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UPPER BOUNDS FOR THE NUMBER OF LIMIT CYCLES OF
POLYNOMIAL DIFFERENTIAL SYSTEMS

SELMA ELLAGGOUNE, SABRINA BADI

ABSTRACT. For € small we consider the number of limit cycles of the polyno-
mial differential system

t=y— filz,y)y, v=-—v—g2(x,9) — fo(z,v)y,

where fi(z,y) = efi1(z,y) + 2 fi2(z,y), g2(z,y) = eg21(z,y) + e2g22(w,y)
and fo(z,y) = ef21(x,y) + €2 faz(z,y) where fi;, foi,g2; have degree I,n,m
respectively for each ¢ = 1,2. We provide an accurate upper bound of the
maximum number of limit cycles that this class of systems can have bifurcating

from the periodic orbits of the linear center & = y,y = —=z using the averaging
theory of first and second order. We give an example for which this bound is
reached.

1. INTRODUCTION

One of the main problems in the theory of ordinary differential equations is the
study of their limit cycles, their existence, their number and their stability. A
limit cycle of a differential equation is a periodic orbit in the set of all isolated
periodic orbits of the differential equation. The second part of the 16th Hilbert’s
problem (see [4]) is related to the least upper bound on the number of limit cycles
of polynomial vector fields having a fixed degree. These years many papers have
studied the limit cycles of planar polynomial differential systems. In this paper
we will try to give a partial answer to this problem for the class of polynomial
differential systems given by

izy—fl(az,y)% yz—m—gg(m7y)—f2(m7y)y, (11)

where fi(x,y) = efii(x,y) + e fa(z,y), ga(x,y) = egn(z,y) + 2goa(x,y) and
folx,y) = efor(x,y) + €2 faz(,y) wherefi;, fo; and go; have degree I,n and m
respectively for each ¢ = 1,2 and ¢ is a small parameter. Note that when fi(z,y) =
0,92(z,y) = 0 and fo(z,y) = f(z) these systems coincide with the generalized
polynomial Liénard differential systems

where f(z) is a polynomial in the variable z of degree n.

In 1977 Lins, de Melo and Pugh [7] studied the classical polynomial Liénard
differential system ([1.2]) and stated the following conjecture:
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If f(x) has degree n > 1, then has at most [2] limit cycles.
Then they proved this conjecture for n = 1,2. The conjecture for n = 3 has been
proved recently by Chengzi and Llibre [8]. For more information see [11].

Many of the results on the limit cycles of polynomial differential systems have
been obtained by considering limit cycles which bifurcate from a single degenerate
singular point, that are so called small amplitude limit cycles, see for instance
[13]. We denote by H(m,n) the maximum number of small amplitude limit cycles
for systems of the form (L.2). The values of H(m,n) give a lower bound for the
maximum number H(m,n) (i.e. The Hilbert number) of limit cycles that the
differential equation with m and n fixed can have. For more information
about the Hilbert’s 16th problem and related topics see [5].

In [10] the authors ise the averaging theory of first and second order to study
the system

&=y —elgn(@) + fu(@)y) — 2 (g12(x) + fr2(2)y),

§=—x—e(ga1(x) + far(2)y) — *(g22(2) + faz(2)y),

where ¢1;, f14, 92i, f2: have degree [, k, m,n respectively for each i = 1,2, and € is a

small parameter. They provided an accurate upper bound of the maximum number

of limit cycles that the above system can have bifurcating from the periodic orbits
of the linear center & = y,y = —x.

In this article, first we consider the more general system

i =y—e(fulzyy),
y = —T— 8(921({1}7 y) + f21(xa y)y)7

where f11,g21 and fo; have degree I, m and n respectively, and ¢ is a small param-
eter. We obtain the following result.

(1.3)

(1.4)

Theorem 1.1. For |e| sufficiently small, the mazimum number of limit cycles of
the generalized polynomial differential system (1.4]) bifurcating from the periodic
orbits of the linear center & =y, = —x using the averaging theory of first order is

[5]-
The proof of the above theorem is given in section 3.
Secondly we consider the system

i =y —e(fuulz9)y) —*(fra(z,9)y),
§=—z—e(ga1(,y) + far(z,9)y) — €% (ga2(z,y) + for(z,9)y),

where fi; and fi2 have degree [; g21 and goo have degree m; and fa1, fao have degree
n. Furthermore, € is a small parameter. We obtain the theorem bellow.

(1.5)

Theorem 1.2. For |e| sufficiently small, the mazimum number of limit cycles of
the generalized polynomial differential system (L1.5|) bifurcating from the periodic
orbits of the linear center & = y,y = —x using the averaging theory of second order
18

A =max{A, A2+ 1, A3 + 2},

where
A= max{[ (m) +2E(l) —1) (B +20(l) —1, 00 +20(l) =)
m—1, [E(Qn)]’ [E(m) +20(n) - 1]},
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B(m) +0(w) =3, O(m) + Bn) — 3

)\szaX{O(n)—l,[ 1,

2 2
[O(n) +2O(l) - 2],[ 1 E(m) -2, [E(m) +2O(n) - 3]’
[O(m) +2E(l) — 3]) [E(n) + g(m) — 3]}7
E(n) + E(l) - 4

)\3:[ 2 ]7

where O(1) is the largest odd integer less than or equal to i, E(i) is the largest even
integer less than or equal to i and [-] denotes the integer part function.

The proof of the above theorem is given in section 4. The results that we shall
use from the averaging theory of first and second order for computing limit cycles
are presented in section 2.

