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GLOBAL FAST AND SLOW SOLUTIONS OF A SINGLE-SPECIES
BACILLUS SYSTEM WITH FREE BOUNDARY

YOUPENG CHEN, XINGYING LIU, LEI SHI

ABSTRACT. In this article, we consider a free boundary problem for a reaction
diffusion equation which describes the dynamics of single bacillus population
in higher space dimensions and heterogeneous environment. For simplicity,
we assume that the environment and solution are radially symmetric. First,
by using the contraction mapping theorem, we prove that the local solution
exists and is unique. Then, some sufficient conditions are given under which
the solution will blow up in finite time. Our results indicate that the blowup
occurs if the initial data are sufficiently large. Finally, the long time behavior
of the global solution is discussed. It is shown that the global fast solution does
exist if the initial data are sufficiently small, while the global slow solution is
possible if the initial data are suitably large.

1. INTRODUCTION

It is well known that mathematical aspects of biological population have been
considered widely. Most authors have studied growth and diffusions of biological
population in a homogeneous or heterogeneous fixed environment (see [7,27]). They
have also studied the nonlinear differential equations involved such as the Logistic
and Fisher equation.

In this article, we consider the single bacillus population model

uy — dAu = Kau® — bu, (1.1)

which was first proposed by Verhulst in [22]. Parameters a,b,d and K are positive
constants. Ecologically, a represents the net birth rate, b is the death rate, d
denotes the diffusion coefficient, and K measures the living resource for bacillus.
Recently, Jin et al [I5] considered this model and established a time-dependent
dynamic basis to quantitatively clarify the biological wave behavior of the popular
growth and propagation. And Ling and Lin in [I8] investigated equation with
a moving boundary in one-dimensional space.

The main purpose of this paper is to show that the results obtained in [18]
continue to hold in higher-dimensional space and heterogeneous environment. For
simplicity, we assume that the environment and the solution are radially symmetric.
So we are primarily interested in the positive solution u(r,t), r = |z|, z € RY
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(N > 2), to the problem
ug — dAu = Kau? —bu, 0<r <h(t),t>0,
ur(0,t) = u(h(t),t) =0, t>0,
W) = —pun(h(t), 1), >0,
h(0) = ho, u(r,0) =up(r), 0<r <hog,

where Au = u,, + £=u,, r = h(t) is the moving boundary to be determined

together with the solution u(r,t), and the initial function ug(r) satisfies
ug € 02([0, ho]), U{)(O) = UO(ho) =0, Uo(’/‘) >0, re (0, ho) (13)

When Ka = b = 0, the problem is reduced to one phase Stefan problem, which
accounts for phase transitions between solid and fluid states such as the melting of
ice in contact with water [25]. Stefan problems have been studied by many authors.
For example, the weak solution was considered by Oleinik in [23], and the existence
of a classical solution was given by Kinderlehrer and Nirenberg in [I6]. For the
two-phase Stefan problem, the local classical solution was obtained in [I9] 24] and
the global classical solution was given by Borodin in [2].

The free boundary problems have been investigated in many areas, for exam-
ple, the decrease of oxygen in a muscle in the vicinity of a clotted blood vessel
[5], the etching problem [29], the combustion process [30], the American option
pricing problem [12] [T4], chemical vapor deposition in hot wall reactor [20], image
processing [I], wound healing [3], tumor growth [4] [6l 28] 3], and the dynamics of
population [13] 21].

Definition 1.1. Let Dy = {(r,t) € R? : 0 < r < h(t),0 < t < T}. We say

(u(r,t), h(t)) is a solution of ifu(r,t) € CHO(Dr)NC?Y(Dr), h(t) € C1([0,T))
and u(r,t), h(t) satisfy all the equations in ([1.2)).

(1.2)

For problem (1.2)), we lay great emphasis on the blowup property of the solution
and the long time behaviors of global solutions, especially the existence of global
slow solution. In this paper, we define Tj,.x as the maximal existence time of the
solution of problem . We say that the solution exists globally if Ty, = 400,
whereas if the solution ceases to exist for some finite time, i.e., Tihax < 400 and
limsup, 7 [[u(-, )| Loe (jo,n(t))) = 400, we say that blowup occurs. If Tiya = 00
and lim;_, o h(t) < 00, then the solution is called global fast solution since it decays
uniformly to 0 at an exponential rate, while if Ti,ax = 00 and lim;_ o h(t) = oo, it
is called global slow solution, whose decay rate is at most polynomial (see [10] [11]
for more details).

The outline of this paper is as follows. In Section 2, we first apply the contraction
mapping theorem to prove the local existence and uniqueness of the solution to
(L.2), and then present some fundamental results that will be used later. Section
3 is devoted to the investigation of the blowup result. Our arguments are based
on the comparison principle and the construction of an appropriate lower solution
to . In Section 4, we deal with the long time behavior of global solutions,
including the existence of global fast solution and slow solution.

