we will omit the term weak when referring to solutions that satisfy
the conditions of Definition Our main result of this paper is stated as follows.

Theorem 1.2. Let (A1)—(A4) and 1 < g < p hold. Then

(i) for all o > 0 there exists By > 0 such that if 0 < 8 < By, then (1.1 has a
sequence of solutions {un }n with I(uy,) <0, I(u,) — 0 and lim, o Uy, —
0.

(ii) for all B > 0 there exists ag > 0 such that if 0 < o < ay, then (1.1)) has a
sequence of solutions {uy, }p, with I(u,) <0, I(u,) — 0 and lim, - u, —
0.

Remark 1.3. From Theorem it is natural to raise the following open problems:
(i) What if 0p < ¢ < p%? (ii) Are our result still valid in the degenerate case? These
problems would be investigated by the authors in future works.

The rest of this paper is organized as follows. The functional framework and
some preliminaries are given in Section 2. In Section 3, behavior of (PS) sequences
are established. The proof of the main result Theorem is given in Section 4.

L*(R™) is the usual Lebesgue space with the norm [Jul]5 = [, |u[Pdz,1 < p <
+00. Various positive constants are denoted by C' and C;.

2. PRELIMINARIES

In this section, we first give some basic results of fractional Sobolev space and
then provide some useful technical lemmas, which will be used in the sequel.



EJDE-2016/339 SCHRODINGER-KIRCHHOFF TYPE EQUATIONS 5

Let 0 < s <1 < p < oo be real numbers. The Gagliardo seminorm is defined for
all measurable function v : RV — R by

CIINE
sp = //R?N o leﬂ)S dxdy) . (2.1)

The fractional Sobolev space is defined as

s,p N p N 7”
WP(R {uGL (R //sz o — gV da:dy<oo}

equipped with the norm

1/p
lullwesqeny = (Il + [z, ) (2:2)

As it is well-known that this space is a uniformly convex Banach space. For a
detailed account on the properties of W*?(RN), we refer to [10].
Let W denote the completion of C§°(RY), with respect to the norm

1/p
ladhw = (2, + k) "o Bl = [ Ve@lrds 3)

Clearly the definition makes sense since every ¢ € C$°(RY) has finite Gagliardo
norm as well finite norm [|¢||,v. Indeed, LP(RY, V) = (LP(RN, V), | - |[p,v) is a
uniformly convex Banach space thanks to (V'1). By standard arguments, it is clear
that W is a uniformly convex Banach space, see [29, Lemma 10] for details. The
embedding W — L*(RY) is continuous for any ¢ € [p,p?] by [10, Theorem 6.7];
that is, there exists a positive constant C, such that

[ulloe@vy < Cillullw  for all u € W. (2.4)
In our context, the Sobolev constant is given by
u(z)—u P
| S fpon R dady
in
ueD=»(RN\{0}  ([pn [u|Pidax)P/P:

is the associated Rayleigh quotient. The constant S is well defined, as can be seen
in [IL Theorem 7.58].

Next we recall the the concentration-compactness principle in the setting of the
fractional p-Laplacian, see [39, Definition 2.1, Theorem 2.1 and Theorem 2.2].

S =

(2.5)

Definition 2.1. Let M(R) denote the finite nonnegative Borel measure space on
RY. For any u € M(RY), u(RY) = ||u holds. We say that u — u weakly * in
MRN)if (p1n, 1) — (1, 1) holds for all n € Co(RY) as n — oo.

Proposition 2.2. Let {u,}, C D¥P(RY) with upper bound C > 0 for all n > 1
and

Up = u  weakly in D¥P(RN),

/ Mdy —u  weak x in M(RN)
RN

o=y

|un ()

Ps sy weak % in M(RN).