2. AVERAGING THEORY OF FIRST AND SECOND ORDER

The averaging theory of first and second orders was introduced to study periodic
orbits, which is summarized as follows. Consider a differential system

i(t) = eFy(t,x) + 2 Fy(t, x) + 3 R(t, x, €), (2.1)

where F1, F» :Rx D — R", R:Rx D x (—ey,ey) — R” are continuous functions,
which are T-periodic in the first variable, and D is an open subset of R™. Assume
that:
(i) Fi(t,) € CY(D) for all t € R, Fy, F5, R, D, F; are locally Lipschitz with
respect to x, and R is differentiable with respect to e. We define

1 T
Fio(z) = T/ Fi(s, z)ds,
0

T
Foo(z) = T/o [D.F1(s,2)y1(s, z) + Fa(s, 2)]ds,

where .
yl(s,z):/ Fy(t, z)dt.
0

(ii) For V. C D an open and bounded set and for each ¢ € (—ey,ey) \ {0},
there exists an a. € V such that Fip(ac) + eFao(a:) = 0 and dp(Fip +
€F5,V,a;) # 0. Then, for |¢] > 0 sufficiently small there exists a T-
periodic solution ¢(-, ) of the system such that ¢(0,¢) = a..

The expression dg(Fio + £Fa, V,a:) # 0 means that the Brouwer degree of the
function Fig+eFs : V — R™ at the fixed point a. is not zero. A sufficient condition
for the inequality to be true is that the Jacobian of the function Fig + €F5y at a.
is not zero.

If Fp is not identically zero, then the zeros of Fig 4+ €Fyy are mainly those of
Fyq for € sufficiently small. In this case the previous result provides the averaging
theory of first order.

If Fyg is identically zero and Fyg is not identically zero, then the zeros of Fip+eFyg
are mainly the zeros of Fyq for € sufficiently small. In this case the previous result
provides the averaging theory of second order.

For more information about the averaging theory see ([16],[17]).
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3. PROOF OF THEOREM [I.1]

We need the first order averaging theory, for this we write system (1.4) in polar
coordinates (r,8) where x = rcos(f), y = rsin(f), r > 0. In this way system (|1.4)
is written in the standard form for applying the averaging theory. If we write

fllxy Zaljlxya f21$y ZaZjQxy7

i+j=0 i+j=0 (3 1)
921183/ waQxyv
i+j=0
then system (|1.4) becomes
7= 75( Z aijor T cost(0) sin? T2(0) + Z bijor ™ cos'(6) sin? T (0)
i+5=0 i+5=0
l
+ Z aij1r T cos™(9) sinjH(O)),
i+5=0
=—-1-— f{ ( Z a;j, or it g i+1(9) sinj“(e) (3.2)
i+5=0
+ Z bij2r ™ cos'1(6) sin? (0)
i+5=0
!
- Z aijir ™ttt cos' (0) sin3+2(9))].
i+j=0

Now taking # as the new independent variable, this system becomes

dr
= eFi(r,0) + O(),
where
Fi(r.9) Z aij 27 cos'(0) sin’ T (0) + Z bijar't7 cos’ (0) sin? T (6)
i+5=0 i+=0

l
+ Z aij 1t cos™(9) sin’ T (6).
i+5=0
Using the notation introduced in section 2 we must calculate
2m

1
FIO(T) = % o F‘l(’l“7 9)d9

o o .
. . fiodd dd
/ cos’(#) sin?2(6)dh = 0 1 Z © Or,J oeh
0 may; if @ even, j even,

Since

where «;; is a constant, we obtain

FlO 770 Z Qgj, 2alj 7 (33)
i+7=0
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where 7 and j are both even.

Then the polynomial Fio(r) has at most [5] positive roots, and we can choose
the coeflicients «;; with ¢ even, j even in such a way that F10( ) has exactly [%]
simple positive roots, hence Theorem is proved.

4. PROOF OF THEOREM

For the proof we shall use the second order averaging theory as it was stated in
section 2. We write fi1, fo1 and g21 as in (3.1) and

frz(z,y) Z Cijaz'y’,  faz(z,y) Z cijat'y’,

i4+7=0 i+5=0
m
goa(w,y) = Y dijox'y’.
i+75=0
Then system (1.5)) in polar coordinates becomes
7 =—e(A+eB),

9 =—-1- ;(Al + EBl),

where

n m
A= Z aijor T cos' (0)sin T2 (0) + Z bijor T cos'(6) sin? T (0)
i+5=0 i+7=0

1
+ Z aij1r I cos™(0) sin’ T (0),
i+j=0

n m
Z cijor T cos(6) sind T2 (0) + Z dij.or'™7 cos'(0) sin’t1(6)
i+j=0 i+j=0
!
+ Z Cijar Tt cos™1(0) sin/t1(9),
i+5=0

n m
Z aij72,r,i+j+1 COSiJrl(Q) Sinj+1((9) + Z bij727"i+j Cosi+1(9) sin’ (0)
i+5=0 i+j=0
l
— Z aijylr”j“ cosi(0) sinj+2(9),
i+5=0

Ay

n m
B, = Z cijor T cos™(9) sin’ T (0) + Z dijor'™7 cos'(0) sin’ (9)
i+5=0 i+j=0
l
— Z Cijar ™t cos'(0) sin? T2(6).
i+j=0
Taking 0 as the new independent variable, this system becomes

dr

d& *€F1(’I" 9) +e€ FQ(’I’ 0) +O( )
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where
Fi(r,0)=A, Fy(r,0)=B-— 1AAl.
r

To compute Fao(r), we need that Fio(r) be identically zero, which is equivalent to
aij2 = 0 for ¢ even, j even.
Now we determine the corresponding function

Foo(r) = %/0 ’ [d%Fl(T, Oy1(r,0) + FQ(T,H)]dH.

