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NONLINEAR IMPLICIT DIFFERENTIAL EQUATIONS OF
FRACTIONAL ORDER AT RESONANCE

MOUFFAK BENCHOHRA, SOUFYANE BOURIAH, JOHN R. GRAEF

ABSTRACT. In this article, we obtain an existence result for periodic solutions
to nonlinear implicit fractional differential equations with Caputo fractional
derivatives. Our main tools is coincidence degree theory, which was first in-
troduced by Mawhin. Also we present two examples to show the applicability
of our results.

1. INTRODUCTION

Fractional calculus is a generalization of ordinary differentiation and integration
to arbitrary orders (non-integer). See, for example, the monographs [T, 2, 4} [l 22]
and the references therein.

In recent years, fractional differential equations arise naturally in various fields
such as rheology, fractals, chaotic dynamics, modeling, control theory, signal pro-
cessing, bioengineering and biomedical applications, etc. Fractional derivatives
provide an excellent instrument for the description of memory and hereditary prop-
erties of various materials and processes. We refer the reader to the recent works
[0l [, [14) 15 16, 17, 20} 21, 23] 25] and the references therein.

In this article, we are concerned with the existence of periodic solutions to the
nonlinear implicit fractional differential equation (IFDE for short)

‘DY(t) = f(t,y(t),*DYy(t)), teJ:=[0,T], T>0,0<a<l, (1.1)

y(0) = y(T), (1.2)

where D® is the Caputo fractional derivative, and f : JXxRXxR — R is a continuous
function.

Recently, by means of different tools such as the Banach contract principle,
Schauder’s fixed point, Schaefer’s fixed point, the Leray-Schauder nonlinear alter-
native, Monch’s fixed point theorem, and the measure of noncompactness, initial
and boundary value problems for implicit fractional differential equations involving
Caputo type fractional derivatives have extensively been studied in the books [II 2]
and the papers [8, [9, [10] [IT].

This article is motivated by the works [3] [I3], 24] where coincidence degree theory
is used for some classes of boundary value problem for fractional differential equa-
tions of integer as well as noninteger orders. This article is organized as follows. In
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Section 2, some notations are introduced and we recall some preliminary concepts
about fractional calculus. The proof of our main result is presented in Section 3 by
applying the coincidence degree theory of Mawhin. In the last section, we give two
examples to illustrate the applicability of our main results. This paper initiates
the application of coincidence degree to the study of implicit fractional differential
equations.

2. PRELIMINARIES

In this section, we introduce notation, definitions, and preliminary facts that are
used throughout this paper. By C(J,R), we denote the Banach space of continuous
functions from J into R with the norm

1Yl = supfly(t)] : t € J}.

By L'(J), we denote the space of Lebesgue-integrable functions y : J — R with
the norm

T
Iyl = [ o)l
Definition 2.1 ([22]). The fractional integral of order @ € Ry of the function
h € LY([0,T], Ry ) is defined by
1 t
I%h(t) = —/ t —5)* 1 h(s)ds,
o) 0( ) )

where I' is the Euler gamma function defined by I'(«) = 0+°° tele=tdt, a > 0.

Definition 2.2 ([16]). For a function h given on the interval [0,T], the Caputo
fractional derivative of order « of h is defined by

(eDoh) (1) = ﬁ / (t — 5"~ K™ (s)ds,

where n = [a] + 1 and [«] denotes the integer part of the real number a.

Lemma 2.3 ([I6]). Let o > 0 and n = [a] + 1; then

=0
1D ) = 1w - 3 L,
k=0

Lemma 2.4 ([22]). If o > 0, the homogeneous differential equation of fractional
order
‘D*h(t) =0
has a solution
h(t) =cCo + Clt + Cgt2 +...+ Cnfltn_l,

where ¢;, i =1,...,n are constants and n = [a] + 1.

The following definitions and basic lemmas from coincidence degree theory are
fundamental in the proof of our main result (see [12] [18]).