2. LOCAL EXISTENCE AND COMPARISON PRINCIPLE

In this section, by using the contraction mapping theorem, we first prove the
following local existence and uniqueness result.
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Theorem 2.1. For any given ug satisfying (1.3)) and any o € (0,1), there is a
T > 0 such that (1.2) admits a unique solution

(u,h) € CHHOUFI2 (D) s 02 ((0, 7)), (2.1)
where Dy = {(r,t) € R? : 0 <r < h(t),0 <t < T}. Moreover,

lull grea.ararz@py + 1hllcrar oy < C, (2.2)
where C and T depend only on «, hg and [|uol|c2(0,n,)-

Proof. We first make a change of variable to straighten the free boundary by the
transformations

5 = Wa U(Tv t) = ’U(fa t) (23)
Direct computations yield
R (t) ho h3

0 v, Up = 0 Ve,  Upp = 20 Vgg.
Then problem can be reduced to

B () dh2 N1
mn S we et g
Ug(o,t) = ’U(ho, t) =0, t>0,

Ut = V¢ —

Ug):Kmﬂ—bu 0< &< hg,t>0,

V¢ —

h
B (t) = —%vg(ho,t), >0,

h(o) = h07 v(«f,O) = /UO(f) = ’U/()(f), 0 < g < hO-

Transformations (2.3)) change the free boundary x = h(t) to the fixed line & = hg
at the expense of making the equation more complicated, since the coefficients of
the first equation in (2.4) include the unknown function h(t).

Let T < 1 be a positive constant to be determined later, we denote h* =
—phovj(ho) and set

Hp = {h € C*[0,T]: h(0) = ho, W' (0)hg = h*, 0 < W (t)h(t) < h* + 1},

Ur = {v € C([0, ho] x [0,T7]) : v(§,0) = vo(§), [v — vollc(jo,ne)x[0,77) < 1}

Then it is easy to see that ¥p := Ur x St is a complete metric space with the

metric

D((v1, h1), (v, ha)) = o1 — v2llc(o,n0)x[0,77) + [R1R1 — Bhal| e (o, (2.6)

(2.5)

Let us note that although % is singular at £ = 0, vee + %vg actually repre-
sents an elliptic operator acting on v = v(y, t) (= v(Jy|,t)) over the ball |y| < hg in
view of vge + %vg = Av for |y| < hg. Therefore, we can apply the standard L?
theory (see [17]) and the Sobolev imbedding theorem (see [8, Chaper 5]) to obtain
that for any (v,h) € X7, the following initial boundary value problem

_ W), dh o N -1_ ,
Uy — h(t)évf—hg(t)(vgg+ ¥e) = Kav? —bv, 0 < &< hg,t >0,

(h07t) =0, t> 07 (27)

9(£,0) =v0(§) 20, 0<&< ho.
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admits a unique solution & € C'1+(1+2)/2([0, ko] x [0,T]) and

[0l g1+a.a+er /2 (0, o] x[0,7)
< |9 = wvollera.atarrz((o,no)xfo,77) T V0llcr+a(j0,no))
< Coll? = vollywz1 o,ne)x 10,7y + 10l or+e(po,no))

- 2.8
< OO(HUHWEJ([O,;LO]X[o,T]) + ”UO||W5’1([0,h0]><[0,T])) + [luoll cr+e ((0,ho)) (28)

- 11
< Colllollwz1 (0,n01x 0,7y T T2 1 luollc2(o,mo))) + [[toll crve o,no))
<y,

where p = 3/(1—a), Cy is a Sobolev imbedding constant, C1 is a constant depending
on Co, v, ho and |luo||c2(0,ko]-

From the third equation in (2.4), we can define a function A(> 0) as follows

t
R2(t) = h2 — 2uh / i (ho, 7)dr, (2.9)
0
which implies
B (t)h(t) = —phove (ho,t),  h(0) = ho, ' (0)hg = —phote(ho,0) = h*. (2.10)
Hence h'h € C*/%([0,T]) with

1B/ () | a2 po,ry) < Co := pthoCh. (2.11)
Now, we define a map F : X — C([0, ho] x [0,T]) x C1([0,T]) by
F(o(&, 1), h(t)) = (8(&, 1), h(t)). (2.12)

It is easy to see that (v, h) € Lp is a fixed point of F if and only if it solves (2.4)). So,
we need to prove that F has a unique fixed point, we use the contraction mapping
theorem.

By (2-10) and (2.11)), we have
17 () (t) = B (0)A(0) | go,r1) < B (OOl gasao.ry T < C2T2,

||17(§7t) - UO(&)”C([O,hO]X[O,T]) < ||UHCO,(1+Q)/2([0,hO]X[O’T])T(lJra)/Q < OlT(1+a)/2.