Then
‘u:/ Md +Z:LL]5-’K]+H’3 ,LL(RN)SCP’
RN

—_ | N+ps
|z -yl =
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v=lu

S vibe, vRY) < STECP,
Jj€ET

where J is at most countable, sequences {u;};,{v;}; C Ry, {x;}; C RN 4, is the
Dirac mass centered at x;, fi is a non-atomic measure,

v(RY) < 7% u(RY)7,
v <SS, Vield,
and S > 0 is the best constant of D5P(RN) « LPs(RN)

Proposition 2.3. Let {u,}, C D*?(RY) be a bounded sequence such that

‘un(x)_un(y”p N AN
‘/RN Wdy 12 weak * in M(R )7

|un ()

p: — v  weak * in M(RN)a

and define

Moo 1= hm hmsup/ / —d dz,
oo R—> p—oo {:EGRN:‘I|>R} RN |1‘—y|N+pS

Voo := lim limsup/ [, |Ps dax.
R—co n—oo Ji{zeRN:|z|>R}

Then the quantities poo and Vs are well defined and satisfy

limsup// [un (@) = unly )|pdydx:/ dp 4 oo,
n—oo JJren |z — y|N+p5 RN

limsup/ |t psdx:/ dv + V.
n—oo JRN RN

Moreover,
P
¥
Svss < Hoo-

Lemma 2.4 ([39, Lemma 2.3]). Assume {u,}, C D*P(RY) is the sequence given
by Lemma and for e > 0, let ¢;(x) be a smooth cut-off function centered at x;
such that 0 < ¢;(x) <1, ¢j(z) =0 on |z —z,| > 2, p;(x) =1 on |z —x;| <1, and
|V, (z)] <2 for all x € RN, Set qi)s-(a:) = ¢;j(x/e) for all x € RN. Then

HO Plu, (y)|P
hm hmsup// ‘¢ ( Plun (9)] dxdy =0
R2N

— \x mRET

Lemma 2.5 ([29, Lemma 2]). Let (M1) and (V1) hold. Then J: W — R is of
class CL(W) and

. = () [l *(u(e) — u(y) () ~v@)

o=y

P=2y(z)v(x)dz
+/RNV<J:>\u<x>| (2)o(a)ds,

for all u,v € W. Moreover, J is weakly lower semi-continuous in W.
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Lemma 2.6 ([33, Lemma 2.1]). For each k in L"(RY), the functional F(u) =
Jan E(x)|u|?dz is well defined and weakly continuous on W. Moreover, F(u) is
cantmuously differentiable, its derivative F' : W — W* is given by

(F'(u), ) = q/RN E(x)|u|? ?updz, Vo€ W.

Lemma 2.7 (|29, Theorem2.1]). Let (V1) hold. Let 9 € [p,p%) be a fized exponent
and let {v;}; be a bounded sequence in W. Then there exists v € W N LY(RYN) such
that up to a subsequence, v; — v strongly in LY(RN) as j — oc.

3. BEHAVIOR OF (PS) SEQUENCES

In this section, we perform a careful analysis of the behavior of minimizing
sequences with the aid of the concentration—compactness principle in fractional
Sobolev space stated above, which allows to recover compactness below some critical
threshold.

Let E be a real Banach space and I : E — R be a function of class C'. We say
that {up}n, C F is a (PS). sequence if I(u,) — ¢ and I'(u,) — 0. I is said to
satisfy the Palais-Smale condition at level ¢ ((PS). in short) if any (PS). sequence
contains a convergent subsequence.

Lemma 3.1. Let (A1)-(A4), 1 < q<p and ¢ <0 hold. Then

(i) there exists C' > 0 such that, for alln € N, |lu,|lw < C;
(ii) for each o > 0 there exists 5. > 0 such that if 0 < 8 < (., then I satisfies
(PS)e;
(iil) for each 8 > 0 there exists ay > 0 such that if 0 < « < v, then I satisfies
(PS)..