First, we have

d n o )
%Fl (r,0) = Z (i+ 7+ 1)aij2r't cos’(0) sin*2(9)
14+7=0
i odd or j odd
(i 4 §)bij2r ! cos' () sin? T (0)
0

+

%

+

3

(i+7+ 1)aij’1ri+j cosi+1(9) siijrl(Q)7
0

M-

I

J

and we write
0
y1(r,0) = / Fy(r,t)dt = y% + yf + yi)’,
0

so we obtain

9 n
yi(r,t) =/ Z aijor T cost (t) sin? P2 (t)dt
0 itj=0

= ajgor? (Oéno sin(6) + a1 sin(39)) +...
+ Gy, prerTer ! (alclel sin(f) 4+ aae, e, sin(360) + . ..
+ Qfertersar, o sin((c1 +e1 + 2)9))
+ agy 27? (04101 + agp1 cos(f) + asor cos(39)) +...
+ Gpy gy 27?2 TOTL (alplql + @2p, 4, €08(0) + @zp, g, c0s(36) + ...
ta@iranes, cos((p1 +q1 + 2)9))
+ ayy or® (04111 + 11 cos(20) + as11 cos(49)) + ...
+ Gy gy 2 TOH (alclql + Q2c, 4, €08(20) + @3¢, q, cOs(46) + . ..
T Qerraamiz, cos((e1 +q1 + 2)9)),

where c¢; is the greatest odd number and e; is the greatest even number so that
c1 + e1 is less than or equal to n. p; is the greatest even number and ¢; is the
greatest odd number so that p; + g; is less than or equal to n. ayj, are real

constants exhibited during the computation of f09 cos’(t) sin? 2 (¢)dt for all i and j.
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y2(r,t) / Z bijor T cos' (t) sin? T ()dt

1+7=0

= boo,2 (07100 -+ G200 008(9)) + boz,o1? (07102 + Q02 cos(0) + G302 COS(39))
ot bpyey 2r??T (07 1pses + Fopge, COS(0) + Asp,e, cOS(36) +
+ a(p2+F2 +2)paca cos((pz +e2+1)0 )) + b01,2r<d1019 + Q201 sin(29))
o bpyge 22T <a1p2q20 + Qop,q, SIN(20) + Gsp,q, sin(460) +

sin((p2 + ¢2 + 1)9)) + bloyg’l"(@llo + Gia1g cos(29))

Q 3
+ (%)qu

+ 630’27’3 (6[130 + O~[230 COS(20) + C~k330 COS(49)> + 4 b5282’27"62+62

X (dcheZ + Gocge, cO8(20) + - - + d(c2+;2+1 cos((c2 + e2 + 1)0))

+1)coes
+ byy o1 (07111 sin(6) + @e11 sin(39))

+bizort (07113 sin(f) 4 o153 sin(30) + asis3 sin(59)) +
+ bC2qz,2Tcz+q2 (&102112 sin(0) + dQCqu Sin(39) +

sin((cq + g2 + 1)9))7

Qe 2
+ (%)CQQ2

where ps is the greatest even number and e is the greatest even number so that
p2 + ey is less than or equal to m. co is the greatest odd number and go is the
greatest odd number so that cz + ¢ is less than or equal to m. &y, are real

constants exhibited during the computation of foe cos'(t) sin? t1(¢)dt for all i and j.

yi(r,t)

/ Z aijar T cos™ () sin? T (¢)dt

Oz+]0

1
sheat (alpsea + OQPSGS C05(29)

= CL00717‘<0A¢100 + Giago COb(20)> +-- ap353,17’p
4ot d(p3+;3+2+1)p3€3 cos((ps + es + 2)9))
+ a0171r2 (@101 Sll’l(@) + dQOl sm(39)) +
- gy 177 (@, SIN(B) + G, $I0(36) + Gapo, sin(50) +

sin((ps + a3 +2)0) )

a 3
+ (%)PSQS

—+ a1071r2 (5[110 —+ 5[210 COS(@) —+ 5[310 COS(SQ)) —+

Gleges T Gocges COS(0) + Gigeqeq €OS(36) +

+ a0363,1r63+e3+1 (

COS((Cg +e3+ 2)9)) + CL11,17"3 (d1119 + Gio11 Sin(49))

+ Qeateatl o).,
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+ 0113717"5 ((341139 + Aio13 sin(29) + G313 sin(49) + Aiy13 51n(69)) +
+ a63QS,1r03+q3+1 (dlcwsa + d263q:s sin(2€)

+ 6‘363(13 Sin(40) et 6‘(03-"-%)03113 Sin((c3 +4q3+ 2)0))’

where p3 is the greatest even number and e3 is the greatest even number so that
p3 +e3 is less than or equal to [, c3 is the greatest odd number and g3 is the greatest
odd number so that c3-+gs3 is less than or equal to [, é&;;1 are real constants exhibited

during the computation of foe cos1(t) sin? ™ (t)dt for all i and j.
Finally

U1 (T‘, 0)
= a1072r2 (ozno sin(f) + aa10 sin(SQ)) 4+ 4+ aclel,2r61+el+1 (alclel sin(6)

+ a2epe, SIN(30) + -+ Qe e 21, sin((er +er + 2)6‘))

1€1
+ 1101,27‘2 (Otlol + 01 cos(8) + azo1 COS(39)) +

1
+ aP1Q172Tpl+ql+ (alplth + Q2p g COS(@) + 3p, g 008(39) +

+ Aoy 4243, o cos((p1 +aq1 + 2)9)>
+ a1172r3 (alll + Q211 COS(?@) + a311 COS(49)) +

Qleyqr + Q2c,qr COS(20) + Qzeq g, cOs(40) +

+ Geig ,27"C1+q1+1 (

+ O (eq+aqr+2)+2 . COS((Cl +q1+2 9))
+ boo,2 (56100 + Gra00 cos(f ) + b2 27 ( 102 + Gz02 cos(f)
+ Gz cos(39)) Rk bpze%g’l" ( 1pses + Q2pye, COS(8) + Gapye, cOS(36) + ...