Therefore if we take T' < min{1, 02_2/0‘, 01_2/(1+a)}, then F maps X7 into itself.
To prove that F is a contraction mapping on X for T' > 0 sufficiently small,
We take (vi, hi) € ¥7,i = 1,2 and denote (v;, h;) = F(v;, h;). Then it follows form

and ( - ) that

[10illc1+ascters2 (o, ho)x [0,7) 72 (£ (¢ Nearzo,r)) < Co- (2.13)

Set w = U1 — g, then w(¢,t) satisfies

h} dh? N -1
wi — *5“15 T;J(wfﬁ t ¢ we) — Ka(v} —v3) + b(v1 — v2)
1
R, hy. 1 1. N-—-1_
= (ﬁ — i)fvzg + dh%(hf% — %)(vzgg + TU%), 0< &< hy,0<t<T,
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Using the LP estimates for parabolic equations and Sobolev imbedding theorems,
we obtain

101 = V2l crta.aterrz(jo,no] x[0,77) (2.14)
< Cs([lvr = valleqo,mo)x[0,77) + 1P1 — P2llero,))s '

where C3 depends on C7 and C3. Taking the difference of the equations for Ellﬁl
and E;EQ results in
— — — — _ _
[y (8)h (£) — ha(£) ha(t )||Ca/2([o 7)) < phol|vig(ho, t) —D2g (ho, 1)l carz (o, 7y (2.15)
Combining inequalities ([2.14)) and (| -7 we obtain
_ _ o
[1(€,t) — 02(5»t)||01+a,<1+u)/2([o,h0]x[o,T]) IRy () (8) — ho(t)h2(t) || corz o,

< Cu([lvr (€, 1) = va (& D)l e(o,ho]x0,71) F [1h1 = hallero,m))
(2.16)
where C4 depends on C5. Using a property of C([0,T]) norm,

[} (E) R (t) = Ry (t)ha(t) o7y = 1P (E) — B ()l cqo, 2y 1P ()]l e o,
— A5 (&) Lo, e (8) — Ra(t) [l (o,
and the facts hl(O) = ho(0) = ho, hi(t) > ho and hj(t) < (h* + 1)/ho, we derive

(2.17)

that if T' < 2(h*+1) then
1 h* + 1
1Ay = halleqo) < h*||h/1h1 — hhhalleqo,r) + —=— TRy — hslleo,m)
5 (2.18)
< h*0||h/1h1 — hyhal|cgo,m)
which implies that
2 -l- 2T

|h1 —hallcro,ry < A+D)IIR] —hslleo,m) <

Hence from ([2.16)) and ( - for

W h = hho | o, (2.19)

2
. ~2/a ~—2/(14+a) _ h§ 4 \1-2/a
T :=min{1,C; 7/, C; ’2h*+27[204(1+h70)} |3
we have
B _ — = - —
171(&,t) — T2(& 1) lo(jo,ho) x[0,77) + [1h1h1 — hohalle(o, 1))
<70+ |17, — Da|[cr+a.1e1/2(10, o) x[0,7) T+ TQ/QHE;El - E;%”CQ/Z’([O,T])

< CyT*"2(JJvr = vallo(o.n)x(0,7)) + |11 — Raller(o,r)))

T
[hyh1 = hshalle o))

< T2 (J|lvr — valle ool xio,T)) +

(llvr = valleqo,no]x 0,17y + IR1R1 — Byha|l e (o,m))-

[\D\»—l

Thus for this T, F is a contraction mapping. According the contraction mapping
theorem, we can conclude that there exists a unique (v(,t), h(t)) € X such that
F(v(&,t),h(t)) = (v(&t), h(t)). In other words, (v(&,t), h(t)) is the solution of prob-
lem and therefore (u(r, t), h(t)) is the solution of problem (1.2). Moreover, by
using the Schauder estimates, we have additional regularity of the solution, namely,
h(t) € C**2/2]0,T) and u € C?T1+2/2((0, h(t)) x (0,T)), that is, (u(r,t), h(t)) is
the classical solution of problem . O
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Remark 2.2. If the initial function uy is smooth and satisfies the consistency
condition

N-1
—d(ug (ho) +

up(ho)) + pug(ho)ug (ho) = u(ho) (Kaug(ho) — b),
then the solution (u, h) € C?+1+e/2(Dy) x Ce/2([0,T)).
Now we give the monotone behavior of the free boundary h(t).

Theorem 2.3. The free boundary h(t) for problem is strictly monotone in-
creasing, that is, for any solution in (0,T], we have
h'(t)>0 for0<t<T.
Proof. Applying the Hopf lemma to problem , we obtain
ur(h(t),t) <0 for0<t<T.
Thus, combining this inequality with the Stefan condition gives the desired result.

