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SIGN-CHANGING SOLUTIONS FOR ASYMPTOTICALLY
LINEAR SCHRODINGER EQUATION IN BOUNDED DOMAINS

SITONG CHEN, YINBIN LI, XIANHUA TANG

ABSTRACT. In this article we study the Schrédinger equation
—Au = f(z,u), z€Q, wucHIN),

where Q is a bounded domain in RY and f(z,u) is asymptotically linear at
infinity with respect to u. Inspired by the works of Salvatore [14] on sign-
changing solutions, in which f(z,u) is asymptotically linear at zero with re-
spect to u, we prove, via the constraint variational method and the quantitative
deformation lemma, that the equation possesses one sign-changing solution
with exactly two nodal domains.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we consider the Schrédinger equation
—Au= f(z,u), x€Q,

u € HL(Q), (L.1)

where Q is a bounded domain in RY and f: Q x R — R is continuous. The main
aim of this paper is to find sign-changing solutions of when f is asymptotically
linear. Precisely, we assume that f satisfies the following assumptions:
(Al) f € C(QxR), F(z,t) :== fot f(z,s)ds > 0 and f(z,t) = o(|t]) as |[t| — O,
uniformly in x € ;
(A2) f(z,t) = Vo (2)t + f1(2,1), Voo € C(Q), and fi(x,t) = o(|t]) as [t| — +o0,
uniformly in x € §;
(A3) t— f(x,t)/|t| is strictly increasing on (—o00,0) U (0, 00) for every = € €;
(Ad) F(z,t) := 1 f(z, t)t — F(z,t) — +00 as t — +oo uniformly in z € (.
The nonlinear Schrédinger equation is of interest in many branches of physics.
As we know, the solutions of problems like are related to the existence of
standing wave solutions for nonlinear Schrédinger equation like

ih% = WAV +V(2)¥ — f(z,¥) forall z € Q, (1.2)

where  is a domain in RY, 2 > 0 and ¥ is the amplitude of the wave. Equation
(1.2) is one of the main objects of quantum physics, for it appears in problems
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involving nonlinear optics, plasma physics and condensed matter physics, see An-
derson and Bonnedal [I], Chen [6], Chiao et al [§], Gatz and Herrmann [9], Karlsson
[10], Sodha et al [17], Stuart [19] and the references therein.

In recent years, problems like have been widely studied under variant as-
sumptions on f, and the existence of positive solutions, ground state solutions,
multiple solutions and semiclassical states were obtained in many papers, see for
example [3, [7, 12 13} 20, 21], 22 25, 26] and the references therein. When f is
superlinear at infinity in u, the existence of sign-changing solutions of was
established by Bartsch, Liu and Weth in [2]. For more discussions on the existence
of sign-changing solutions of 7 in this case, we refer the readers to [4] [5 1], 27]
and the references therein. When f is asymptotically linear at zero in u, that is, f
satisfies the condition:

f(z,1) f,t)
t

< lim sup B < pg  uniformly for z € §, (1.3)

< liminf
= t—0 t—0

where {/1;} is the sequence of eigenvalues of the Schrodinger operator —A+V (z) and
V is a linear potential, Salvatore [14] proved the existence of sign-changing solutions.
Note that conditions (A1) and (1.3)) are quite different and were considered in
different situations. To the best of our knowledge, there are no works concerning
the least energy sign-changing solutions for Problem with asymptotically linear
case at infinity, and it is an interesting problem.

Let H'() be the usual Sobolev space with the standard scalar product and
norm

(u,v) z/(Vqu—i—uv)dac7 [ ]|? :/ (IVul* + u?) dz.
) Q

Define the energy functional ® : H}(Q2) — R by

<I>(u):%/Q|Vu|2da:—/QF(x,u)da:. (1.4)

Conditions (A1) and (A2) imply that ® is a well-defined of class C'* functional, and
that

(@’(u),(p)z/QVquadx—/Qf(w,u)godx, Yu, p € Hy(Q). (1.5)

Clearly, critical points of ® are the weak solutions of (l.1)). Furthermore, if
u € H} () is a solution of (T.1)) and u* # 0, then v is a sign-changing solution of

, where
ut(z) = max{u(x),0}, u (z):=min{u(z),0}.
Using and , it is obvious that
O(u) = @(u’) + P(u”),
(@' (u),u”) = (@' (uh),u’), (®(u),u”) = (P (u"),u”).

To obtain a sign-changing solution of (|1.1]), we first seek a minimizer of the energy
functional ® under the constraint

M= {ue Hy(Q) :u™ #0, (' (u),u™) = (' (u),u”) = 0},

then show that the minimizer is a sign-changing solution of ([1.1)).
To state our results, we make the following assumption:
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(A5) infreq Voo (z) > p := inf e max{||Vu™||3, ||[Vu~||3}, where
IT:= {u e HY Q) : ut #0, / lu®?dz = 1}.
Q

Let A\; be the first eigenvalue of —A, then for any u € Hg () and u # 0,
[Vull3

lull3
_ Vet )3 + Ve~ |i3
[ut I3 + w3

2
< oo max{ [ Va3, [ Ve~ )3}
[[ut 3 + lu~ 13 ” ’

A <

By the definition of x and (A5), one has A\ < p < 4o0.