+ d(pz;«a +2) cos((p2 + ez + 1)9)) + bo1,27“(5¥1019 + Q201 Sin(29)) +

p2€2
+ bpzq2,27"p2+q2 <0~‘1p2q29 + Q2p,g, sin(26) + Q3pags sin(46) +

+ d(p2+q2+3
2

Ypaga Sin((p2 +q2 + 1)9)) + b1072’l“(5(110 + Q210 COS(29)>

+ bgo 21° (dISO + G230 €08(20) + G330 Cos(49)) +
+ beye, 27212 (54102@2 + Gocge, €0s(20) + . ..

COS((CQ + e9 + 1)9)) + b1172’l“2 (5[111 sin(H) + 5[211 Sln(30)>

+ d(%+1)02€2
+ b13’2’l“4 (5[113 sin(é‘) + (913 sin(39) + (313 sin(59)) —+ ...
+ bC2qz,2T62+q2 (6‘1C2q2 sin() T (2c,q, SIN(30) +

—+ d(c2+q2+2)62q2 sin((62 + g2 + 1)9)) + aOO’lT(@loo + diago COS(29)) +

+ez+1
+ apaea,lrpd 2 (alpses + a2p3€3 COS(QQ)
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+ Q(patest? | p) o cos((ps + es + 2)9)) + a01,1r2 (07101 sin(6) + Ga01 sin(39))
o Qg Pt (d1p3q3 sin(6) + Gap,q, sin(36) + Qspy g, sin(50) + . ..

sin((p3 + qs3 -+ 2)9)) + CL10717’2 (6[110 + 6[210 COS(@)

a 3
+ (2atdat3yy g,

+ &310 cos(39)> 4+ .+ ac3e371r°3+e3+1 (&10363 + Gacgeq COS(0) + A3eqe, cOS(30)

+- d(cs+;3+1+2)03€3 cos((cs + es + 2)9)) +ayqr® (dul@ + Q211 Sin(49)>

+agsar® (anga + Guar3 $in(26) + Gars sin(46) + Aars sin(69)) ...
+ Gy 1@ TBH ((34103,139 + Qacyq, SIN(26)
o @geaqy SIN(40) + -+ G ey g0 eaqs S0((€5 + a3 +2)6)).
We know from that Fyo is identically zero if and only if a;;2 = 0 for all ¢ even,

j even.
Now using the integrals given at the appendix, we calculate

Hy(r)
L 2Tr{dF( 0)y1 ( 9)}519
= — — i (r T
m 0 dr 17, 0)y1\7,
1 S o it
= §|: -;1 (’L + ] + l)aij,gr RE {a10727’2 (041101411]- + 0421014%) =+ ...
i+j=

i even, J odd

1 1 3 cit+er1+2
+ a616172,’4¢31+€1+ (alcﬂilAi]’ + Q2c; e, Aij + -+ Oé(c1+el+2)+1clelAi; 1 )]
p)

n

. i+j 2 1 3
+ E (t+j+ Dagjor™ {001,27“ (04201Bij + a301Bij) +...
itj=1
i odd, j even
+q1+1 1 3 P1+q1+2
+ apygy 2T <a2p1<h B;; + azep g By + -+ + Xerta 243, o i )}

+ Z (i 4+ + Daijor'™i [boo,z (dQOOB}j) + bog,o1> (0720232-1]- + dgozéf})
itj=1
i odd, j even

pates [ ~ Rl ~ R3 ~ pp2+ea+1
ot bpgey 2T <a2p2ezBij + 0502 By + o b Qraes oy, B
n
. . it ~ ~ 2
+ E (Z +7+ 1)CLij72T’L+j |:b01727'(a1017ij + a201C’ij) + ...
itj=2
i odd, 7 odd

p2tq2 [ & . ~ 2 ~ 4
+ bpygs,27 (alpzqz%J + Q2pyqo Oij + Q3pyqn Cij +.

~ p2+qz2+1
+ Q(L?H)pzqzoijz ’ )}
+ Z (Z + j + 1)aij,2ri+j |:b11727‘2 (5[111121}]- + 54211/1%) 4+ ...

i+j=1
i even, j odd
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g ~ Al ~ A3 ~ c2t+qa2+1
+ b02q2)2T02+QZ (alczquij + a202Q2Aij ot a(% A i ):|

)ng ij
+ Z (i+j+ 1agr'™ {%1,17“2 (a101A + Goo1 A3 )
itj=1

i even, j odd

p3+qz+1( il N AP3+q3+2
totapyge T (alpgqe’Aij + OzgpquA Tt (M)quaAU

n
Z (i + 7+ Dagor'™ [aw 17 (a21oB + G310 B} )
itj=1
i odd, j even

+e3+1 3 N Hc3+es+2
+ Gegey 17T (O‘QQPJBz] + O‘3(‘3?3Bij +eoeet Oé(%+2)cgesBiJ3 ’ )}
n
} : L i+ 3( A N
+ (i+7+ 1)a1j72r1 J {a11717’ (01111%‘]‘ + agnqj> +
itj=2
i odd, 7 odd

ca+qs+1{( ~ ~2 03+Q3+2
+ Qcygy 17 3T (alcsqz’,’yij + a2c3qacij ot a(63+qz 03q30

m
+ Z (i + §)bijor' it [a10,27’2 (a110D + ag10D} ) +.
) i+j;2
i even, j even

1 1 3 c1ter+2
+ Geye, 2T (alClelD’ij + Qoeie, Dij 4 F erepinn D™ )]
2
m
§ : . i+j—1 2
+ (Z +j)bij,27“z+J [(ZOLQ’)" <04201E +04301E )

i+j=2
4 odd, 7 odd

1+q1+1 (

P 1 3
+ Gpygy 27 Qopyq By + aspg B3 + - -

p1+q1+2
+04(p1+q12+2>+3p1q E” )}

m

+ Z (i + 7)bijor Tt {6111,27“3 (01115@] + a211F + asn F ) +.
itj—1
i even, j odd

c1tq1+1 4
+ ey gy 2T (alclqlﬁij+a2c1q1F +aze,q Fij + - -

c1+qg1+2
+ Qe paytoype FTN )]
2

ciqa Y
m
+ Z (i + j)bijor' 71 [500,2 (dzooEgj) + boa,2r? (aonE + ago2 B2 )
itj=2
i odd, 7 odd
+ot bp2€2,2rp2+62 <&2P2€2Eilj + 6‘317262E +oota (p2+62 +2)P262EZ2+62+1>]
m
+ Z (i + )bijor' i {501 27“(04101013 + Gi201G? )
itj=1