Definition 2.5. Let X and Y be normed spaces. A linear operator L : dom L C
X — Y is said to be a Fredholm operator of index zero provided that

(1) img L is a closed subset of Y;

(2) dimker L = codimimg L < 4o0.
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It follows from Definition refopdeFrdm that there exist continuous projections
P:X —Xand @Q:Y — Y such that

imgP =kerL, ker@Q=imglL, X =kerL@®kerP, Y =imglL ®imgQ.
This implies that the restriction of L to dom L N ker P, which we will denote by
Lp, is an isomorphism onto its image.
Definition 2.6. Let L be a Fredholm operator of inﬁdex zero and let Q C Xibe a
bounded set with dom L N §2 # (). The operator N : Q — Y is L-compact in § if
(1) the mapping QN : Q — Y is continuous and QN(Q) C Y is bounded, and
(2) the mapping (Lp)~*(I — Q)N : Q — X is completely continuous.

Lemma 2.7 ([I9]). Let X and Y be Banach spaces and let Q@ C X be a bounded
open symmetric set with 0 € Q. Let L : dom L C X — Y be a Fredholm operator
of index zero with dom LNQ # () and N : X — Y be an L-compact operator on Q.
Assume that

Lz — Nz # —\(Lz + N(—x))

for allz € dom LNAN and all X € (0, 1], where OS2 is the boundary of Q with respect
to X. Then the equation Lx = Nz has at least one solution on dom L N ).

3. EXISTENCE OF SOLUTIONS
Let X ={y € C(J,R) : y(t) = “I%u(t) : w € C(J,R),t € J} with the norm
lyllx = max{[[yllos, “Dylloc}
and Y = C(J,R) with the norm
[ully = sup{[u(t)] - t € J}.
Define the linear operator L : domL C X — Y by
Ly := “D%y, (3.1)
where
domL={yeX:°D% €Y and y(0)=y(T)}.
Define the operator N : X — Y by
Ny(t) = f(tvy(t)a cDay(t))a teJ (32)
Then problem (1.1)—(1.2) can be equivalently rewritten as Ly = Ny.
Lemma 3.1. Let L be defined by (3.1). Thenker L = {c:c € R} and

imgL={yeY: /0 (T — ) 'y(s)ds = 0}.

Proof. By Lemma for t € J, Ly(t) = °D%y(t) = 0 has the solution y(t) = ¢,
where ¢ € R. Then

ker L = {y(t) = c:ce R}.
For u € img L, there exists y € domL such that u = Ly € Y. By Lemma for
each t € J we have

1

v(0) = ¥(0)+ oy / (t — 8= u(s)ds.
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Since y € dom L, u satisfies

1 r a—1 _
() /0 (T —s5)* u(s)ds = 0.

On the other hand, suppose u € Y satisfies

/OT(T — 5)2Ly(s)ds = 0.

Let y(t) = I%u(t); then u(t) = <Dy(t) and so y € dom L. Hence, u € img L, so

T
imgL={yeY: / (T — 5)* 'y(s)ds = 0},
0
which completes the proof. O

Lemma 3.2. Let L be defined by (3.1). Then L is a Fredholm operator of index
zero, and the linear continuous projector operators P: X — X and @Q 1Y — Y can
be defined as

@ T
Py=y(0). Quit)= 75 [ (T =9 u(s)as.

Furthermore, the operator L;l :img L — X Nker P satisfies
Lp'(u)(t) = “I*u(t).

Proof. Clearly, img P = ker L and P?> = P. It follows that for each y € X,
y = (y — Py) + Py, that is, X = ker P + ker L. A simple calculation shows that
ker P Nker L = 0. Therefore, X = ker P @ ker L. A similar argument shows that
for each u € Y, Q*u = Qu and u = (u— Q(u)) + Q(u), where (u— Q(u)) € ker Q =
img L.

It follows from img L = ker Q and Q2 = Q, that img @ Nimg L = 0. Then, we
have Y = img L @& img @. Thus,

dimker L = dimimg ) = codimimg L.

