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EXISTENCE OF SOLUTIONS TO THE
CAHN-HILLIARD/ALLEN-CAHN EQUATION WITH
DEGENERATE MOBILITY

XIAOLI ZHANG, CHANGCHUN LIU

ABSTRACT. This article we study the Cahn-Hilliard/Allen-Cahn equation with
degenerate mobility. Under suitable assumptions on the degenerate mobility
and the double well potential, we prove existence of weak solutions, which can
be obtained by considering the limits of Cahn-Hilliard/Allen-Cahn equations
with non-degenerate mobility.

1. INTRODUCTION

In this article, we consider a scalar Cahn-Hilliard/Allen-Cahn equation with
degenerate mobility

w = ~V[D@)V(Au— f(w)] + (Au— f(w), inQr, (L1)

where Qr = Q x (0,7T), 2 is a bounded domain in R™ with a C3-boundary 9§ and
f(u) is the derivative of a double-well potential F'(u) with wells 1. The mobility
D(u) € C(R;[0,00)) is in the form

D(u) = |u|™, if Ju| <,

1.2
Co < D(u) < Cylu|™, if |u] >4, (12)

for some constants Cy, Cy,6 > 0, where 0 < m < oo if n = 1,2 and % <m < ﬁ
if n > 3.
Equation (1.1)) is supplemented by the boundary conditions

ulon = Aulpg =0, t>0, (1.3)

and the initial condition

u(z,0) = up(x). (1.4)
Equation was introduced as a simplification of multiple microscopic mecha-
nisms model [§] in cluster interface evolution. Equation with constant mobility
has been intensively studied. Karali and Nagase [9] investigated existence of weak
solution to with D(u) = D and a quartic bistable potential F(u) = (1 —u?)2.
Karali and Nagase [9] only provided existence of the solution for the deterministic
case. Then Antonopoulou, Karali and Millet [2] studied the stochastic case. The
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main result of this paper is the existence of a global solution, under a specific sub-
linear growth condition for the diffusion coefficient. Path regularity in time and
in space is also studied. In addition, Karali and Ricciardi [7] constructed special
sequences of solutions to a fourth order nonlinear parabolic equation of the Cahn-
Hilliard / Allen-Cahn equation, converging to the second order Allen-Cahn equation.
They studied the equivalence of the fourth order equation with a system of two sec-
ond order elliptic equations. Karali and Katsoulakis [§] focus on a mean field par-
tial differential equation, which contains qualitatively microscopic information on
particle-particle interactions and multiple particle dynamics, and rigorously derive
the macroscopic cluster evolution laws and transport structure. They show that
the motion by mean curvature is given by V' = pok, where & is the mean curvature,
o is the surface tension and p is an effective mobility that depends on the presence
of the multiple mechanisms and speeds up the cluster evolution. This is in contrast
with the Allen-Cahn equation where the velocity equals the mean curvature. Tang,
Liu and Zhao [I8] proved the existence of global attractor. Liu and Tang [I5] ob-
tained the existence of periodic solution for a Cahn-Hilliard/Allen-Cahn equation
in two space dimensions.

During the past few years, many authors have paid much attention to the Cahn-
Hilliard equation with degenerate mobility. An existence result for the Cahn-
Hilliard equation with a degenerate mobility in a one-dimensional situation has
been established by Yin [19]. Elliott and Garcke [5] considered the Cahn-Hilliard
equation with non-constant mobility for arbitrary space dimensions. Based on
Galerkin approximation, they proved the global existence of weak solutions. Dai
and Du [4] improved the results of the paper [5]. Liu [12] proved the existence of
weak solutions for the convective Cahn-Hilliard equation with degenerate mobility.
The relevant equations or inequalities have also been studied in [10} [T, T3], [14].

Motivated by the above works, we prove the existence of weak solution to ([1.1))-
under a more general range of the double-well potential F. In particular, we
assume that for s € R, F € C?(R) satisfies

ko(ls|™™ = 1) < F(s) < ka(ls]"* +1), (1.5)
[F'(s)| < ka(]s]" + 1), (1.6)
[F"(s)] < ks(|s]"" + 1), (1.7)

for some constants kg, k1, ko, k3 > 0
if n > 3. What’s more, we need the assumption on the boundary of f(u),

fw)loa =0, t>0. (1.8)

We can give examples satisfying the condition (L.8), such as F(u) = (1 — u?)?
studied by Karali and Nagase [9], the logarithmic functlon flu) = —fcu+4In 1ty
€(-1,1),0< 0 <6, [3].
Concerning the Allen-Cahn structure, we rewrite , , and to

the form
uy = V(D(uw)Vv) —v, in Qr,
v=—-Au+ f(u), inQr,
u(z,0) = up(x), in Q,
u=v=0, on Jf.

(1.9)
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We consider the free energy functional E(u) defined in [9] given by

1
E(u) = / (§\VU|2 + F(u)) da. (1.10)
Q
For a pair of solution (u,v) of (1.9) it holds that

th( )= /Qvut dx = /QU[V(D(U)VU) —vldr = —/Q (D(u)|[Vo|* + v*) dz < 0.

Notation. Define the usual Lebesgue norms and the L2-inner-product

lullp = luller@) and  (u,v) = (u,v)r2(q)-

The duality pairing between the space H2(§2) and its dual (H?(Q2))’ will be denoted

using the form (-,-). For simplicity, 2* := 2% . xp denotes the characteristic

n—2
function of B.
This paper is organized as follows. In Section 2, we use a Galerkin method to
give a existence of weak solution for a positive mobility. Section 3 uses a sequence
of non-degenerate solutions to approximate the degenerate case (|1.9).

2. EXISTENCE FOR POSITIVE MOBILITY

In this section, we study the Cahn-Hilliard/Allen-Cahn equation with a non-
degenerate mobility D, (u) defined for an e satisfying 0 < & < ¢ by

Da(u) = {|um, if u] > e, 21)

g™, if jul <e.