i odd, j even

p2+q2 [ & - ~ 2
+ bpogo 2T (alpzqzlau + Q2pyg, Gij +.o.
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N a1
+ Q(LZQH)PND Z? ” )}
m
+ Z (i + j)bijor'™ {blo 2T(a110ﬁzg + Go10F7 ) +.
itj=1
i even, j odd
+ b6262,2r02+62 (d162625ij + d210Fi2j 4+ d(MJrl)@eQFi?—i_eﬁ_l)}
m
+ Z (i + §)bijor ™! {511,27"2 (0111D + ao11 D} )
itj=2

i even, j even

~ =<1 ~ ~Co+qa+1
+bc2q2,27ﬂ02+q2 (a102(I2Dij +o‘202(I2D +oeta (M D™ >:|

Jeaqz
m .
+ Z (i + j)bijor' ™ {aoo 17“(04100@3 + oo ) ) +..
itg=1

i even, j odd

+ 1 A [P3+es+2
+ Apgeq 1773 <a1p3€36lj +O‘2p363F +- +O‘(M+1) Fy )]

p3e3” U
+ Z (i+j)bij,27"i+j_1[a01,17'2(05101D + 1201 D} )+
i+i=2

i even, j even

p3+qs+2
+aP3q3717ﬂp3+q3+ (a1P3Q3DU+a2P3Q3D +ooota (M) D A )]

P3q iJ
m
C i1 2
+ E (i 4 7)bijor™ [alo,ﬂ" (04210E + 0B} )
itj=2
i odd, 7 odd
cz3tesz+1 3 ~ rc3+es+2
+acges, 17T (%CaeaEm + a3csesEij oot a(763+§3+1+2)CsesEi; ’ )]
m
S itj—1 3( A A4
+ E (04 7)bijor'™ {an,ﬂ" (0111101‘]‘ + a?llGij) +
iti=1
i odd, j even
catgatl 4
+ Gegqs, 17T (alcsqgam + a203QSG’L] + a303q3Gij +..

Cs+¢13+2
+ a(“s-‘r% qu.sG )]
!
+ Z (i +j+ Daijr't {0610,27“2 (a110H + agioH? ) +.
iti=1
i odd, j even
1 1 3 . 2
+ a6161’2r01+el+ (alclel Hij + Qaocye, Hij + -+ Ck(c1+e1+2)+1c H;]'l+el+ )}
5 1€1
!
+ Z (i +j+ Dagr't {0601,27”2 (azoﬂ + 043011*9}) +...
=1

i even, j odd

+q1+1 3 p1t+q1+2
+ aPlQlﬂrpl 7 <a2p1¢h[ + a3P1Q1Iz] +ot QMWH Iij
p)



12

S. ELLAGGOUNE, S. BADI EJDE-2016/318

l

C i+j 3
+ E (i4 7+ Dagjr'™ {a11,27’ (011115m + 06211K + azn K )
itj=2
4 odd, 7 odd
+q1+1 2 c1+q1+2
+ aC1(1172TCl ” (alclfll 5ij + ®21c1q Kij +-+ O‘Mclql[{i; ' )}
2
!

+ Y (i+j+Dagart [500,2 (542001:1-13-) + bog o7 (d202fi1j + 073021%)

itj=1
i even, j odd
. p2tez [ x 71 . ~ Fp2t+ea+1
Tt bpyey o7 (aQPQEQIij toee Tt a(wu)megﬁ

!
+ Z (i+j+ Dagar™ [b01,27"<54101/iij + 5‘201L?j) +
=0
1 even, 7 even

p2+q2+1)}

p2+az (5 LA 2 L. 44
+ Upogo 27 (alpzqz.uw + Qopyg, Ly + -+ + Q(rataatdy, o, Lij

l
+ Z (Z +j + ].)aij’lri“l’j |:b10727'(d1106ij + 65210K1;2j) +

i+j=2
4 odd, 7 odd
cotes [ = ~ r-c2+ea+1
+ bege,,2m T2 (Ollcze25ij =+ a?Cz?zK +eet o (M_H)Q@Kijz 2 )}

l
+ Z (i+j+ Dagjr'™ [bll,zr2 (a111H + a1 HY )
itj=1
4 odd, j even
+ chqQ,ZT 2+q2 (alchgH + -4 (M)Q%Hfjfrfhﬂ%)}

l
+ Z (Z +j + 1)aij’1Ti+j {aooylr(&wo(&j + 5‘200Ki2j) +

itj=2
4 odd, 7 odd
p3tes+1 N o-p3tes+2
t pges 1T (alpsPs 0ij + Qapyes K3y + - + Q(pateata ) oo K

!
+ Z (i4J + Dagr'™ {001,17" (a101H + Goo1 HY, )

itj=1
4 odd, j even
Pstastl L1a I3 4 ...+ a Patas+2
+ Apsgs 1T (alpsq:s Hij + a2p3Q3Hij + + O‘(W)W%Hu

l
+ Z (Z +5+ l)aij,ﬂ““rj [(110,17" (a210I + 043101;)}-) +
itj=1
i even, j odd
c3+esz+1 71 N rcz+ez+2
+a(,'3e3,1r (OZQ(";QIU +"'+OK(03+;3+1+1)C363IZ] ):|
l
4 D it 3( Gt 4 Gons IA
+ (i +J+ Daijar™ |an,1m° (i pig + donn Ly ) +
i+5=0

i even, j even

cs+qz+l( 4 4 A 72 RIS Jcstast2
+ Gezqs1T (alcaqsﬂm + Qcyqs Li; + + O‘(03+q3)63q3Lij :
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We also note that