This means that L is a Fredholm operator of index zero.

To prove that L;,l is the inverse of L|dom Lker P, let u € img L. Then

LLp (u) = °D*(°I%u) = u. (3.3)

Moreover, for y € dom L Nker P, we obtain that

Lp'(L(y(1))) = “I*(*D¥y(t)) = y(t) — y(0).
Since y € dom L N ker P, we know that y(0) = 0. Therefore

L (L(y(t))) = y(b). (3.4)
Combining (3.3) and (3.4]) shows that L;l = (L|dom Lrker ) 1. This proves the
lemma. |

In the sequel we use of the following assumption.
(H1) There exist constants K,F>OwithK+?<min{1,%} such that
t,u,v) — f(t,u,v)| < u—tl+ Klv—1o orte J and u,u,v,v € R.
[f(t,u,0) = [t 0,0)] < K| |+ Klv—v] f J and u,u,v,0 € R

Lemma 3.3. Assume (H1) holds. Then the operator N is L-compact on any
bounded open set Q C X.
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Proof. Define the bounded open set @ = {y € X : |ly|lx < M}, where M is a
positive constant. The proof will be given in a sequence of claims.

Claim 1: QN is continuous. The continuity of QN follows from the conditions on
f and the Lebesgue dominated convergence theorem.

Claim 2: QN(Q) is bounded. For each y € Q and t € J, we have

T
QNW®) < 75 | (1= )" F(s.y(s), "D y(s)Ids
0
< 7w [ (T =927 F(s.5(5).“Dy(s)) — £(5,0,0)|ds
0
+ 7= OT(T — )% Y f(5,0,0)|ds
<P [ = Ky + R D () ds

< f*+MK+K),
where f* = sup,¢ s |f(t,0,0)|. Thus,
IQN(y)|ly < f*+ M(K +K) :=R.

This shows that QN (Q) C Y is bounded.

Claim 3: Lp'(I — Q)N : Q — X is completely continuous.
In view of the Ascoli-Arzela theorem, we need to prove that L' (I-Q)N(Q) € X
is equicontinuous and bounded. First, for each y €  and ¢ € J, we have

Lp (I - Q)Ny(t)
= Ly (Ny(t) — QNy(t))

=cJe [f(uy(t),CDay(t)) - ﬁ/o (T —5)* " f(s,y(s),“Dy(s)) |ds

1 t a1 ¢ pa
- /0 (t = 5)° " f(s,y(s), “D*y(s))ds
o T
- %(a)/o (T = )1 f(s,5(s), “Dy(s))ds.

On one hand, for each y € Q and t € J, we have

L5 (I = Q)Ny(t)]
2 T
=T /o (T = 5)* " f (s, y(s), “D*y(s)) — £(t,0,0)|ds
+%/0 (T = )"~ |f(£,0,0)]ds
" K 27 —
<[f +M(K+K)]m — B,

ILp (I = Q)Nylloo < Bi. (3.5)
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On the other hand,
‘D*(Lp' (I - Q)Ny(t))

[ aYel & T a—1 c o (36)
= f(t,y@),“ DY) — g | (T = )" f(s,y(s),“D(s))ds,
0
which implies that for each y € Q and t € J,
[“D*(Lp! (I — Q)Ny(t))| < 2f* +2M(K + K) := Bs,
so that
[°D(Lp" (I = Q)NY)|loo < Bo. (3.7)

From inequalities (3.5)) and (3.7)), we have
IL3 (I = Q)Nylx < max{Bi, B},
which shows that L' (I — Q)N (Q) is uniformly bounded in X.
To prove that L' (I—Q)N(Q) is equicontinuous, notice that for 0 < #; <ty <T
and y € , we have
ILp'(I = Q)Ny(tz) — Lp' (I = Q)Ny(t1)]
"+ M(K + K) /t2 a—1 /tl —1 -1
< ty — s ds + ta —8)4 — (t1 —8)¥ |ds
T L), (2 [t =9 = (=9
ELILER R P
I(a+1) 2 b
As t; — to, the right-hand side of the above inequality tends to zero. Now from
(3.6), we have