So we consider the problem
ur = V(D (u)Vo) —v, in Qr,
v=—-Au+ f(u), in Qr,
u(z,0) = up(x), in Q,
u=v=0, on J.

Theorem 2.1. Suppose ug € H*(Q), under assumptions (1.2) and ([1.5)-(1.7), for
any T > 0, there exists a pair of functions (ue,v:) such that

(1) we € L‘X’(O T; H (Q)) ﬁC([O T] LP(Q)) N L%(0,T; H3(RY)), where 1 < p <

(2.2)

(2) Owue € L2(0 T, (HQ(Q)) )
(3) ue(zx,0) = uo(x) for all z € 0,
(4) ve € L*(0, T Hg (),
which satisfies equation in the following weak sense

T
| @y [[ (= s+ swsds
0 T (2.3)
= 7/ De(ue)( — VAue + F"(ue)Vu.) - Voda dt
Qr

for all test functions ¢ € L*(0,T; H?>(Q) N H(Q)). In addition, u. satisfies the
energy inequality

E(ue) / / c(ue(2,7))|Vve(z, 7)|* + |ve (2, 7)°) dedr < E(ug),  (2.4)
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for allt > 0.

To prove the above theorem, we apply a Galerkin approximation. Let {¢;}jen
be the eigenfunctions of the Laplace operator on L?(Q2) with Dirichlet boundary
condition, i.e.,

7A¢J = >\J¢J7 in Qv
o5 =0, on J.

The eigenfunctions {¢}32, form an orthogonal basis for L*(Q), H'(Q) and H?(9).
Hence, for initial data ug € H'(2), we can find sequences of scalars (uNJ Jj=
1,2,...,N)%_, such that

(2.5)

lim ZUN]d)J—UO, in H(Q). (2.6)

N—o0

Let Viy denote the linear span of (¢1, ..., ¢n) and &y be the orthogonal projection
from L2(Q) to Vi, that is

N
o3 ( | #osdz)o.

Let uN(x,t) = Z] Lo (2), N (2,t) = Z;V:;L d% (t)¢s(z) be the approximate
solution of (2.2)) in V; that is, u”V, vV satisfy the g system of equations

/8tuN¢>Jd;z::f/DE(uN)VvN~V¢de7/UN¢sz, (2.7)
Q Q Q
[ o¥ordo= [ V¥ Vo, + fa)os dr, (2.8)
Q Q
N
0) =Y ul;bs(), (2.9)
j=1

for j=1,...,N and u}; = [ uo¢s da.
This gives an initial value problem for a system of ordinary differential equations
for (c1,...,¢en)

N N
0 (1) = =3 d{ (1) | De(D_ el (09:(@) VorVosde —dy(t),  (210)
k=1 i=1 N
dy (t) = Asel (¢ / Z ¢/ )¢ de, (2.11)
) (0) = uly; = (uo, ¢), (2.12)

which has to hold for j =1,..., N.
hDeﬁne X(t) = (c{\’(t),...,cjf\v’(t)), F(t,X(t) = (fit,X(t)),..., fn(tX(1))),
N N
£t X0) == [ D( e (0)6:()) Vouv6 da
i=1
N

X (Akcff (t) + /Q FO N (t)gil)) dn dm)

i=1
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— At / (ch ) Jsdx

for j =1,...,N. Then problem ({2.10| — is equivalent to the problem
X'(t) = F(t,X(1)), X(O) = (ur1s - U N)-

Since the right hand side of the above equation is continuous, it follows from the

Cauchy-Peano Theorem [16] that the problem ([2.10])-(2.12) has a solution X(¢) €
C1[0,Tn], for some T > 0, i. e., the system (2.7)-(2.9) has a local solution.

To prove the existence of solutions, we need some a priori estimates on u'.

Lemma 2.2. For any T > 0, we have
[0 oo 0,752 (02)) < C5 for all N,
||8tuN||Lz(07T;(H2(Q))/) < C7 fO?" all N,
where C' independent of N.

Proof. For any fixed N € N T, we multiply (2.7) by d/ (t) and sumover j = 1,..., N
to obtain

/atu oV dr = — /D My vl 12 de — / [oN 2d. (2.13)
Multiply ([2.8) by 9;cY (t) and sum over j =1,..., N to obtain

/ N o da :/ (VuNatVuN + f(uN)&fuN)dx
Q Q

d Lo N2 N
=— = F dx.
i /s (2|Vu |*+ F(u"))dx
By (2.13) and the above identity, we have

% (7|VuN\2+F ))dx = — /D )| Vol [2da — / N2 dx.  (2.14)
Q

Replacing ¢t by 7 in and integrating over T € [0, ], by . ) and the Sobolev
embedding theorem we obtain

/( IV (z, t)|2+F(uN(x,t))> di

/ / (z, )|V (z,7)* + [N (2, 7)) dxdr

/ (2|VuN(x,O)2 + F(uN(:z:,O))> do
Q
1 s
< *||VUN(ZE 013 + kallu™ (z,0) 1751 + k1192

< 21wl + kaClluol kg + kil < O

The last inequality follows from ug € H'(£2). This implies
/ (z|VuN (2, 1)]* + kolu™|" 1) dz

(2.15)

/ / (z, )|V (z, 1) + [v" (z,7)]?) dedr < C.
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By (2.15)) and Poincaré’s inequality we have
[uM i) < C, fort > 0.

This estimate implies that the coefficients {c]JV :j=1,...,N} are bounded in time

and therefore a global solution to the system (2.7)-(2.9) exists. In addition, for any
T > 0, we have

u™ € L0, T; Hy (), [uN || L o.75m2 (0 < €, for all N. (2.16)
Inequality (2.15) implies

[/ De(uN)VoN| 2gpy < C,  for all N, (2.17)

[0V r2(Qqp) < C,  for all N. (2.18)

By the Sobolev embedding theorem, the growth condition ([1.2]) and (2.1 - for |u| >
€, we obtain

/ D (™)™ dz < (Cy + 1) / W™ da, < Clla T2 < .