Proof. We first prove that {uy,}, is bounded in W. Let {uy}, be a (PS), sequence
in W such that for all ¢ € C§°(RY),

¢+ on(([unllw) = I(un)

= }[M([u”]g,p) + ”un”p,v} - g*/ |un|p dx — —/ ) |up|9da. (3.1)

p Ps
on(llunllw) = (I'(un), u

|un () — un(y)|” /
= M ([uy] ——t 7 dad Vv n|Pd
(lunli.p //R?N |x— |N+p6 Ut Jon (@)unl"dz (3 9)

fa/R 6/ x)|uy,|?da.

0> ¢+ on(llunllw) = I(un) - £;<z*<un>,un>

S

Therefore,

= M(ualty) =~ M(ualf ol + (5= el

p Ps p
_ 5(% _ pi) /RN k(@) fun|tdz
> (o = o )My + (5 = )l
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=53 = Y [ nlian)
> (i _ i)mo[un] P4 (1 - pi) a2+

po  pi P

= B(5 — o2 ) Ik @Sl

> min { (2 = —Jmo, (5 = =) Hualf
ming (— — — |mo, (= — — ) ¢||un
= o pi) U \p  pr W

1 1 _a q
=8, = 5z RIS -

Since 6 € [1, NNpS) and ¢ < p, it follows that {u, }, is bounded in W. Then, there
exist up and a subsequence, still denoted by {u,}, C W, such that

Uy — ug  weakly in W,
u, — ug strongly in L} (RY) for all t € [1,p}),
U, — g a.e. in RV,
From Proposition we have

up — ug  weakly in DSP(RY),

|un(m) - un(y>|p N AN
/RN Wdy 12 Weakly * 1N M(R ),

|un ()

Pi sy weak * in M(RV).

Then
_ [u(z) — u(y)[ . N »
M—/RN W@J*‘ZM@W +i, pRY) <CP,
€T
43 vids,, v(RY) < SPECP,
jeT

v=|u

where J is at most countable, sequences {y;};, {v;}; C R{, {z;}; C RY, §,, is the
Dirac mass centered at x;, i is a non-atomic measure,

V(RY) < 5% u(®Y)F, (3.3)

S

v, <SP, Vjed (3.4)

Concentration at infinity of the sequence {u,, }, is described by the following quan-
tities:

Moo 1= hm hmsup/ / Md de,
R—o0 nooo {z€RN:|z|>R} JRN |.’I,‘— | P
Voo i= hm hmsup/
R—oo pnooo {zeRN:|z|>R}

We claim that J is finite and, for j € J, either v; = 0 or v; > (moa~'S)N/Ps.
In fact, for e > 0, let ¢5(x) be a smooth cut-off function centered at x;, such
that 0 < ¢5(x) < 1, ¢5(x) = 0 on |z — z;] > 2¢, ¢5(x) =1 on [z —z;] < ¢, and
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[V5(z)| < 2 for all z € RN, Then, it is seen that {un®5} is bounded in W. Testing
I'(up) with u, @5, we obtain lim, oo (I'(un), undj) = 0; that is,

M(Ealzy) [[ | (10n(0) = n )P0 (0) = 0 0)
X (un()65(0) — un)050)) /2 — 7)oy + [ Vi@lunPoide (39
RN
—a/ |, |p5¢8dx—ﬁ/ ) |un|1¢5 (z)dz = 0.

Next we estimate each term in (3.5).

() = ()P (10 () — 4 () 10 ()65 () — 10 ()65 (1))
//Rw |z — y|Ntps dzdy
//R2N |un |m_—un|E\“)r;|nps¢‘E (x) dzdy (3.6)
Un (%) — U (Y) [P 72 (i (7)) — 1w ( ¢5(z) — 95 Vi,
+//RzN | nrt <$)_y|N+§s))( ) ) <y)d3:dy.