“D*(Lp' (I — Q)Ny)(t2) — “D*(Lp" (I — Q)Ny)(t1)]
< [f(t2,y(t2), “D%y(t2)) — f(t1,y(t1), “Dy(t1))l-

As t; — to the right-hand side of the above inequality also tends to zero. Thus,
L;l(l — Q)N (Q) is equicontinuous in X. By the Ascoli-Arzeld theorem, L;l(I —

Q)N (1) is relatively compact. As a consequence of Claims 1 to 3, we can conclude
that the operator N is L-compact in €2, and this completes the proof. (I

Lemma 3.4. If condition (H1) holds, then there exists a positive number A, not
depending on X\, such that, if

L(y) = N(y) = =A[L(y) + N(=y)], A< (0,1], (3.8)
then ||yl x < A.
Proof. Assume (H1) holds and that y € X satisfies (3.8). Then
L(y) = N(y) = =AL(y) — AN (=),
50 ) \
L(y) = mN(Z/) - mN(*y) (3.9)

Using the definitions of the operators L and N (see (3.1) and (3.2))), for each t € J,
we obtain
1 A
Ly(t)| = |°D*y(t)| < —— |f(t, y(t),“Dy(t — | f(t,—y(t), —Dy(t
Ly(8)] = "Dy (0] < 1 176y(0), D () + 1o 176 ~u(e), D (1)

0, D) = 7(6,0,0)] + ]

IN
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+ H%[lf(t, —y(t), =“Dy(t)) — £(t,0,0)| + f*]

1 A 1 _
= (1+)\ + 1+A)f*+ T K@)l + KDy (@)

o K] = y(0)] 4 K]~ D ()]

. 1 A e ma
= 1"+ (15 + 1oy K]+ KDy )]
= £+ Kly(t)| + K"D"y (1)
<4 K yloe + KDyl

which implies

1°D%Ylloc < f* + Kylloc + K[I*DYl|oc- (3.10)
By (3.9), for each t € J, we have
_ 1 A v
y(t) = 1+>\Lp Ny(t) 1+)\Lp N(=y(t)),
and so
1 ’ a— C (e}
0 < e . 9 (9. D) = 50,0 ds
A ¢ o— C «
+ W\M/o (t—s)*""f(s,—y(s), =°Dy(s)) — f(5,0,0)| ds
f*Ta )\f*Ta
1+MND(a+1) 1+ MNT(a+1)
1 A T« _
< C [0
< (rn " 1) Fa gy Kol + KD ylc)
1 A\ frTe
+ (1+)\+ 1+)\>I‘(a+1)
TCE —ile o f*TOé
Hence,
Ta

ylloo < [f* + Kllylloo + KD ylloc] 5 (3.11)

(a+1)
Using the definition of the norm || - ||x, we see that if ||y||x = ||*D*¥|lc, then, by
(3.10)), we have

lyllx < f* + Klylloc + K[I°D%yllo
<7+ Klyllx + Kllyllx
="+ (E+E)|yllx,
and thus ;
< — = A
ol < Tl = 4
On the other hand, if ||y||x = |||, then (3.11)) implies

_ Te
< * K o K|cD* o] ———
Iyllx < 17 + Klyle + FIDYlol a5
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(63

<+ Klylx + Klylix] g

(a+1)
= [+ (K + Byl e
I(a+1)
and so e
< = .
ol < Ty = 4
Therefore
lyllx < max{A;, Az} := 4,
and this completes the proof. O

Lemma 3.5. If condition (H1) is satisfied, then there is a bounded open set Q C X
such that

L(y) = N(y) # =AlL(y) + N(=y)], (3.12)
for all y € 0 and all X € (0,1].
Proof. By (H1) and Lemma there exists a positive constant A that does not
depend on A such that, if y satisfies

L(y) = N(y) = =A[L(y) + N(=y)], A€ (0,1],
then ||y||x < A. Thus, if
Q={ye X :|ylx < B} (3.13)

where B > A, we have

L(y) = N(y) # —A[L(y) = N(—y)]
for every y € 90 = {y € X : ||y|lx = B} and X € (0, 1]. O

We are now ready to prove the main result in our paper.
Theorem 3.6. If (H1) holds, then problem (L.1)—(1.2)) has at least one solution.