If |u| < e, obviously we obtain the above estimate. This implies
||D€(UN)HLOC(QT;Ln/z(Q)) S C, for all N. (219)

For any ¢ € L(0,T; H2(1)), we obtain Zy¢ = Y1, as(t)¢,, where a(t) =
Jo @@ sdx. Multiplying (2.7) by a;(t), summing over j = 1,2,..., N, by Holder’s
inequality, (2.17)-(2.19) and the Sobolev embedding theorem, we have

T
|/ /atqudedﬂ
0 Q
T
= |/ /atuN9N¢dxdt|

_|/ / WM )VoNV Py ¢ + 0N Do) du dt|
< / 1/ Del™) /Do) 90 2]V P

T
C/O 1/ De (™) Vo [la|ll 2 + [0™ 2]l 6]l = dt

T
b di 4 / 0™ o]l 2 62 dt
0

< C(Iy De (@) Vol |2 @ry + v 22 @) 101l 22 0,712 ()
< Cllél| 20,7 m52(0))-
Hence,
||8tuN||L2(0,T;(H2(Q))I) < C forall N. (2.20)
The proof is complete. [l

Lemma 2.3. Suppose ug € H'(Q2), under assumptions and -, for
any T > 0, there exists a pair of functions (ue,v.) such that
(1) ue € L>=(0,T; H () N C([0,T]; LP(K2)), where 1 < p < 0o if n = 1,2 and
2<p< 5
(2) Opue € L2(0,T; (H*(Q))),
(3) ue(x,0) = up(x) for all z € Q,
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(4) ve € L*(0,T; Hg (),

which satisfies

/OT@tue,@dt_ —/OT/QDE(UE)V%~V¢dmdt—/OT/st¢dxdt'

Proof. Since the embedding H}(Q) — LP(2) is compact for 1 <p < oo if n = 1,2
and 1 < p < 2% if n > 3, LP(Q) — (H?*(Q))’ is continuous for p > 1 if n < 3,

p>1lifn=4andp > %:4 if n > 5. Using the Aubin-Lions lemma (Lions [I7]),

we can find a subsequence which we still denote by u" and u. € L>(0,T; H}()),
such that as N — oo

u —u.,  weak-* in L°(0,T; HL(Q)), (2.21)

u™ — u., strongly in C([0,T]; LP(Q)), (2.22)

u — u., strongly in L*(0,T; L*(Q)) and almost everywehre in Qr,  (2.23)
ou™ — dyue, weakly in L2(0,T; (H?(Q))), (2.24)

where 2 <p<2*ifn>3and 1 <p<ooifn=1,2.
By multiplying (2.7)) by as(¢) and integrating (2.7) over t € [0,T], we obtain

T
/ /&guNaJ(t)(ﬁdedt
0 Q
T T
:7/ /Ds(uN)VvNﬂJ(t)Vgﬁdedt—/ /vNaJ(t)ngdxdt.
0 Q 0 Q

To pass to the limit in (2.25]), we need the convergence of v and D, (u’V)Vo¥. By
(2.17) and D.(u") > &™, then

HVvNHLz(QT) < Ce % < oo, foranye>0. (2.26)

(2.25)

This implies that {Vo™} is a bounded sequence in L?(Q7), thus there exists a
subsequence, not relabeled, and (. € L?(Qr) such that

VoV — (., weakly in LZ(QT). (2.27)
By (2.26)) and Poincaré’s inequality, we have
||UNHL2(0,T;H5(Q)) <Ce % < oo, foranye>0.

Hence we can find a subsequence of vV, not relabeled, and v. € L%(0,T; H}(2))
such that

oV — ., weakly in L2(0,T; Hg (). (2.28)
For any g € L?(0,T; H:()), by ([2.26) and (2.27) we have

T T
lim / /Vngdzdt:/ /ngd:cdt
N—oo Jo Jo 0 Jo
T T
= lim / /UNngxdt:/ /Vvegdxdt.
N—oo Jo Jo 0o Ja

Hence (. = Vv, almost all in Q1 and

Vo = Vo., weakly in L*(Qr). (2.29)
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By (2.18)), we can extract a further sequence of vV, not relabeled, and 7. € L?(Qr)
such that
oV ., weakly in L3(Qr). (2.30)

By (2:28) and (2.30) for any g € L*(Qr) C L*(0,T; H'(R)), we have

lim / /v gdxdt = / /vggd:cdt / /negdacdt
N—o0

This implies 7. = v, almost all Q7 and
vV =~ v, weakly in L3(Qr). (2.31)

Consequently we have the bound

/ lv-|? da dt < C. (2.32)

T
For any t € [0,7], by D.(u™) < C(1 + [ulN|™), we have
n/2 m\n mn
(D=(u™))™* < C(1+ [uN™)™/2 < (C(1+ M)/,

where 2 < 2 < 2*. By (2:22), C(1 + |[u]) = C(1 + |ug|) in L™"/2(Q). Since D,
is continuous and (2.23)), we obtain

D.(u™) — D.(u:), a.e. in Q.
The generalized Lebesgue convergence theorem [I] gives
D.(u") — D.(u.), in L"?(Q).

This implies
HDE(UN) - Da(ua)Hn/Q — 0, as N — oo.