FQ(’I“, 9)
= D7 cyar' T cos' (O)sinT 2 (0) + Y digar'™ cos'(0) sin’ T ()
i+5=0 i+7=0

!
+ Z Cijar ™t cos™1(9) sin? T (0)

i+j=0
n n
— E E aij,QGkh,27‘l+J+k+h+l Cosz+k+1 (9) Sinj+h+3 (9)
i+35=0 k+h=0
i odd or j odd k odd or h odd
n m
— E g aij,Zbkh,QTl+J+k+h Cosl+k+1 (9) Sinj+h+2 (9)

i+7=0 k+h=0
i odd or j odd

n !
+ E § : 1.2k 17 TR cosi TR (9) sind Th 4 (g)

i+j=0 k+h=0
i odd or j odd

m n
- E Z bimakh,gri*j*mrh cos”kﬂ(ﬁ) sinj+h+2(0)

i+5=0 k+h=0
k odd or h odd

m m
= YD bijabnar™ T cos HREL(9) sind T (6)

i+5=0 k+h=0
m l
+ Z Z bij.oain 1 TR cosiTE(9) sind Th13 ()
i+5=0 k-+h=0
l n
_ Z Z aij71akh,2ri+j+k+h+1 Cosi+k+2(0) Sinj+h+2(9)

i+35=0 k+h=0
k odd or h odd

l m
— E g aij,lbkh,27i+j+k+h Cosi+k+2 (9) Sinj+h+1 (9)

i+j=0 k+h=0

l l
+ Z E : i 1gn 1 TR cogitEEL () sind 3 (g).
i+7j=0 k+h=0

Again, using the integrals given in the appendix, we calculate

1 2
HQ(T) = 27 FQ(T, 0)d9
T Jo
1 n m
i1 L
- 5[ Yo cger™ag+ Y dier™py
i+j=0 i+j=1
i even, j even i even, j odd
l
i1
+ 0D Cijar' ™16,
i+j=2

i odd, j odd



14

<.

<.

<.

<.

<.

<.

<.

<.

<.

<.

<.

.

.

.

S. ELLAGGOUNE, S. BADI EJDE-2016/318

n n
E E ij oy or IR
i+ji=1 k+h=1
odd, j even k even, h odd
n n
E E ij oy or IR
i+ji=1 k+h=1
even, j odd k odd, h even
n m
E E ijobrnar RN,
i+ji=1 k+h=0
odd, j even k even, h even
n m
P A
E E aij2benor TR N
i47=2 k+h=1k even, h odd
odd, j odd
n m
i kB O
E E i 2bkn o TR N
i+ji=1 k+h=2
even, j odd k odd, h odd
n l
E E ijoagn ' TITREAELD
i+j=1 k+h=1
odd, j even k odd, h even
n l
E E ijogn 1 TITREAELD
i+j=1 k+h=1
even, j odd k even, h odd
n l
E E aijoappr TR L
i+j=2 k+h=2
odd, j odd k odd, h odd
m n
i kB
E E bijoaknor TN
i+j=2 k+h=1
odd, j odd k even, h odd
m n
E E bijoarnar RN,
i+5=0 k+h=1
even, j even k odd, h even
i+j+k+h
E E bijoaknor TN
i+7=1
even, j odd k odd h odd
m m
E E bijobrnor IR
i+5=0 k+h=2
even, j even k odd, h odd
m m
E E bijobrnor IR
i+j=2 k+h=0
odd, j odd k even, h even
m m
E E bijobrnor IR0
i+ji=1 k+h=1

odd, j even k even, h odd
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m m
i+j+k+h—1 A

E E bij2bkp,2r'™? Qijrn
i+j=1 k+h=1
even, j odd k odd, h even

m l

i+7+k+h

E E bij2aknar TR e,

i+j=0 k+h=1
even, j even k even, h odd

<.

<.

m l
E E bijoagn 17 IR,
i+j=1 k+h=0
i even, j odd k even, h even
m
E E bijoaknar IR R e,
i+7=1 k+h=2
i odd, j even k odd, h odd
m l
E E bijoagn 1 IR R,
i+j=2 k+h=1
i odd, j odd k odd, h even
l n
i+j+k+h+1
E E i gnor PRI
i+j=1//i even, j odd  k+h=1
k even, h odd
l n
g E aijragpor TR
i+j=1 k+h=1
i odd, j even k odd, h even
l
i+j+k+h+17
E E ijagnor TR
i+j=2 k-+h
i odd, j odd k odd, h odd
l m
E E @ij1brnor IR,
i+5=0 k+h=1
i even, j even k even, h odd
l m
E g aij 1bgnor IR U,
i+j=1 k+h=0
i even, j odd k even, h even
E E ij1bn o IR
i+j=1 k+h=2
i odd, j evenk Odd h odd
E g @ij1bgnor TITETRT
i+j=2 k+h=1
i 0dd, j odd k odd h even
l l
E g aijragpar IR
i+75=0 k+h=2

<.

even, j even k odd, h odd

15



16 S. ELLAGGOUNE, S. BADI EJDE-2016/318

l l

+ Z Z ija Qg r IRy,
iti=1 kth=1
i even, j odd k odd, h even
l l
+ Z Z aij,lakh,lrz+J+k+h+lVijkh} .
itj=1 kth=1

i odd, j even k even, h odd

Finally, we obtain Hy(r) + Ha(r) is a polynomial in the variable r? of the form
Hy(r)+ Ha(r) = T{Pl (r?) + 2 Py(r?) + 7"4P3(1“2)}7

where P;(r?) is a polynomial in the variable r? of degree

= {20+ B = 1y Bom) + O) = 1y 106 + OC) = 2
m—1, [E(Zn)]’ [E<m> +2O(n) — 1]}7

P»(r?) is a polynomial in the variable r? of degree

E(m)+0(n) — 3] [O(m) + E(n) — 3} [O(n) +0() — 2}
2 ’ 2 ’ 2 ’