Proof. From (H1) it is clear that the set Q defined by (3.13) is symmetric, 0 € Q,
and X NQ = Q # (). Furthermore, it follows from Lemma [3.5that if condition (H1)
is satisfied, then

L(y) = N(y) # =A[L(y) — N(-y)]
for all y € X N 9N = 9N and all A € (0,1]. This together with Lemma imply
that problem 7 has at least one solution, and this completes the proof. [

4. EXAMPLES
In this section we give two examples to illustrate our theorem.

Example 4.1. Consider the problem for non-linear implicit fractional differential
equations

- [DY2y(t)]

1/2 _ ¢ ly(®)|
Dy(t) = (11 +et) [1 +ly(®)] 1+ [DV2y(t)]) telo.1, (4.1)
y(0) = y(1). (4.2)
Here we have
flt,u,v) = (116+ 9 (1iu — 1:}_1}), t €10,1], u,v € [0,+00),
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and clearly the function f is jointly continuous. For each u, @, v, ¥ € [0, +00) and

t €[0,1],
|f(tauvv) _f(t7ﬂ7ﬁ)| < m“u_ﬂ| + |’U_1_}|] < EHU_Td + |’U_1_}|]'

Hence, condition (H1) is satisfied with K = K = 1/12 and
— 1. Y0y
} win (1,7}

It follows from Theorem that problem f has at least one solution.

et 1

1
K+K—6<m1n{1

Example 4.2. Consider the problem

DY2y(t) = %siny( )+ ﬁstl/Z (t) + %, t €0,1], (4.3)
y(0) = y(1). (4.4)

Here,
t 1 1
f(t,u,v)f551nu+m81nv+2 t€[0,1], u,v € R.
which is jointly continuous. For any u, @, v, ¥ € R and t € [0, 1],

t 1
lf (¢, u,v) — f(t,a,0)] < %|sinu—sinﬂ| + ﬁ|sinv —sin®

<_1| ul | |
Slu—ul+ —lv—-7v
3

Hence, condition (H1) is satisfied with K = 1/3, K = 1/100, and

B a—i—l ﬁ

It follows from Theorem that problem (|4.3| 7- has at least one solution on
J.

Acknowledgments. The authors would like to thank the anonymous referee for
the very helpful and clearly stated recommendations for changes to this article.

REFERENCES

[1] S. Abbas, M. Benchohra, G. M. N’'Guérékata; Topics in Fractional Differential Equations,
Springer-Verlag, New York, 2012.

[2] S. Abbas, M. Benchohra, G. M. N’Guérékata; Advanced Fractional Differential and Integral
FEquations, Nova Science Publishers, New York, 2015.

[3] S. M. Afonso, A. L. Furtado; Antiperiodic solutions for nth-order functional differential equa-
tions with infinite delay, Electron. J. Differential Equations, 2016, No. 44, pp. 1-8.

[4] G. A. Anastassiou; Advances on Fractional Inequalities, Springer, New York, 2011.

[5] D. Baleanu, K. Diethelm, E. Scalas, J. J. Trujillo; Fractional Calculus Models and Numerical
Methods, World Scientific, New York, 2012.

[6] D. Baleanu, Z. B. Giiveng, J. A. T. Machado; New Trends in Nanotechnology and Fractional
Calculus Applications, Springer, New York, 2010.

[7] D. Baleanu, J. A. T. Machado, A.C.-J. Luo; Fractional Dynamics and Control, Springer,
New York, 2012.