O

Next, we give a comparison principle which can be used to estimate both u(r,t)
and the free boundary r = h(t).
Lemma 2.4. Assume that T € (0,00), h € C1([0,T)), u(r,t) € C(Di)NC?1(D),
with D = {(r,t) e R2: 0 <r < h(t),0 <t < T}, and that
N-—-1
r
u,.(0,t) =0, u(h(t),t)=0, 0<t<T,
B (t) > —,(h(t),t), 0<t<T.
If hog < h(0) and ue(r) < w@(r,0) in [0,ho], then the solution (u,h) of the free
boundary problem (1.2) satisfies
h(t) < h(t), te(0,7] and wu(r,t) <u(r,t), 0<r<h(t),0<t<T.
Proof. For small € > 0, let (uc,he) denote the unique solution of (1.2) with hg

replaced by h§ = ho(1 — €), with p replaced by p. = (1 —€), and with ug replaced
by some u§ € C%([0, h§]) satisfying

0 < uf(r) <wg(r) in [0,hg], ui(0) =wug(hy) =0,

Uy — d(Tyy + u,) > u(Kau—b), 0<r<h(t), 0<t<T,

and as € — 0,
hE
UB(hng) — uo(r),

in the sense of C2([0, ho)).

We claim that h.(t) < h(t) for all t € (0, T]. Clearly, this is true for small ¢ > 0.
If this does not hold, then we can find a first * < T such that h.(t) < h(t) for
t € (0,t*) and he(t*) = h(t*). It follows that h.(t*) > E,(t*). We now compare
and u over the region

Q- ={(rt) ER*:0<r < h(t),0 <t <t*}.
It follows from the strong maximum principle that u(r,t) < u(r,t) in ;+. Hence
w(r,t) = a(r,t) — uc(r,t) > 0 in Qp with w(h(t*),t*) = 0. It follows that
wy(he(t*),t*) < 0, from which we deduce, in view of (uc),(he(t*),t*) < 0 and
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fe < i, that hL(t*) < El(t*). But this contradicts to hL(t*) > E,(t*), which proves
our claim that h.(t) < h(t) for all t € (0,T]. We may now apply the usual compar-
ison principle over Q7 to conclude that u, < @ in Q7.

Since the unique solution of depends continuously on the parameters in
up to the maximal existence time Ti,ax, Wwhich can be proven in the same way
as in [26] Theorem 2.2], it follows that (uc, he) converges to (u,h) as e — 0, and
that (u, h) is the unique solution of . The desired result then follows by letting
€ — 0 in the inequalities u. < @ and h, < h. The proof is complete. O

3. FINITE TIME BLOW-UP

In this section, we study the blowup property. Firstly, we point out that all
solutions that exist for finite time would blow up in the L sense.

Lemma 3.1. The solution u(r,t) to (1.2) exists uniquely, and it can be extended to
[0, Tinax), where Tiax < 00 is the maximal existence time of u(r,t). Furthermore,
if Tax < 00, then we have

ﬁmTSllp lu( )l Lo (jo,n (1)) = 00- (3.1)

t—Tmax
Proof. From the comparison principle Lemma [2.4] we know that the solution u(r,t)
of (L.2) exists and is unique. Then it is not difficult to obtain from the unique-
ness and Zorn’s lemma that there exists a number Ty,.y such that [0, Tiax) is the
maximal time interval in which the solution exists. To complete the proof of this
lemma, we only have to verify that if T, < 00, then

lim sup ||u(, t)HLoc({Oyh(t)]) = 00.

—1lmax

To show this, we use the contradiction argument. Assume that Ti,.x < 0o and that

lim sup ||u(',t)HLoc([o7h(t)]) < 0,

t—Tmax

then there exist M, Ma > 0 such that Tinax < My < 0o and |[u(:,t)|| Lo (jo,n(e))) <
My < oo for all ¢ € [0, Tinax)-

Next, we prove that A'(t) is uniformly bounded in (0, Tinax), i-e., A'(t) < M3 for
all t € (0, Tiax) with some M3 independent of Tyyax. To obtain this, we define

Q=0 :={(rt) eR?:h(t) - Mt <7 <h(t),0 <t< Tmax},
and construct an auxiliary function
w(r,t) == My[2M (h(t) — r) — M?(h(t) —7)?].
We choose M large so that w(r,t) > u(r,t) holds in Q. Direct computations yield
that, for (r,t) € Q, we have
wy = 2Mo MA' (t)(1 — M (h(t) — 1)) >0,
wr = —2MyM (1 — M (h(t) — r)) <0,
-1 N-—-1
w, = 2M>M? —

T r

Kau® — bu < KaM22.

—Aw = —wWy, —

Wr,

Then we have

wy — dAw > 2dMyM? > Kau® —bu, (r,t) € Q,
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if we take M2 > £222 - On the other hand, we have
w(h(t) — M1 t) = My > u(h(t) — M~ 1), w(h(t),t) =0 =u(h(t),t).

Thus, if we can choose M large such that ug(r) < w(r,0) for r € [hg—M ~1, ho], then
we can apply the maximum principle to w—w over €2 to deduce that u(r,t) < w(r,t)
for (r,t) € Q. It would then follow that

ur(h(t),t) > wpr(h(t),t) = —2M My, 1 () = —pu,.(h(t),t) < Mz := 2M Mop.