In fact, in the first double integral of the right-hand side of (3.5), we can use a
compactness result (see Proposition ,

|un 7“71( )|p¢€(m)
dad
/. =

| WP 7
UO — Uo
= °d // S (z)dzdy + ;.
RN ¢ H= RN ‘x o y|N+p5 (b ( ) Y M
For the second double integral of the right-hand side of (3.6)), we obtain
[tn () = un(Y) [P (un (@) — un(y))(65(x) — ¢5(y))un(y)
‘ dxdy‘
R2N |z —y|N+ps
|un () — un(y)| =
————————dady
(. / " y“”” ) (35)

|¢5(x) — 95 () [P lun(y)|” 1/p
//Rm \g;— o ded)
|65 () — ¢5(y) [P [un(y)|? =
<C .
<o( /L. |x =)
By Lemma, we obtain
o |05 () — &5 (y) [P |un (y)|?
il_r}r}) nlin;o //RQN |1: = dzdy = 0. (3.9)
So from (3.6)), (3.7) and ( m, we deduce
iy T MfunlZ, ([ (1n(@) = )P0 (0) — )
R2N

e—0n—oo

X (un(2)05(x) — un(y)d5(y)) /o — y|N+ps)dxdy
> Mopj-

(3.10)
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Also we have

lim lim V(z)|unl?¢5dz = lim lim V(z)|un|P¢5dz = 0, (3.11)
e—0n—oo RN e—0n—oo Boe(x;)
lim |un |P* ¢S da = / psdr = / |ug|P= p5d + vj. (3.12)
n—oo JpN J RN J RN J
By assumption (A4), we arrive at
lim lim k(x)un|?¢jdr = lim lim k(x)|un|?¢5dx
e—0n—oo0 RN e—0n—oo Bac(x;)
3.13
< tim T 6G) e ol 0y B0
= 0.

Therefore, from (3.5)) and the aforementioned arguments we obtain
0> mop; — avj. (3.14)

Combining this with (3.4), we obtain either (i) v; = 0 or (i) v; > (moa~18) s,
which implies that 7 is finite. The claim is thereby proved.

To analyze the concentration at co, by choosing a suitable cut-off function ¢ €
Cs°(RY[0,1]) such that p(z) = 0 on |z| < 1 and ¢(z) = 1 on |z| > 2. We set
or(x) = ©(%), then {unpr}, is bounded in W, and lim, oo (I'(un), unpr) = 0;
that is,

M(Ealty) [ (fonle) = w2 @) = o)
 (tn (@) () i () (y)/ o — Y7 )y (315)
+ [ V@luPende—a [ lunPiorde =5 [ k@)ulonds <o
Next we estimate each term in (3.15).
] linte) = () gt Donle) om0 .,

|z —y|NHes

[un () — un(y)|Per(T)
- Jf e ey
[ ) ) )~

o=y

(3.16)
Indeed, in the first double integral of the right-hand side of (3.16|), we can use a
compactness result (see Proposition ,

. |un(z) — un(y)|Pr(x)
i / /sz |z — y|N+ps dedy

= [, o (3.17)

|uo (%) — uo(y)[”
- [ L i+
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For the second double integral of the right-hand side of (3.16)), it follows from the
Holder inequality that

[ bite) = a0l (5) ) — pn0)n0)

o =y

[on(®) = pr)Plua)P | 5 19
SOR Up, P
< c dad ) .
//]R2N Ix—yIN“” o
then, as in the proof of (3.9) we obtain
lpr(@) — er(Y)[Pun(y)[? _
lgn(><J 111r1n_}s01ip //RQN \x |V dzdy = 0.
So we have
i Jim MualZ, [ (10(&) = 1)) ~ 0 0)
R—oon—oo R2N
s 3.19
% (un ()R (x) — un(y)r(v)/z — yV ) dady (3.19)
> moleo-
We also obtain
lim lim V(z)|unPordx = lim lim V(z)|un|Pordx =0, (3.20)
R—oon—oo [pN R—oomn—o0 {|z|>2R}
lim |un|p:<dem :/ @Rdy:/ |u0|p:<dex+yoo. (3.21)
n—oo JrN RN RN