The above estimate holds for any ¢ € [0,T], and we can take supremum on both
sides of the above estimate to obtain

5[111) 1D (u?) — D.(ue)|lnj2 — 0, as N — oo.
te[0,T

This implies
D.(u™) = D.(u.), strongly in C(0,T; L™?(Q)). (2.33)

By /D.(uN) < C(1+[uN|%), (2.22)), (2.23) and the generalized Lebesgue conver-

gence theorem, similarly, we have

\/De(uN) — /Dc(ug), strongly in C(0,T; L™()). (2.34)

For any ¢ € L?(0,T; L* (Q)), by Holder’s inequality we have

‘// uN Vol — \/TWM) dmdt‘
- ‘ //T [\/m* VD:(ue) ]V o + /Do (u)[Vol o — Vvecp]) dxdt‘

< /OT I\/ De(uN) = /De(ue) [ VO 12| ll2- dt
+‘// VD (u) [ Vo — Vo] d:cdt‘
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< sup ||\/ (u™N) = /De(ue)||n ||VUN||L2(QT)||<PHL2(0TL?*(Q

te[0,T]
+ ‘ // VD (u)p[Vol¥ — Vo] dxdt‘
Qr
=I+11.

By (2.29) and (2.34)), I — 0 as N — co. By Holder’s inequality and (2.34) we have

n—2

T n/2 n/2 2n_ n
// |\/D5(u€)4p|2dxdt§/ (/ (De(ue)) dx) (/Mn_zdgg) dt
Qr 0 Q 9]
T
< sup VDR [ el dt
t€[0,T) 0

< C||90||2L2(0,T;L2*(Q))'

This implies

VDe(us)p € L*(Qr). (2.35)

Thus I — 0 as N — oo by (2.29). Hence

\/D-(uN)VoN = \/D(u.)Vv., weakly in L(0, T; L#+2 (Q)). (2.36)

Next we consider the convergence of D.(u™)Vo¥. By ([2.17), (2.36) and L*(Qr) C
L?(0,T; Lt (Q)), we can extract a further sequence, not relabeled, such that

\/ De(uN )V — \/D.(u:)Vve, weakly in L?(Qr). (2.37)

By Holder’s inequality and (| m, we have

//QT \/mvva - V/De(uc)Vve da dt

< [ly/ De (N ) Vo[ 2y 1V De (ue) Vel L2 (g
< C||V/De(ue) Vel 12(Qr)

where C'is independent of €. Taking the limit of (2.38]) on both sides, by (2.37) we

have
||\/ DE(U/E)VUEHL2(QT) S C. (239)

For any ¢ € L?(0,T; L*> (Q)), by Holder’s inequality we obtain

‘// MVl — De(ue) Viey) dmdt‘

‘// m WWVU @dxdt‘
+‘// \/TEWVIHP V/De (1) Ve ) dwdt’

/ I/ Do) = /D) /D ()TN o]l
+‘// VD)l Do) 90N — /D(uc) V] da |

(2.38)

ox dt
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< sup ||\/ (uN) =/ De(ue)|[nll (ul VUN||L2 (Qr) ||<P||L2(0TL2*(Q))

te[0,T]
+‘// v De(ue)p| (uN)Vor — /D, (ug) V] dxdt‘
Qr
=I+1I.

By (2.34) and (2.37), I — 0 as N — oo. By (2.35) and (2.37)), we have IT — 0 as

N — o0o. Thus
D.(uM)VoN — D_(u.) Vv, weakly in L(0,T; L2 (Q)). (2.40)

For any ¢ € L*(0,T; H*(Q) N H(Q)), we obtain Pn¢ = " a;(t)¢s, where
a;(t) = [, ¢¢dx, then P, ¢ converges strongly to ¢ in L*(0,T; H? N Hy(€2)) and
ay(t) € L*(0,T). For ¢; € H?(2), by Sobolev embedding theorem, we obtain

[Voillae < CIVesllar < C.
Thus a;(t)Véy € L*(0,T;L?") and
a;(t)¢s € L*(0,T; H* N Hy(Q)) € L*(0,T; H~' ().

Taking the limit as N — oo on both sides of (2.25)), by (2.24)), (2.40) and (2.28)),
we have

T
| @esasvon

- - (2.41)
= —/ / D, (ue)Vue -a;(t)Veoy dmdt—/ /vsaj(t)¢J dx dt,
o Ja 0o Ja
for all j € N.
Then we sum over j = 1,2,...,n on both sides to get
T
/ <8tua; n¢>
(2.42)

/ /D (ue)Voe - V&, gZ)dxdt—/ /vggz ¢ dx dt.

Since Z,,¢ converges strongly to ¢ in L2(0,T; H*(2)), thus as n — oo,

T
AlW@m—V¢

T
5 dt < / |V 2,.¢ — V|3 dt
0

T
s/ | P — O[22 dt — 0.
0

This implies that V.22,¢ converges strongly to V¢ in L?(0,T; L (€2)). Thus we
obtain

P — ¢, weakly in L2(0,T; H*(Q) N HE(Q)), (2.43)
VP, — Ve, weakly in L2(0,T; L* (Q)). (2.44)
By L?(0,T; H}(2)) C L?(0,T; H=(Q)), we take the limit as n — oo on both sides

(2.42)), then obtain

/OT<at“€’¢ / /D (ue)Voe - Vo dxdt—/ /v5¢ dedt.  (2.45)
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As for the initial value, by (2.9) as N — oo,
u (x,0) — ug(z) in L*(Q).
By (2.22), u.(z,0) = up(z) in L3(2). The proof is complete. O

Proof of Theorem[2.1, We need only to check that u. € L*(0,T;H3*(Q?)), v. =
—Aue + f(ue) and Vvs = —VAu, + F"(u:)Vu.. First we consider the convergence
of Vu and f(u). By (2.2]] -, we have