Now, we aim to finding some M independent of Ty,ax such that ug(r) < w(r,0) for
r € [ho — M~ hg]. By some calculations, we see

wy(1,0) = —2MoM|[1 — M (hg —7)] < —MyM  for 7 € [hg — (2M) ™1, he).

. 4lluoll o1
Therefore, upon choosing M := max {/ &4z, s}, we have w,(r,0) <

uf(r) for r € [ho — (2M)™1, ho], which implies w(r,0) > wug(r) for r € [ho —
(2M)~1, ho] because w(ho, 0) = ug(ho) = 0.
Moreover, for r € [hg — M~1, hg — (2M) 1], we have

M.

=~ w

3 _
w(r, 0) > ZM% uO(T) < Huollcl([o,ho])M ! <

Hence uo(r) < w(r,0) for r € [hg — M1, ho], which tells us h'(t) < Ms in [0, Thax),
with M3 = 2M Mo independent of Tipax-

Now, we fix §p € (0, Trnax). By standard LP estimates, the Sobolev embedding
theorem and the Holder estimates for parabolic equations, we can find L* > 0
depending only on M;, M, and M3 such that ||u(-,t)||c2(o,ne)) < L* for all
t € [80, Tax)- Using Theorem again, we conclude that there exists a 7 > 0 de-
pending on M3 and L* such that the solution to with the initial time Tyax — 5
can be extended uniquely to the time Ti,ax — 5 + 7, which is a contradiction to the
hypothesis. Thus the proof is completed. ([l

Let (¢1(x), A1) be the first pair of eigenfunction-eigenvalue of the eigenvalue
problem
—dA¢(z) = Ap(x), x € Bp,,
¢(x) =0, x € IBp,,
where By, is the ball with radius hg, then ¢;(z) is positive and symmetric in By,
that is, ¢1(x) = ¢1(r)(r = |z|), and we can assume that foho ¢1(r)dr = 1. Now,
by using the convexity argument, we give some sufficient conditions under which
blowup occurs for problem (1.2)), which produce a positive effect when establishing
the existence of global slow solution in Section 4.

Theorem 3.2. Let u(r,t) be the solution of problem (1.2), if the initial datum
uo(r) is sufficiently large such that

(3.2)

h
0 A+ b
/0 uo ()1 (r)dr > Ka

then u(r, t) blows up in finite time.

Proof. First, we consider the auxiliary problem
vy — dAv = Kav?(r,t) — bo(r,t), 0<r < hg,t >0,
v:(0,t) = v(ho,t) =0, >0, (3.3)
v(r,0) = up(r), 0<r < hg.
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It follows from the comparison principle that u(r,t) > v(r,t) for 0 < r < hg and
t>0.

Next, we prove that v(r,t) blows up at a finite time. Observing that ¢}(0) = 0,
we multiply the first equation in (3.3)) by ¢1(r) and integrate the resulting equation
over (0, hg), then we have

ho

F(0)+ O+ DF(®) = Ka | (0, 00()ar
0
where F(t) = Oho v(r,t)¢1(r)dr. Since v? is convex and ¢;(r) is positive within

(0, hg) and foho ¢1(r)dr = 1, we have

ho
/0 V2(r, ) r (r)dr > F2(2).

Hence
F'(t)+ (A + b)F(t) > KaF*(t).

Since foho uo(r)é1 (r)dr > )‘};;b, we see that KaF?(0) > (A +b)F(0), which implies

that v(r,t) would blow up in finite time. Then the desired result holds since v(r, t)
is a lower solution. O

Remark 3.3. From Theorem we know that if ug(r) is in the form of d¢q(r),
then the solution u(r, ) to (1.2)) will grow to infinity provided that ¢ is sufficiently
large.

4. GLOBAL FAST SOLUTION AND SLOW SOLUTION

In this section, we investigate the long time behavior of the global solution of
(1.2). By constructing an upper solution, we first give the existence of the global
fast solution.

Theorem 4.1 (Global fast solution). Let u be a solution to (1.2). If ug is small
in the sense that

1
;}, (4.1)

then Tmax = 00. Moreover, hoo = limy_,o, h(t) < 0o and there exist two constants
C, 3 > 0 depending on ug such that

(-, )| L= (o,ngy < Ce Pt fort > 0.

d . 1
loOllze= ool < 1 min { 5772

Proof. Tt suffices to construct a suitable global supersolution. Let
o(t) =2ho(2 —e ), t>0,
Viy)=1-y° -1<y<l,
w(r,t) =ee PV (r/o(t)), 0<r<o(t), t>0,
where v, 3 and € > 0 are to be determined later. Direct calculations yield that for
allt>0and 0 <r < o(t),
wy — dAw — w(Kaw — b)
N -1