By the weak continuity of k(x), Holder inequality and the definition of S,

[ b@altonde < ([ e ([ @
RN {lz|>2R} {lz|>2R}

i —q

<S ﬁ[un].(é',P(/ |k () ﬁdgc) B
{lz|>2R}

W ( /{ o @)

«
_Ps pF
rimadx) 7

* Ps—a

Pg ¥
p* —q s
s—adx ,

—
<9

which implies

* pi—a

_Ps pE
p:fqu) -

hm hmsup/ k(x)|up|f9pde < C lim (/{| oy |k(x)
z|>

R—oo pnooo R—o0

Therefore, by letting R — oo and n — oo in (3.15)), we have
Mofloo < Woo- (3.22)

By Proposition and ([3.22)), we conclude that either
(ili) Ve =0, or
(iv) Voo > (moa™18) .
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Next, we claim that (ii) and (iv) cannot occur if « and g are chosen properly.
To this, from the Hélder inequality and the weak continuity of F, we have

0>c= lim [I(un) — p%([’(un),un)] - ﬁ(é — pi) /RN k(x)\un\qd:c]

L1 11
> — — — p p - D
> (po pz)M([uo]S,p)[uo]s,p + (p p:)uuoupy
11 Y
=5(y = ) IE@I ([ uop?do)
L e (3.23)
S 1 1 » 1 1 » .
= (279 — pi:)m()[UO]S’p + (]; — ]7:) HUOHP,V
B2 = L ()5 ol
— —_— — €T r P U, s,
q P 0lsp
1 1 1 1
> (g = o JmoSuolly, = (= o) k@)l ol
Thus, it follows that
luolly; < CA7. (3.24)
If (iv) occurs, we obtain by (3.24) that
o 1,
0> c= Jim_lim [I(un) = = (I'(un), o)
1 1 1 1 1 1
> (= - — ot (=== P <77—>k cllo]l9.
> (pe p;>mou + (p p§)||u0Hp’V B P [5(2)[l+[luollys

> (g = e Jmoties = (% = )@, €7

> (i - i)moofﬁsﬁ ol =
po  p;

However, since 6 € [1, %m)’q < p, if & > 0 is given, we can take small g, such
that for every 0 < 8 < (., the term on the right-hand side above is greater than
zero, which is a contradiction. Similarly, if 8 > 0 is given, we can choose small a,
such that for every 0 < a < au, the term on the right-hand side above is greater
than zero. Similarly, we can prove that (ii) cannot occur. Hence

/ |tn p:dz—>/ |uo
RN RN

In view of u,, — uy in W*P?(RY) and the Brézis-Lieb lemma, we have

.
Psdx asn — oo.

/ [un — ulPsdz — 0 as n — oc. (3.25)
RN

We are now in a position to show that {u,, }, converges strongly to ug in W. Firstly,
we have

(I'(up) — I'(ug), un —ug) — 0 as n — oo.
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By the boundedness of {u,}, in W and (3.25)), it follows that

/.

S/ |t |75~ (i, —uo)dx—i—/ o [P (up — ug)da
RN RN

p:_2|un| — |u0|p:_2u0)(un — ug)dax

e o (320
< (/ [tn dea:> g (/ |t — ug p-*dx)
RN RN
LB N Vi
+(/ |u0psdx> ° (/ \un—uopsdx) — 0,
RN RN
as n — oo. Since k € L"(RY), by the weak lower continuity of F, we have
/N F(@)tn] P (= wo)dw < |[k(@) Lr@n) lun s llun = uollp: — 0,
R
as n — 0o. Therefore, as n — oo, we have
[Un - UO]s,p — 0,
thanks to I'(up) = 0. By Lemma [2.7, as n — oo, we have
V(@) |tn P2 (uy, — uo)dz — 0.
RN
Thus we prove that {uy, }, strongly converges to ug in W. O

4. PROOF OF THEOREM

In this section, we use minimax procedure (see [31]) to prove the existence of
infinitely many solutions. Let X be a Banach space and ¥ be the class of subsets
of X \ {0} which are closed and symmetric with respect to the origin. For A € ¥,
we define the genus y(A) by

7(4) = inf{n € N: 3¢ € C(A,R"\ {0}), ¢(2) = —o(—2)},
Ns(A) ={z € X : dist(x — A) <6}, dist(z — A) = inf{||lx — A|| : y € A}.