/ |Vu®|3d < C.
0

Hence we can find a subsequence of u”, not relabeled, and v € L?(Q7), such that
VuN — v weakly in L*(Qr). (2.46)
For any ¢ € L?(0,T; H}(Q2)), by integration by parts we have

lim/ /VuN¢>dxdt— hm/ / uNVe da dt.
N—oo N—oo

By (2:21), (2.46) and V¢ € L*(Q7) C L*(0,T; H(2)) we have

/ /U(;dedt:/ /uEngda:dt:/ /Vugqﬁdxdt.
o Ja o Ja 0o Jao

Hence v = Vu, almost all in 2 x [0,T] and
Vul — Vu, weakly in L*(Qr). (2.47)
By [F'(u™)| < C(1 + [uN|"), [2-22), (2-23) and the general dominated convergence

theorem, similarly, we have
F'(u™) — F'(u:) strongly in C(0,T;L%(Q)), (2.48)
for1<g< oifn=1, 2and2<q< o ﬁ if n > 3.
By the growth condition and the Sobolev embedding theorem, we obtain

1 ™)220) = /Q (F/(uN))? da
< C’/(|uN|T+1)2d:1:
Q
< 20/ [N |?" dz + 209
Q

< CHU'NH%?%Q) +C.
Thus there exists a w € L°°(0,T; L?(Q2)) such that
F'(u™) = w weakly-* in L>(0,T; L*(Q)).

]\;lm / /F’ Jgdxdt = / /wgda:dt (2.49)

for any g € L*(0,T; L*(
By Holder’s 1nequahty, and ( , we have as N — oo

I e

This implies
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//T|F' ’(uN)Hgldde‘// [F’(uN)—w]gd:cdt‘

< [ 1P~ P @)l + | J| ) —vigarar] <o,
0

for any g € L*(0,T; L?(f2)). Hence F'(u.) = w a.e. in Qr and
F'(u™) = F'(u;) weak-* in L>=(0,T; L*(Q)). (2.50)
Multiplying (2.8) by a;(t) and integrating (2.8]) over ¢ € [0, T], we obtain

/T/ vNay(t)sdedt

//Vu t)Voy + F'(uN)as(t)¢,) dzdt.

For any ¢ € L%(0,T; H}(?)), we obtain #,¢ = Z;L 1a5(t)ps, where a;(t) €
L*(0,T). Thus a;(t)¢; € L*(0,T; Hg () and a;(1)Ve, € L*(Qr). By (2.29),
(2.47) and (2.50), we take the limit as N — oo on both sides of ([2.5I) to get

/ /vgaj(t)quda:dt:/ /(VUgaj(t)vd)]+F’(u€)aj(t)¢]) dxdt, (2.52)
o Ja 0o Jo

for all j € N.
Then we sum over j = 1,...,n on both sides (2.52]), and obtain

T T
/ / Ve P, pdx dt = / / (Vu. - VP2, + F'(u.) P, ¢) dx dt. (2.53)
0 Q 0 Q

Since 2,,¢ converges strongly to ¢ in L?(0,T; Hi(£2)), we have as n — oo

(2.51)

T T
| Iv7u0 -Vl < [ 1206 ol de—o.
0 0

This implies that V.2,,¢ converges strongly to V¢ in L?(Qr). Thus we obtain
Pnp — ¢ weakly in L*(0,T; Hy (Q)) (2.54)
VZ,6— V¢ weakly in L*(Qr). (2.55)

By L*(0,T; Hy () € L*(0,T5 H~1(Q2)) ‘cmd LW(O,T;LQ(Q)) C L*(0,T; H-1(Q),
we take the limit as n — oo on both sides , and we obtain

// ve¢p da dt = // (Vue - Vo + F'(ue)g) dx dt.

Since F’(u.) € L>=(0,T; L*(Q)) and v. € L2(0,T; H}(Q)), it follows from regularity
theory [6] that u. € L?(0,T; H*>(Q2)). Hence

ve = —Aue + F'(u:) almost everywhere in Q7. (2.56)

Next we show F’(u.) € L%(0,T; H'(Q2)). By Hélder’s inequality, the Sobolev em-
bedding theorem and ([1.7]), we have

T T
/ /|VF’(u€)|2dxdt:/ /|F”(u5)|2\Vu5|2da:dt
0 Q 0 Q

T o
S/ (/ |F//(u€)|2><g dw)Q/n(/ |vu6‘2xﬁ dx)Tz dt
0 Q Q
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4 r—1 2/n 2
<O (f Ot fuel™h)" da) ™" [ Vue| 2 dt
0 Q
g (r—1)n 2/n 2
< C/ 1+ ”“6‘ )||U6HH2 () dt

T
(1 + ||u5||Loo(0 T. Hl(Q))) /0 HU'EH%IQ(Q) dt

<C(1+ ||u€||[7?02(07T;H1(Q))) [uelZ2 0,712 (2)) < C-

Thus VF'(u.) € L*(Qr) and F'(u.) € L?(0,T; H*(Q)). Combined with v. €
L2(0,T; HY(Q)), by (2.56) and regularity theory we have u. € L?(0,T; H3(2)) and

Vv. = —VAu. + F"(u.)Vu., almost everywhere in Qr. (2.57)

By (2.45)), (2.56) and (2.57]), we obtain
T T
/ (D, &) dt+/ /(—Aua—i—F’(uE))qbdxdt
0 0 Q

., (2.58)
—/ / D.(ue)(—=VAue + F"(us)Vue) - Vo dz dt,
Q
for all ¢ € L2(0,T; H2(Q) N HL(Q)).