A2 = max {O(n) -1,

{1, m) — 2, (20 O) =3y Om) 4 BQ) =3 B(n) +0(m) =3,

P;(r?) is a polynomial in the variable r? of degree
E(n) + E(l) — 4}
2 )

where O(3) is the largest odd integer less than or equal to i, E(i) is the largest even
integer less than or equal to ¢ and [-] denotes the integer part function. Then

Az =]

1
Foy = %r [Pl(rz) + 7‘2P2(T2) + 7’4P3(7’2) .

To find the real positive roots of Fyy we must find the zeros of a polynomial in 2 of
degree A = max{\1, A2 +1, A3+ 2}. This yields that Fyo has at most A real positive
roots. Hence, the Theorem [T.2]is proved.

Moreover, we can choose the coefficients a;; 1, a;j,2,bij2, Cij1, Cij2, dij2 in such
a way that F5y has exactly A real positive roots. In fact, we consider the example

t=y—c(l4+zy— 222 — )y — 52(—2my — yz)y,

. 2 2 2 2 (42)
y=-—z—¢c(dzy+ (—2° —yy) —e" (" —y+ (—vy +y~ — 2)y),

in polar coordinates. System becomes
r=ce [ — cos(0) sin(0)r + (sin(#) — 4sin?(0) cos(6))r? + 2sin(0) cos®(0)r®
+ €2 {sinz(ﬁ)r + (—sin(#) cos?(8) + sin?(#) cos(8))r? + (2 cos(8) sin(h)

+ 3 cos?(0) sin?(0) — 2 cos® —(0) sin(h) — sin(0))r?|,
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0=—-1+¢ {1 — cos?() — 4sin(0) cos® r 4 (cos(0) sin(6) + 2 cos™(0)
— 2cos? (9))7“2} + &2 |:COS(6‘) sin(f) + (— cos®(#) + sin() cos*(0))r
+ (3sin(f) cos®(0) — 3cos(f) sin(6) — 2 cos? () + 3 cos®(6) — 1)7‘2} .

Taking 6 as the new independent variable, this system becomes

% =eF(r,0) + 52F2(r, 0) + 0(53),

where

Fi(r,0) = cos()rsin(h) — r?sin() — 213 sin(f) cos®(0) + 472 sin?(0) cos(),

Fy(r,0) = cos(s)rsin(s) — r?sin(s) — cos®(s)rsin(s) — 4sin(s)r° cos’ (s)
+ 475 sin(s) cos®(s) — 6r* sin(s) cos*(s) 4 67 sin(s) cos?(s)
— 183 sin(s) cos®(s) — 2sin(s)r® cos(s) 4 20 cos® ()73 sin(s)
+ 212 sin(s) cos?(s) — r* sin?(s) cos(s) + 1671 sin?(s) cos®(s)
— 215 sin?(s) cos?(s) — 82 sin?(s) cos®(s) + 213 sin?(s) cos?(s)
+ 13 sin?(s) — rsin®(s) + 3r? sin?(s) cos(s) — 8r* sin?(s) cos®(s).

We have that Fio(r) is identically zero, so to look for the limit cycles, we must solve
the equation Fy(r) = 0 which is equivalent to

This equation has exactly the two positive roots
1 1 1 1
= IV V2 m= SV VR

So system (4.2)) has exactly two limit cycles bifurcating from the periodic orbits of
the linear center & =y, y = —=.

5. APPENDIX

In this appendix, we recall some formulae used during this article; for more
details see [I]. For ¢ > 0 and j > 0, we have

27 .p - .
/ cos' (6) sin+2(0)df = moy;  if 4 eVGTL j even,
0 0 otherwise,

2m
/ cos'(0) sin?2(0) cos((2h)0)dd = 0 if i odd or j odd, h =0,1,2,...
0

27 B g - .
/ cos' (6) sin’ 1 (6)d9 = {”@f if ¢ even, j odd,
0

0 otherwise,

2m . . » f . .
0

0 otherwise,

27 e .
/ cos"™(0) sin? () x 0dH = g At eveJ.a, Jevet
0 0 otherwise,
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2m - o )
/ cos'(6) sin+1(6) x 6d6 = {mm if i odd, j even,
0

0 otherwise,

/ 7 costL(0) sin 1 () — | T 17 0dd, jodd,
0 0 otherwise,

/27r cos’(0) sin?2(0) cos((2h + 1)6)df
0

7B} if i odd, j even, h=10,1,2,...,n
7B ifiodd, jeven, h=0,1,2,...,m
7B if i odd, j even, h=0,1,2,...,1

0 otherwise,

/27r cos'(0) sin?*2(0) sin((2h + 1)6)d6
0

TI'A?th if i even, j odd, h =0,1,2,...
Tl'/i?;"+1 if i even, j odd, h=10,1,2,...,m
Wﬁfjhﬂ if 1 even, j odd, h=0,1,2,...,1
0 otherwise,

/ o cos'(0) sin?2(0) sin((2h)6)do
0

ﬁCizjh if 1 0odd, j odd, h=0,1,2,...,m

= qwC? ifiodd, jodd, h=0,1,2,...,1
0 otherwise,
2m
/ cos (6) sin*1(0) sin((2h + 1)0)d6
0
WD?th if i even, j even, h =0,1,2,...,n
B 77151-2;1“ if 1 even, j even, h=20,1,2,...,m
B ﬂf)?f“ if ¢ even, j even, h=10,1,2,...,1
0 otherwise,