If there is no mapping as above for any n € N, then y(A) = +o00. Let 3, denote
the family of closed symmetric subsets A of X such that 0 ¢ A and v(A) > n. We
summarize the property of genus, which will be used in the proof of Theorem [1.2
We refer the readers to [31] for the proof of the next result.

Proposition 4.1. Let A and B be closed symmetric subsets of X which do not
contain the origin. Then the following hold.

(1) If there exists an odd continuous mapping from A to B, then v(A) < ~(B);
2) If there is an odd homeomorphism from A to B, then v(A) = v(B);
) If 7(B) < o0, then y(A\B) > y(A) = v(B);
) n-dimensional sphere Sy, has a genus of n+1 by the Borsuk-Ulam Theorem;
) If Ais compact, then y(A) < +o00 and there exists 6 > 0 such that Ns(A) C

% and (N5 (A)) = ~(4).

The following version of the symmetric mountain-pass lemma is due to Kajikiya
[16].

Proposition 4.2. Let E be an infinite-dimensional space and I € C*(E,R) and
suppose the following conditions hold.
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(A5) I(u) is even, bounded from below, I(0) = 0 and I(u) satisfies the local
Palais-Smale condition (PS for short).
(A6) For each n € N, there exists an A, € X, such that sup,¢c 4 I(u) <O0.
Then either
(i) There exists a sequence {u,} such that I'(uy,) = 0,1(u,) < 0 and {u,}
converges to zero, or
(ii) There exist two sequences {un} and {v,} such that I'(u,) = 0,I(uy) =
Up # 0, limy, ooty = 0; I'(vy,) = 0, I(vy,) < 0, limy, 00 I(v n) 0, d
{vn} converges to a non-zero limit.

Remark 4.3. From Proposition we have a sequence {u,}, of critical points
such that I(u,) < 0,u, # 0 and lim,,_, o u, = 0.

To obtain infinitely many solutions, we need some technical lemmas. Let I(u)
be the functional defined as above, 1 < ¢ < p, a > 0 and 8 > 0. Then

Mw:ng%y+wﬁﬂf§A ﬂ/’ 2)|uftdz
> M2, + ol 2 ks

1
> —mgolul? ——/ ulPsdz — = || k(2)]),
I p - qll()Hl

>;mug—;@wm@5—§mwxs%mf
> Ci[u]?, — aCaulls, — BCs[u]?,

Define

g(t) = C1t? — aCytPs — BCst9.
Then, it is easy to see that, for the given o > 0, we can choose 8* > 0 so small that
if 0 < 8 < B*, there exists 0 < ty < t1 such that g(¢) < 0 for 0 <t < tp; g(t) >0
for tg <t < t1; g(t) <0 for t > t.

Similarly, for the given 8 > 0, we can choose o > 0 so small that if 0 < a < a*,
there exists 0 < t§ < t] such that g(t) < 0 for 0 <t < t§; g(t) > 0 for t§ <t < t];
g(t) <0 for t > t}.

Clearly, g(to) = 0 = g(t1). Following the same idea as in [0], we consider the
truncated functional

/ E(x)|ul?dz.

) = < [M(E,) + ] = St [

where ¢(u) = 7(||ullw) and 7 : RT — [0, 1] is a non-increasing C*° function such
that 7(t) = 1 if t < tg and 7(¢t) = 0 if ¢ > ¢;. Obviously, I(u) is even. Thus, from
Lemma we obtain the following lemma.