Last we show that a Weak solution wu. to (2.2 satisfies energy inequality (2.4).
Replacing ¢ by 7 in and integrating over 7 € [0, 7], we have

N(xz,t)) //D (z, )|V (2, 7)|? dz dr

+/O /Q|UN(Q;,T)|2dxdT:E(uN(x,t)))-

Next, we pass to the limit in (2.59). First, by mean value theorem and (1.6 we
have
[ F6¥0) - P 0) asf
< [ 1P (0) - uelt)] de (2.60)
Q

< / O™ @O + Jue ()] + D () — ue(t)] de,
Q
for1§r<ooifn*1 2and 1 <r < 2o ifn >3, &= () + (1 — Nue(t) for
some A € (0,1). By Holder’s inequality, we have
/ W (@) () = ue ()| da < [Ju™ (8) — ue(B) |2l (t)]12,- (2.61)

Since the Sobolev embedding theorem says that H{(Q) < LP(Q) for 1 < p < 2*
and the embedding is compact if 1 < p < 2*, by , then for a subsequence,
not relabeled, we have u’¥ — u. strongly in L>°(0,T; L?(2)) and u” is bounded in
L°(0,T; L?"(£2)). Hence, it follows from that

/Q [u® ()" JuN (t) — ue(t)| dz — 0, (2.62)

(2.59)
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as N — oo, for almost all ¢ € [0,T].
Similarly, we can prove that

/ (fue@®)]" + D}u™ () — ue(t)] dz — 0, (2.63)
Q
as N — oo, for almost all ¢ € [0,7T], by (2.60)), (2.62) and (2.63), we have
lim [ FuN(t))ds = / F(uc(t)) de. (2.64)
N—oo 9} 0

Since u (z,0) — ug(z) strongly in L?({2), we obtain

lim [ Fu¥(0)de = /Q Fluo(z)) da. (2.65)

N—o0o Q

By (2.47), (2.64), (2.37), (2.29), (2.59)) and the weak lower semicontinuity of the

L? norms [3]. Then

/( Ve (2, )| + Fue(z, t)))d

/ / (ue(z, 7)) |Voe(z, T)\2—|— |UE($,T)|2) dx dr

< lim mf/ ( |Vul (z, t)|2+F(uN(x,t))> dx (2.66)
+ hm mf// (z, )|V (z,7)* + [N (2, 7)) dxdr

= ]\lflTrgo inf E(u™ (z,0)).

Since u (z,0) — ug(z) strongly in H'(Q2), by (2.65) we have

1
A}im E(u™(z,0)) = / (E\Vuo(zﬂz + F(uo(x)))dx. (2.67)
— 00 0
Combining (2.66]) with (2.67)) gives the energy inequality (2.4)). The proof is com-
plete. O

3. DEGENERATE MOBILITY

This section is devoted to the existence of weak solutions to the equations (|1.9)).
Here we consider the limit of approximate solutions w,, defined in section 2. The
limiting value u does exist and solves the degenerate Allen-Cahn/Cahn-Hilliard
equation in the weak sense.

Theorem 3.1. Suppose ug € H'(2), under assumptions (1.2)) and . . for
any T > 0, problem (1.9) has a weak solution v : Qr — R satzsfymg
(1) u S L>(0,T; HY(2)) ﬂC’([ ] LP(Q)) N L2(0,T; H*(Q)), where 1 < p <

(2) du € LQ(O,T7 (HQ(Q)) ),
(3) u(z,0) =wug(z) for all z € Q,

which satisfies (1.9) in the following weak sense:
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(1) Define P as the set where D(u) is non-degenerate, that is
P :={(z,t) € Qr : |u| # 0}.

There exists a set A C Qp with |Qr \ A| =0 and a function ¢ : Qr — R"
satisfying X anpD(u)¢ € L*(0,T; L%(Q)), such that

T
/ (Oru, ) dt
0 (3.1)

T T
_ —/ D(u)C-Vq[)dxdt—/ /(—Au+f(u))¢dmdt
0 ANP 0 Q

for all test functions ¢ € L(0,T; H*(Q) N H()).
(2) For each j € N, there exists E; = {(x,t) € Qr;u; — w uniformly, |u| >
8y for 65 >0} =Ty x Sy such that
ue L*(Ty; H*(S))),
(=-VAu+ F"(u)Vu, in E;.

In addition, u satisfies the energy inequality

E(u) + D(u(z, 7)|¢(z, 7)|? de dr
//QmAmP (3.2)
—|—// |—Au+f(u)|2dde§E(uo),

for allt > 0.

Proof. We consider a sequence of positive numbers &; monotonically decreasing to
0 as i — oo. Fix ug € H'(), for any fixed ¢;, here, for the sake of simplicity, we
write u; := ue, and D;(u;) := Dg, (ue,;). By Theorem there exists a function u;
such that

(1) w; € L*(0,T; HY(Q)) N C([0,T]; LP(Q)) N L2(0,T; H3(Q)), where 1 < p <
coifn=1,2and 2 <p< 2% ifn >3,

(2) Owu; € L*(0,T; (H*())"),

/0T<atui,¢>> dt/OT/SZDi(ui)Vvingbdzdt/OT/de)dacdt (3.3)

for all test functions ¢ € L?(0,T; H2(2) N H(Q2)), where
v; = —Au; + f(u;), almost everywhere in Q7. (3.4)

By the arguments in the proof of Theorem [2.1] the bounds on the right hand side
of (2.16), (2.20]), (2.39) and (2.32) depend only on the growth conditions of the
mobility and potential, so there exists a constant C' > 0 independent of ¢; such
that

”uiHLw(O,T;Hé(Q)) <G
||atui||L2(0,T;(H2(Q))’) <G,
IIWVWHL?(QT) <C,

[villL2(@r) < C.
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Similar to the proof of Theorem the above boundedness of {u;} and {d;u;}
enable us to find a subsequence, not relabeled, and u € L°(0,T; H}(Q)) such that
as i — 00,

u; —u, weak-* in L°°(0,T; Hy(9)), (3.9)

u; — u, strongly in C'(0,T; LP(€2)), (3.10)

u; — u, strongly inL?(0,T; LP(Q)) and almost all in Qr, (3.11)
Opu; — Oyu, weakly in L2(0,T; (H*(Q))), (3.12)

Wherel<p<001fn—1 2and 2 <p< " if n > 3.
By (3.7) and (3.8), there exists &, n € LQ(QT) such that

V' Di(u;)Vu; — €, weakly in L*(Qr), (3.13)
v; =1, weakly in L*(Qr). (3.14)

Next we show the convergence of D;(u;)Vv; and n = —Au+ f(u) a.e. Q. Similar
to having (2.33)) and (2.34]), by the uniform convergence of D; — D, we obtain