/27T cos’(0) sin? 1 (0) cos((2h + 1)6)db
0

TEXT if i odd, j odd, h=0,1,2,...,n

~ij
B ﬂEfth ifiodd, jodd, h=0,1,2,...,m
| @EZT ifiodd, jodd, h=0,1,2,...1
0 otherwise,
7rF1v2jh if i even, j odd, h =0,1,2,...,n
27 2h  ep - .
i j Fgroif dd, h=0,1,2,...
/ cos' () sin? 1 (6) cos((2h)0)df = { " A £ evell, J 0cd, 1,2,...,m
0 ﬂFij if i even, j odd, h=0,1,2,...,1
0 otherwise,
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o WGf]h if 1 odd, j even, h=0,1,2,...,m
/0 cos’ (0) sin? 1 (0) sin((2h)0)do = wé?ﬁ ifi odd, j even, h =0,1,2,...,1

0 otherwise,
2
/ cos™1(0) sin? 1 (6) sin((2h + 1)0)d6
0

wath ifiodd, j even, h=0,1,2,...,n
Wﬁfjﬁ“ if i odd, j even, h=0,1,2,...,m
wIA{fj"H if i odd, j even, h =0,1,2,...,1

0 otherwise,

cos'(0) sin? 1 (6) cos((2h + 1)0)d6

O\w
3

2P if i even, j odd, h =0,1,2,...

n
) wMY ifieven, jodd, h=0,1,2,...,m
N 71'1?]“1 if 1 even, j odd, h=0,1,2,...,1
0 otherwise,
K ifiodd, jodd, h=0,1,2,...,n
2 oh i - .
- , Kz if i odd dd, h=0,1,2,...
/ cos™1(0) sind T (6) cos((2h)0)d0 = { " g 1 ¢ O T OCG BEA L2
0 nK;' ifiodd, jodd, h=0,1,2,....1
0 otherwise,
o WL?]-h if ¢ even, j even, h=0,1,2,...,m
/ cos(0) sin? 1 (0) sin((2h)0)do = wifj’-’ if i even, j even, h=0,1,2,...,1
0 0 otherwise,

. . oS 2h+1 A2h+1 A2h+1 2h+1 R2h+1 H2h+1 2h  2h

where «ij, Bij, Vij,0ij, Aij ) Aij ) Aij ) Bij ) Bij ) Bij ’ Cij ) Cij )

2h+1 Nn2h+1 A2h+1 2h+1 r2h+1 12h+1 2h+1 [2h+1 2h+1 2h /2R

D” 9 D” 9 -D»LJ ) E” ) EZJ 9 EZJ I FzJ ) F»L] 9 F»LJ 9 Gz] ) Gz] 9
2h+1 rr2h+1 ‘72h+1 2h+1  72h+1 72h+1 2h r2h -2h 2h 7 2h

HZ™ HG ™ HG 7 15 L, L, K, KRG KG L and Lj;' are

zj ) ’Lj ) 17
non-zero constants.

2m
/ cos™ P HL(9) sind T3 (6)de
0

mM;jin  if @ 0odd, j even, k even, h odd,
= wMijkh if ¢ even, j odd, k odd, h even,

0 otherwise,
27
/ cosTFHL(9) sind T2 (6)d6
0

mNijpn  if 7 0odd, j even, k even, h even,
or i even, j even, k odd, h even,
= wNijen  if i odd, j odd, k even, h is odd,
mNijen if i even, j odd, k odd, h odd,
0 otherwise,
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2m
/ cos'T*(0) sin? T 4(9)dp
0

wPijen  if 4 odd, j even, k odd, h even,
W]Bijkh if 7 even, j odd, k even, h odd,
7Pijrn  if i odd, j odd, k odd, h odd,
0 otherwise,

2m
/ cos'TFHL(9) sind T (9)dh
0

mQijkn if 7 even, j even, k odd, h odd,
or ¢ odd, j odd, k even, h even,
WQijkh if 7 even, j odd, k odd, h even,
or 7 odd, j even, k even, h odd,

0 otherwise,
27
/ cos'T*(0) sin? T +3(0)dh
0

mR;jrn  if ¢ even, j even, k even, h odd,

or 7 even, j odd, k even, h even,
= ﬂRijkh if 7 odd, j even, k odd, h odd,
or ¢ odd, j odd, k odd, h even,

0 otherwise,
2T
/ cos T +2(9) sin? T2 (6)d
0

mTijrn  if © even, j odd, k even, h odd,

m1ikn  if © odd, j odd, k odd, h odd,

0 otherwise,
2
/ cos T +2(9) sind T (9)d
0

wUsjkn  if @ even, j even, k even, h odd,

or ¢ even, j odd, k even, h even,
= wlUijen  if i odd, j even, k odd, h odd,
or ¢ odd, j odd, k odd, h even,

0 otherwise,
2m
/ cos'TFHL(9) sind T F3(9)dh
0

mVijen if © even, j even, k odd, h odd,
ﬂﬁjkh if 7 even, j odd, k odd, h even,
or i odd, j even, k even, h odd,

0 otherwise,

mTijrn  if ¢ odd, j even, k is odd, h is even,

EJDE-2016/318
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where M;jrn, Mijin, Nijkhs Nijkn, Nijehy Qijin, Qijkns Pijkns Pijkns Pijin, Rijrn,
Rigkh, Tijin, Tijkn, Tijin, Usjkn, Uijkn, Vijkn, Vijen are non-zero constants.

Conclusion. This article concerns the second part of the 16th Hilbert problem in
which we study the bifurcation of limit cycles from the periodic orbits of a linear
center when we perturb it inside a general class of all polynomial differential sys-
tems. We provide an accurate upper bound of the maximum number of limit cycles
that this class of systems can have and we give an example which illustrates that
this bound can be reached. We would like to stress that although this work ulti-
mately focuses a general class of polynomial differential systems, the “Averaging
method” summarized in section 2 can be adapted to the study of other polyno-
mial systems. However, the difficulty lies in the complicated form of the averaged
function of second order obtained when the first order one is identically zero. The
bifurcation of limit cycles from isochronous center will be the subject of a future
work.
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suggestions which help us to improve the presentation of this article.
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