Lemma 4.4. Let c <0 and 1 < g <p. Then
(1) T € C" and I is bounded from below.
(2) If I(u) <0, then ||ullw < to andl( ) = I(u).
(3) for each a > 0 there exists 6* = min{f,, 8*} > 0 such that if 0 < 8 < ﬂ*
then I satisfies (PS).;
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(4) for each 3> 0 there exists o = min{a,, o} > 0 such that if 0 < a < a*,
then I satisfies (PS)..

Proof. Obviously, (1) and (2) are immediate. To prove (3) and (4), observe that all
PS). sequences for I with ¢ < 0 must be bounded, similar to the proof of Lemma
there exists a strong convergent subsequence in W*?(RY). [

Remark 4.5. Denote K, = {u € W : I'(u) = 0,1(u) = ¢} If a, 3 are as in (3) or
(4) above, then, it follows from (PS). that K.(c < 0) is compact.

Lemma 4.6. Denote I. := {u € W : I'(u) = 0,I(u) < ¢}. Given n € N, there
exists €, < 0, such that

y(I) = y({u e W: I(u) < e,}) > n.
Proof. Let X,, be a n-dimensional subspace of W. For any u € X,,,u # 0, write
u = row with w € X, ||w|lw = 1 and then r, = ||u||w. From the assumptions

k(z), it is easy to see that, for every w € X,, with ||w|w = 1, there exists d,, > 0
such that [py k(x)lw|?dz > d,,. Thus for 0 < r, < to, by the continuity of M, we

have
ulPsdx — 6/ x)|ul?dx

/ x)|w|dz

) = < (M) + ] = Svw) [

b ps

1 .
P p p - —
< S [MUu,) + ol ] = St [

C a p* .
< Zpp =7} / |w|Psda — édnrz
Ps RN p

Therefore, we can choose r,, € (0,t) so small that I(u) <€, < 0. Let
S, ={u e X, : |lullw =r.}. (4.1)
Then S,, N X,, C Ien. Hence by Proposition
y(d) 2 A(Sp, N Xy) =1
As desired. O
According to Lemma [£.4] we denote ¥,, = {A € £ : v(4) > n} and let

¢n = jnf sup (u) (4.2)
Then
—o0<c, <€, <0 (4.3)

because [n € ¥, and I is bounded from below.

Lemma 4.7. Let o, 3 be as in (3) or (4) of Lemma[{.4 Then all ¢, (given by

(4.2)) are critical values of I and ¢, — 0.

Proof. Since ¥, 11 C X, it is clear that ¢, < cp41. By , we have ¢, < 0.
Hence there is a ¢ < 0 such that ¢, — ¢ < 0. Moreover, since that all ¢,, are critical
values of I (see [31]), we claim that & = 0. If ¢ < 0, then by Remark K: =
{fueW :I'(u) = 0,1(u) = & is compact and Kz € ¥, then v(Kz) = ng < +00 and
there exists 6 > 0 such that v(Kz) = v(Ns(Kz)) = ng, here Ns(Kz) = {z € X :
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|l — Kz|| < 0}. By the deformation lemma (see [34]), there exist € > 0 (¢4 ¢ < 0)
and an odd homeomorphism 7 : W — W such that

n(I°+e\ N5(Kz)) c I°¢.

Since ¢, is increasing and converges to ¢, there exists n € N such that ¢, > ¢ —€
and ¢p4n, < ¢ Choose A € 1y, such that sup,c 4 I(u) < ¢+, that is A C I°T<.
By the properties of v, we have

YA\ Ns(Kz)) = 7(A) = v(N5(Kz))) =2 n, y(n(A\ Ns(Kz))) = n.
Hence, we have n(A \ Ns(Kz)) € £,,. Consequently,

sup I(u) > ¢, >c—e,
uen(A\Ns(Kz))

a contradiction, hence ¢, — 0. O

Proof of Theorem[1.3. By Lemma [4.4(2), I(u) = I(u) if I(u) < 0. Then, by Lem-
mas [4.4] one can see that all the assumptions of Proposition are satisfied.
This completes the proof. ([l
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