=ee P [ — BV —ro'o"2V —do V" —d
ro

V' - V(Kaee PV — b)]
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d
8h2
On the other hand, we can easily obtain that o'(t) = 2vhoe 7" > 0, w,(0,t) =

w(o(t),t) =0 and —w,(o(t),t) = 2ee P /o (t).
Setting € = 2||uo(7)|| o[0,n,], then one can see that ug(r) < w(r,0) for 0 < r <

> ee -3+ — Kael.

ho. If we further choose v = 8 = then (w, o) satisfies

612’
wy — dAw —w(Kaw —b) >0, 0<r<a(t), t>0,
o' (t) > —pw,(a(t),t), t>0,
w-(0,t) = w(o(t),t) =0, t>0,
o(0) = 2hg > ho,
by (&.I). By applying the comparison principle Lemma we deduce that h(t) <
o(t) and u(r,t) < w(r,t) for 0 < r < h(t), as long as u exists. In particular, it

follows from the continuation property (3.1)) that u exists globally, which completes
the proof. O

Remark 4.2. It is easy to see that if the initial datum wug(r) is in the form of §¢1 (r)
and ¢ < 15 maxre[cé,ho] PG min{ zKlahg , %}, then the above theorem holds. From the

above theorem, we also know that as ¢ tends to infinity, the free boundary h(t)
converges to a finite limit and the solution w(r,t) decays uniformly to 0 at an
exponential rate, so, we call it global fast solution. In a later result (Theorem ,
one can see that the free boundary will grow up to infinity as ¢ goes to infinity, and
hence the latter solution is called global slow solution.

Before giving the existence of the global slow solution, we need the following
lemma, which provides a priori estimate for the global solution.

Lemma 4.3. Let u be a solution to (1.2) with ug(r) in the form of d¢1(r). If
Tiax = 00, then there exists a constant C = C(|lug||c2, ho, 1/ho), such that

sup [[u(-, )| e fo,n0))) < C,
>0

where C remains bounded for ||ug| o2, ho, and 1/hy bounded.

Proof. First, from the continuous dependence upon the data and coefficients (see
[9, Theorem 2]), we know for each M > 1 that there exists an n > 0 such that,
if ||up|lci+e < M and 1/M < hy < M, then |Ju(-,t)||z~ < 2M on [0,n]. In what
follows, we use the contradiction argument. Suppose that the result is not true,
then there exist an M > 0 and a sequence of global solutions (uy,, h,) of such
that

1/M < hn(0) = ho < M, [un(r,0)| cr+ajo.n, < M,
Sglg [[wn (- )| oo ([0, ())) — 00 as . — oo.
t>
Then there exists a sequence (r,, t,,) with 7, € [0, hy(t,)) and ¢, — 0o as n — o0
such that

sup ||wn (7, )| Loo (j0,hn (8)])) = Un(Tn,tn) — 00 as n — oo.
te(0,t,]
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We make an assertion that r, = 0. Before showing this result, we first prove
that ¢} (r) < 0. Actually, from ¢;(r) being the first eigenvalue of (3.2]), with

Oho ¢1(x)dr = 1, we can easily see that ¢}(0) = 0. Since —d[rVN~1¢)(r)) =
rN=I\1¢1(r) > 0 in (0,ho), we have ¢} (r) < 0 in (0, hg). Next, we set v(r,t) =
Uy (1, t), then v(r,t) satisfies

N-—-1
vy —d v—l—vr}T:(QKaun—b)v, 0<r<hy(t), t>0,
0(0,8) = unr (0,8) = 0, v(hn(t),t) = tny(hn(t),t) <0, t>0, (42)
v(r,0) = ul,(r,0) = 6,07 (r) <0, 0<7r < hy.

According to the maximum principle, we see that v(r,t) = un(r,t) < 0. Hence
Un(r,t) < u,(0,t) over {(r,t) € R? : 0 < r < h,(t),0 <t < +oo}. Thus r, = 0,
which implies that
sup ||wn (7, )| Loo 0,k (8)) = Un(0,tn) =2 pn.
te[0,ty]
Setting A\, = pfll/2, then it is evident to see that A, — 0 as n — oco. Extend u,(-,t)
by 0 on (h,(t),00) and define the rescaled function

U (5,7) = Nt (Ans, tn + A7) for (s,7) € Dy, (4.3)
where D, = {(s,7) € R?: 0 < 5 < 00, —\;2t, <7 < 0}. Also, we denote
s1=0, s2(7) = A;lhn(tn + /\flr),
D, ={(s,7) € R%:s5,<s< s2(7), —A;ztn <7 <0},

which corresponds to the domain {(r,t) € R? : 0 < r < h,(t),0 < t < t,}. Then
the function v, satisfies v,,(0,0) =1, 0 < v, <1 and