Di(u;) — D(u), strongly in C(0,T; L™/?(%)), (3.15)
V/Di(u;) — /D(u), strongly in C(0,T; L™(Q)). (3.16)

For any ¢ € L?(0,T; L* (Q)), by Holder’s inequality, we have

‘// i(u) Vg — /D()éw ) dadt|

<| [ WP - VDB il
+’/QT VD) Dius) Vi — &) da dt|

< /OT 1/ Di(us) = /D () |lnllv/Di(ui) Voillz|lipll- dt
+’/QT VD()ely/Di(u:) Vs — €] da dt|

< sup [|v/Di(ui) = /D)l vV Di(ui) Vil 2@ Il 120,712 ()

te[0,T]
+ ’ / 0 \/D(u)go[\/Di(ui)Vvi — f] dx dt‘
=T+1II.

By (3.16]) and (3.7), I — 0 as N — oco. By Hélder’s inequality and the boundedness
of D(u) in C(0,T;L"/?(Q)) we have

//(2T|\/W<p|2dmdt§/oT</ﬂ(D(u n/2

< s 1Dy / 112 it

tel0,T

da:nt

< C||SD||L2(0,T;L2* Q) -
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This implies

VD(u)p € L*(Qr). (3.17)
By (3.13), thus IT — 0 as N — oo, this implies
D;(u;)Vv; — /D(uw)é  weakly in L2(0,T; L7 (). (3.18)

By (3.4), for any ¢ € L*(0,T; H} () C L?*(Qr) we have

// dedt:—/ Aulqbdxdt—i—/ Flui)é da dt

= // Vu;Vodx dt + / flu;)pdadt.
T
Recalling that the convergence of Vu; and f(u;) are similar to get (2.47)) and (2.50]),

we have

(3.19)

Vu; — Vu, weak-* in L>°(0,T; L*(Q)), (3.20)
fui) — f(u), weak-* in L>(0,T; L*(Q)). (3.21)
By (3.20), (3.21) and L?(0,T; H}(Q)) C LY(0,T; L?(£2)), taking the limits of (3.19)

on both sides, we have

// nédz dt = / VuV¢>d3:dt+/ w)é dz dt.

Since f(u) € L*°(0,T;L*()) and n € L?(Qr), by regularity theory we see that
u € L?(0,T; H? (Q)) and

n=—Au+ f(u), almost everywhere in Qr. (3.22)

By (3.12), (3.18) and (3.22), taking the limits of (3.3), we have
T
/ (Opu, ¢) d / /\/ w)EV ¢ da dt — / / —Au+ f(u)]pdxdt. (3.23)
0

As for the initial value, since u;(x,0) = ug(x) in L?(Q), by (3.10) we have u(z,0) =
uo ().

Now we consider the weak convergence of Vv;. Choose a sequence of positive
numbers ¢y that monotonically decreases to 0 as j — oco. By and Egorov’s
theorem, for every d; > 0, there exists a subset By C Qr with |Qr\By| < é; such
that

u; — u, uniformly in Bj.
Define A1:Bl,A2:Bl UBQ,...,AJ:BluBQU"‘UBJ. Then
AlCAQC"'CAJCAj+1C"'CQT. (324)

Thus the limit of {A;} exists, then we have lim; . A; = U2 A4, == A and

[QT\A| = 0.
Define Py := {(z,t) € Qr;|u] > d;}. Then

PCPC---CP;CPjj1C---CQr. (3.25)

Thus the limit of {P;} exists, then we have lim;_,o, P; = U321 Py := P. For each
7, we define

E;:=A;N Py, where |u| > d; and u; — w uniformly,
Gy :=A;\P;, where |u| <§; and u; — u uniformly.
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Thus we obtain Ay = E; UG;. By (3.24) and (3.25]), we have
E1CEQC"'CEJCEj+1C"'CQT.

Thus the limit of {E;} exists, then we have lim;_,o By = Use By =ANP:=E.
For any ¢ € L?(0,T; L? (),

Qr
= // DZ' (ul)Vvlw dx dt + / Di (uZ)Vvlw dx dt (326)
Qr\A, Gy

+ / D;(u;)Vuyp da dt.
Ey

As i — oo, by (3.18) we obtain

lim / D;(u;)Vojp dz dt = / v D(u)é&y d dt, (3.27)
e JQr QT
lim // D;(u;)Vuiyp da dt :/ VD (u)éy dx di. (3.28)
e JQr\Ag Qr\A,
By |@7\A| = 0, taking the limit of (3.28]) as j — oo, we have
J—00 1—00 QT\A,I

To analyze the second and third terms of (3.26)), we write u;_1; = u; and vj_1 ; :=
v; in Ay, then we have

uj_1,; — u, uniformlyin A; for all j € N.

This implies that there exists an index N; € NT such that for all i > N,

)
|uj,1,i — u\ < ?J
We can easily get the following result:
J .
14| > —=, if (x,t) € By,
|u] 171| = 9 1 (Z‘ ) J (330)

|Uj_17i| <20y, if (x,t) eqGy.

Considering the limit of the second term of (3.26]), by Holder’s inequality and (3.7))

we have

‘/ Dj_1i(uj—1,) Vi1, dxdt‘
Gy

< sup \/Dj—Li(uj—l,i)//Ql Dj1,i(uj—1,:)Vvj_1,||¢] dv dt
T

(z,t)eG s

S( s \/Djflyi(ujfl,i)H\/Djfl,i(ujfl,i)vvjfl,i||L2(QT)\|¢||L2(QT) (3.31)
x,t)eGy

<C sup Dj_yi(uj1q)|Q " 1 220, 1522% ()
(z,t)eG s

< C'max{(26,)™/2,e™/2 }.