[8] M. Benchohra, S. Bouriah; Existence and stability results for nonlinear boundary value prob-
lem for implicit differential equations of fractional order, Moroccan J. Pure. Appl. Anal. 1
(2015), 22-36.

[9] M. Benchohra, S. Bouriah, J. Henderson; Existence and stability results for nonlinear im-
plicit neutral fractional differential equations with finite delay and impulses, Comm. Appl.
Nonlinear Anal. 22 (2015), 46-67.



10 M. BENCHOHRA, S. BOURIAH, J. R. GRAEF EJDE-2016/324

[10] M. Benchohra, J. E. Lazreg; Nonlinear fractional implicit differential equations, Commun.
Appl. Anal. 17 (2013), 471-482.

[11] M. Benchohra, J. E. Lazreg; Existence and uniqueness results for nonlinear implicit fractional
differential equations with boundary conditions, Rom. J. Math. Comput. Sc. 4 (2014), 60-72.

[12] R. E. Gaines, J. Mawhin, Coincidence degree and nonlinear differential equations, Lecture
Notes in Math., vol. 568, Springer-Verlag, Berlin, 1977.

[13] F. D. Ge, H. C. Zhou; Existence of solutions for fractional differential equations with three-
point boundary conditions at resonance in R™, Electron. J. Qual. Theory Differ. Equ. 2014,
No. 52, 18 pp.

[14] R. Hermann; Fractional Calculus: An Introduction For Physicists, World Scientific, Singa-
pore, 2011.
[15] R. Hilfer; Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000.
[16] A. A. Kilbas, H. M. Srivastava, J. J. Trujillo; Theory and Applications of Fractional Differ-
ential Equations, North-Holland Mathematics Studies, 204. Elsevier, Amsterdam, 2006.
[17] A. J. Luo, V. Afraimovich; Long-range Interactions, Stochasticity and Fractional Dynamics,
Springer, New York, 2010.

(18] J. Mawhin; NSF-CBMS Regional Conference Series in Mathematics, 40, American Mathe-
matical Society, Providence, RI, 1979.

[19] D. O’Regan, Y. J. Chao, Y. Q. Chen; Topological Degree Theory and Application, Taylor and
Francis Group, Boca Raton, 2006.

[20] M. D. Otigueira; Fractional Calculus for Scientists and Engineers, Lecture Notes in Elec-
trical Engineering, 84, Springer, Dordrecht, 2011.

[21] I Petras, Fractional-Order Nonlinear Systems: Modeling, Analysis and Simulation, Springer,
New York, 2011.

[22] L. Podlubny; Fractional Differential Equations, Academic Press, San Diego, 1999.

[23] P. Sahoo, T. Barman, J. P. Davim; Fractal Analysis in Machining, Springer, New York,
2011.

[24] X. Tang; Existence of solutions of four-point boundary value problems for fractional differ-
ential equations at resonance; J. Appl. Math. Comput., 51 (2016), 145-160.

[25] V. E. Tarasov; Fractional Dynamics: Application of Fractional Calculus to Dynamics of
Particles, Fields and Media, Springer, Heidelberg. Higher Education Press, Beijing, 2010.

MOUFFAK BENCHOHRA
LABORATORY OF MATHEMATICS, UNIVERSITY OF SIDI BEL-ABBES, P.O. Box 89, Sip1 BEL-ABBES
22000, ALGERIA

E-mail address: benchohra@univ-sba.dz

SOUFYANE BOURIAH
LABORATORY OF MATHEMATICS, UNIVERSITY OF SIDI BEL-ABBES, P.O. Box 89, Sip1 BEL-ABBES
22000, ALGERIA

E-mail address: bouriahsoufiane@yahoo.fr

JOHN R. GRAEF
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TENNESSEE AT CHATTANOOGA, CHATTANOOGA,
TN 37403, USA

E-mail address: john-graef@utc.edu



	1. Introduction
	2. Preliminaries
	3. Existence of solutions
	4. Examples
	Acknowledgments

	References