N -1
07y — d(Vpss + Tvns) = v, (Kav, —by), (8,7) € Dy, (4.4)

with b, = A2b. As in [I0, Lemma 2.1], we can derive local L? estimates for the
derivatives of v, then according to the compact embeddings H(Q,,) C LP(Q.,)
and H'([0,m]) c C(]0,m]), where Q,,, = [0, m] x [-m, 0] and m > 0, it follows that
some subsequence {vy, } of {v,,} converges in L], ([0, +00) x (—o0,0]) to some func-
tion w(s, 7) € LP([0, +00) X (—00, 0]) and that {v,, (s,0)} converges in Co.([0, +00))
to some function z(s) € C([0,+00)) with z(0) = 1. Moreover, similarly to [10, Lem-
mas 2.2 and 2.3], we also have w, = 0 in D’((0, +00) x (—00,0)). In a word, we have
obtained a function w(s) that is nonnegative, bounded and continuous on [0, c0)

and satisfies —d(w,s + Y=Lw,) = Kaw?. Observing that w(0) = z(0) = 1, we see

S

that w is further governed by

N-1
—d(wss + ——w,) = Kaw?, s> 0,
s

w(0) = 1.

If N =2 let Uz) =w(s), 2= —Ins, if N > 2 let U(z) = w(s), z = 55>V,
then problem (4.5 can be reduced to
_dUzz = KaszN_2U2, z e (07 +OO),
U(+o00) = 1.
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We can easily see from the equation in (4.6]) that U € C?([0,+00)) and that U is
nonnegative, concave and bounded. Therefore U = 0, which leads a contradiction
to the fact that U(4o00) = 1, and the desired result follows. O

The above result indicates that the global solution is uniformly bounded while
the next result shows that such a solution will decay uniformly to 0 as ¢ approaches
infinity.

Lemma 4.4. Assume the conditions in Lemmal[].3 hold, then the solution of prob-

lem (1.2)) satisfies

a8z qo,neen) = 0.

Proof. We first consider the case ho, = co. Assume that
[ := limsup ||U(',t>||Loo([0’h(t)D >0
t—+oco
by contradiction. From Lemma [£.3] we see that | < +oco. Choose ¢y > 0 such

that 1/2 < sup,epy, o0) U)o (jo,n(r))) < 31/2. Then there exist an €9 > 0 and a
sequence t,, — +0oo such that

sup |lu(-, )| Lo (jo,n(t))) = €o-
tE[tQ,OO)

DN | =

3
0w = Il )|z qonnp = 71>

Pick r,, € [0, h(t,)) such that o, = u(ry,t,). As in Lemma we can prove that
T =0, thus oy, = |[u(-, tn) | o< ([0,nt,)]) = w(0,tn).
Set A, = on /% < 681/2, extend u(-,t) by 0 on (h(t),c0) and define the rescaled

function v, (s,7) as in Lemma
U (5,7) = N2u(Aps, tn + \27), for (s,7) € Dy, (4.7
where D,, = {(s,7) € R?: 0 < 5 < 00, 2(tg — t,,) < 7 < 0}. Also, we denote
s1=0, s2(7) = A h(tn + A07),
Dy ={(5,7): 851 < 5 < 59(7), A\, 2 (to — t,) < T < 0}.

Then v,, satisfies
N-1

07y, — d(Vpss + Tvns) = v, (Kav, —by,), (s,7) € Dy, (4.8)
with b, = A2b, v,(0,0) = 1, 0 < v, < 2 and lim,_ ;o v,,(s,7) = 0. Noticing that
b, < b(31)~!, we know that there exist a sequence {by, } and b* < b(31)~! such that
bp, — b* as k — oo. Also we must be mentioned here that D,, — [0, 00) X (—o0, 0] as
n — oo. Similarly as [10, Lemmas 2.1-2.3], also we can obtain a function w(s) > 0,
which is bounded, continuous on [0, c0) and satisfies that

N -1
—d(wss + ——ws) = Kaw?® —b*w, s>0,
s (4.9)
11111 w(s) = 0.

Similarly as in Lemmal[4.3] by introducing a transformation we can show that w = 0
orw = Ib(—;. If w = 0, there is a contradiction to the fact that w(0) = 1. If w = Ib{*m
there is also a contradiction to the fact that lims_ . w(s) = 0. So in the case
hso = 00, the conclusion in this lemma holds.

Now, we consider the case that ho, < 0o. Arguing indirectly, we suppose that

0 = limsup, o [[u(-, 1)l Lo (jo,n())) > 0. Then there exists a sequence {(rx,tx)} C
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{(r,t) € R2: 0 <7 < h(t)),0 < t < oo} with t, — oo such that u(ry,tx) > §/2
for all k € N. Since 0 < rp < ho < 400, we then have a subsequence of {ry}
converging to rg € [0, heo). Without loss of generality, we assume that ry — rg as
k — oo.

Define

ug(r,t) =u(r,t +tx) forr € [0,h(t+tx)], t € (—tg,00).

According to the above lemma, we know that uy is bounded, hence from the para-
bolic regularity it follows that {uj} has a subsequence {ug, } such that ux, — @ as
1 — oo and u satisfies

N -1

Uy — d(Upr + u.) =u(Kau—0b) forr € (0,hy), t € (—00,+00).