»=j—1y
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Taking the limits of (3.31)) as i — oo and j — oo, we have
lim lim |// Dj_l,i(uj_l,i)ij_l)iwdxdt|
G

J—00 1—00

<O lim lim maxe{(26,)"/2, ]2} = 0.

By (3.7) and (3.30]), we obtain

1)
(?J)m // \ij_u|2dxdt S/ Dj_l,i(uj_l,i)|ij_1,i|2 dx dt
DJ DJ

S/ Dj_lvi(uj_lyi)|ij_17i|2 dx dt SC
Qr

(3.32)

This implies

// |ij_1,i|2dxdt <C(;)™™
Dy

So Vv;_1,; is bounded in L?(Ej), thus there exists a subsequence, labeled as
{Vv;;}, and {; € L*(E;) such that

Vv, — (7, weakly in L*(Ey). (3.33)

By E;—1 C Ey, for any g € L?(E;), we have g € L?(E;_1) and Vv,;_1,; =
Vv, in E;_1. By (3.33 -We have

lim // Vv;gdedt = lim // Vvj_1,.g9dxdt
11— 00 71— 00 Ej—l
:// CJgdxdt:// (j—19dxdt.
Ej_1 Ej 1

Thus ¢y = (j—1 almost everywhere in F;_;. we define

b ¢s, if (x,t) € Ey,
700, if (x,t) € E\Ey.

So for almost every (z,t) € E, there exists a limit of wy(x,t) as j — co. We write

¢(x,t) = lim wy(x,t), almost everywhere in F.
Jj—00

Clearly ((z,t) = (j(x,t) for almost all (z,t) € E; for all j. Using a standard
diagonal argument, we can extract a subsequence such that

Vurn, = ¢, weakly in L?(Ej) for all j. (3.34)
For any ¢ € L?(0,T; L (Q)), by Hélder’s inequality we have

‘ // (XEJ \/WWMW — X8, \/Wéso) dx dt‘
= )// XEJ[\/W_ \/W]Vvk,zvkgodxdt‘

—|—‘// XE; Vkakga Cgpdxdt‘

< swp |y/Dew, (wrny) = VD@l / I8, Vo, il 2o, dt

te[0,T]
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+ ‘ / vV D(w)e[Vug N, — (] dx dt’
E;
< sup ||\ D, n (uk, N, ) — VD)l Vok,ng [ 2220 190 L2 0,752+ ()

te[0,T]
+‘/ VD@V, — dxdt’
E;
— T+ II.

By (3.16) and (3.34), I — 0 as N — oo. By (3.17)) and (3.34)), we have I — 0 as

N — 00. Thus

X5\ Divi (e, n ) Vo, = X, v/ D()C,  weakly in L2(0,T; L2 (Q)),
for all j.
From L? C L2 and (3-13)), we see that £ = /D(u)( in every E; and

£ = /D) inE. (3.35)
Consequently, by (3.18)),
xEDk N, (ukn, ) Vurn, = XeD(u)¢, weakly in L*(0,T; L%(Q))
Thus by Taking the limits of third term of (3.26)), we have

lim lim Dy v, (ug, N, ) VUi, N @ da dt
j—o00 k—oo E
: (3.36)
= jhﬂrgo . D(u)¢y dz dt = //E D(u)C dz dt.
By (3.27), (3.29), (3.32)) and (3.36)), we have
/ /D) da dt = / D(u)Ctb da dt. (3.37)
Qr E

By (3.23) and (3.37), we find that v and ( solve equation (|1.9) in the following
weak sense

/0T<8t’u(15 //D CVqumdtf// [—Au+ f(u)pdedt, (3.38)

for all¢€L2(O T; H2(Q) N HL(Q)).
From and -, we notice that v; is bounded in L?(Ty; H'(S)), where
E;=T; x S J- So we can extract a further sequence, not relabeled, and

ve LT HY(S))),
v; = v weakly in L*(Ty; H*(S,)).

Similar to show F'(u.) € L?(0,T; H(Q)) and (3.22). Hence, we have F'(u) €
L?(0,T; HY(Q)) and v = —Au + f(u), a.e. in Ejy, By v € L?(Ty; HY(S;)) we have
u € L*(Ty; H3(Sy)) and

Vv =—-VAu+ F"(u)Vu, almost everywhere in E;. (3.40)

(3.39)

Obviously we have n = v, ( = Vv, a. e. inF;. So we obtain the desired relation
between ¢ and u:
¢(=-VAu+ F"(u)Vu, in E;.
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Finally, we show that a weak solution u to (1.9)) satisfies energy inequality (3.2]).
By (2.4) we have

/Q (%\Vuk,zvk (z,t)]* + F(upn, (z, t)))dg:

+ // DhNk(uk,Nk(x,T))|Vvk7N,€(ac77')\2dm dr
QiNE

(3.41)
+// log. N, (2, 7)|? da dr
</ (1|wo|2 + F(uo) )da.
= J.\3
By having (2.47) and (2.66)), similarly we have
Vug,n, — Vu, weakly in L*(Qr), (3.42)
fim | Flugn, () do = / Flu(t)) da. (3.43)
N—oo O Q

By (3.42)), (3.43), (3.13)), (3.35), (3.14]), (3.22), (3.41)) and the weak lower semicon-
tinuity of the LP norms. Then

/Q (;Vu(m,tﬂ? + F(u(x,t))) dx + //QmE D(u(z, 7)|¢(z, 7)|2dadr
+// | — Au+ f(u)>dzdr

N 1
< J%}Trglo mf/Q <§|Vuk7Nk (2, 1)]* + F(ug,n, (x,t)))dx

+ lim inf // Dy n, (g, n,, (2, 7)) | Vg, N, (ac,7)|2dm dr
NTOO QtﬂE

+ lim inf// vk Ny, (2, 7)|dwdT
NToo Q.
1
S/Q(§|VU0|2+F(UO))CLT.

This gives the energy inequality (3.2). The proof is complete. ([l
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