Note that @(rg,0) > §/2 > 0, hence ©@ > 0 in (0, heo) X (—00,+00). Applying the
Hopf lemma to the above equation of @ at the point (heo,0) yields Uy (hoo,0) <
—o < 0 for some o > 0.

On the other hand, noticing that h(t) is increasing and bounded, for any « €
(0,1), there exists a constant C' depending on «, hg, ||ug||c2 [0,ho] @0d hoo such that

lull grvaararz@,) + 1Rllorearz(o,00)) < C, (4.10)
where Dy, = {(r,t) € R?: 0 <r < h(t), t > 0}. In fact, we let

= %, v(y,t) = u(r,t). (4.11)
Then v(y,t) satisfies
vy — Avy — Buyy = v(Kav —b), 0<y<hy,t>0,

vy(0,t) = v(ho,t) =0, t>0, (4.12)

U(y70) = ’Uo(y) = Uo(y) > 07 0< Yy < ho,

where A = %y +d h;l?t) L and B = d%. Also transformation changes
the free boundary r = h(t) to the fixed line y = hg, but at the expense of making
the equation more complex. Next, we can use exactly the same arguments as in
Lemma [3.1] to deduce that h'(¢) is uniformly bounded for all ¢ > 0. Observe that
v is bounded in the sense of L°°, hence by standard LP theory and the Sobolev

imbedding theorem we can find C* depending on «, ho, lluollc2(0,m0]5 oo such that

[v]lcrtaatear2(o,no)x[0,00)) < C™

which immediately leads to (4.10). Combining [|h[ci+a/2(g 1+00) < C with the fact
that h(t) is bounded, then we have h/(¢t) — 0 as k — oo; i.e., u,(h(tr),tk) — 0 as
k — o0, in view of the Stefan condition. Furthermore,

l|ullcra.atar/2one) x[0,00)) < C

implies u,(h(tx),0 + tr) = (ug)r(h(tx),0) — Ur(hoo,0) as k — oo, which produces
a contradiction to the fact that @,(h,0) < —o < 0. Thus the desired result
follows. 0

Theorem 4.5 (Global slow solution). Let ¢1(r) be the first eigenfunction of prob-
lem (3.2) with foho ¢1(r)dr = 1. Then there exists a A > 0 such that the solution to
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problem (1.2)) with initial datum ug = A1 is a global slow solution, which satisfies
that heo = 00.

Proof. To emphasize the dependence of u on the initial data when necessary, we
denote the solution to (1.2 by u(ug;-). So do h(t), heo and the maximal existence
time Tax. Motivated by [10], we define

Y ={A>0: Thax(Ap1) = 00 and heo (A1) < 00}

According to Theorem when A is small we know that A € 3, so X is not empty.
Conversely, when X is large enough, from Theorem and Remark we know
that the corresponding solution will blow up, i.e., Tmax(Ad1) < oo, hence ¥ is
bounded.

Now, we prove that ¥ = (0, A*), where A* := supX € (0,00). From the defi-
nition of A*, we know that ¥ C (0,\*]. Let v = u(A*¢1;+), 0 = h(A\*¢1;-), and
T = Thax(A*¢1), then we can show that 7 = co. In fact, by continuous depen-
dence, we know that for each fixed ¢t € [0,7), u(Aé1;-,t) converges to v(,t) in
L>(0,00) and h(Ap1;t) — o(t) as A — A*(note u(r,t) = 0 on (h(f),00)). It
follows from Lemma that [[v(-,?)[l=(0,0t)) < C for all t € [0,7) because
Tmax(Ap1) = oo for all A € (0, A*). Thus 7 = oo since nonglobal solutions should
satisfy limsup, 7, ||u(:, )] Loo (0,n(t)) = 00

Next we show that ¢ = co. We assume for contradiction that ¢ < oo, from
Lemma we see that [|[v(-, )| Lo (jo,n(t))) — 0 as t — 00, hence we can choose o
sufficiently large such that [[v(r,to)|| Lo ((0,n(t0)) < 15 min{ﬁ7 i} By continu-
ous dependence, we can deduce that

-}
I

for A > A* sufficiently close to A*. But this implies that Tiax(A¢1) = oo and
hoo(Ap1) < oo by Theorem [4.1] which is a contradiction to the definition of A*.
S0 0o = o0 and A\* ¢ X, we can further find that ¥ = (0,A*). Suppose that
¥ C (0, %) for a contradiction, i.e., there exists a number Ag € (0, \*) with Ao ¢ X.
Then there must be some number A\; € (A\g, A*) such that A\; € X, otherwise we
can deduce a contradiction that A* := supX < Ay < A*. On the other hand,
according to the comparison principle, the fact that Ay < A\; € ¥ indicates that
Ao € 3, a contradiction to the assumption. Thus ¥ = (0, A*) holds. The proof is
complete. ([

d . 1
llu(A1; 'atO)HL"O([O,h(to)]) < Emm{m’
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