Remark 1.1. Using (A1) and (A2), it is obvious that for any € > 0, there exists
C. > 0 such that

o) < eltl + ClP~t and [P, 0] < e+ Coltp (1)

for all (z,t) € @ x R, where 2 < p < 2* = 2. Furthermore, (A1) and (A3) imply
1

§f(x,t)t>F(gc,t) >0, Vit#0, ze (1.7)

It follows from (A1)—(A3) and (A5) that

x,t
f1(|t|’ ) — —Vel(z) <0 aslt|—0,
t
t h (|f|’ ) is negative, strictly increasing on (—o0,0) U (0, 00),

which, together with f1(z,t) = o(|t]) as |t| — oo uniform in z, yields
tfi(z,t) <0, Vt#0. (1.8)

Theorem 1.2. Assume (A1)—(A5) are satisfied. Then (1.1) has a sign-changing
solution uw € M such that ®(u) = infa ® > 0, which has precisely two nodal
domains.

Now, we give an example to illustrate the feasibility of assumptions (A1l)-(A5).
Let

Flz,t) = -
(1) = =5=1 1+ [t

),VzeQ, teR,

where a € (0,2), Voo € C(2), infq Vo > p. By elementary computations, it is easy
to check that f satisfies (A1)—(A5).

The main tools this article are the minimization argument and the quantitative
deformation lemma. We must point out that the difficulty in proving Theorem
is to show that M # () and the minimizer is a critical point of ®.

This article organized as follows. In Section 2, we prove several preliminary
lemmas. The proof of Theorem will be given in the last section.
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2. PRELIMINARIES

In this section, we prove that the minimizer of the energy functional ® under
the constraint M is a critical point. To this end, we show M ## () with the aid of
an important behavior of strictly increasing functions.

Lemma 2.1 ([20, Lemma 2.3]). Suppose that h(x,t) is strictly increasing in t € R
and h(z,0) =0 for any x € RN. Then

— 62 T
! 29 h(z,T)T|7| >/ h(z,s)|s|ds, VO €[0,1)U (1,00), 7 € R\{0}.

or
Lemma 2.2. Suppose that (A1)-(A3) are satisfied. Then for any u=u* +u~ €
HYQ) with ut #0, s,t>0and (s — 1)+ (t —1)2 £ 0,

i _ 1— g2 , i 1 —¢t2 , _
O(u) > P(su™ +tu”) + (D' (u),u™) + 5 (D' (u),u™). (2.1)
Proof. For any z € €2, from (A3) and Lemma [2.1]it follows that
1— 62 i
5 fla,m)T> f(x,é“)d& V0 €10,1) U(1,00), 7 € R\{0}. (2.2)

By (1.4 .,and. foranyufu++u € H}(Q) with u* #0, s, t > 0 and
(s —1)%+ 1)? # 0, we have

D(u) — @(su +tu")

1 1
f/ |Vu|2dx—/F(z,u)dx—F/F(z,su++tu7)dx—7/ IV (sut + tu™)|*dz
2 Ja Q Q 2 Ja

2 2

_/t: f(x,ﬁ)df}dx+/g[1—232f(x7u+)u+_/8: f(m,«f)dg}dx

— @)+ @ )+ [ [ e

1—s2 1— ¢t
> = (@ (), ) + —— (@ (), u ).
This shows that (2.1]) holds. O

From Lemma we have the following two corollaries.

Corollary 2.3. Suppose that (A1)—(A3) are satisfied. Then for anyu =ut +u~ €
M,

O(u) > ®(su® +tu”), Vs, t>0.
Corollary 2.4. Suppose that (A1)—(A3) are satisfied. Then for anyuw =u"+u~ €

M,
O(ut +u") = mg}({)@(su*' +tu”).

Define the set
Ey={ue Hj(Q): |Vu*|3 7/ Voo (2)[u*|?*dz < 0}. (2.3)
Q

Lemma 2.5. Suppose that (A1)—(A3), (A5) are satisfied. Then Ey # () and M C
Ey.
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Proof. In view of (A5), the definition of y implies that there exists v € II such that

info Ve —pp infq Voo +p

max{|| Vo3, [Vo~ |3} < p+ 5 = >

It follows that
Vo1 = [ Vel Pde < max{ Vo 3,907 3} inf Vac
Q

— ian Voo
- 2
Hence, we have v € Ey. This shows that Fy # () because of (A5). Moreover, by
(1.5) and (1.8), we can easily derive that for any u € M,

|Vu*|3 f/QVOO(x)\uiFd:v = /Qfl(x,ui)uidx < 0.

This shows that M C Ej. O

< 0.

Lemma 2.6. Suppose that (A1)—-(A3), (A5) are satisfied. If u € Ey, then there
exists a unique pair (s,,ty) of positive numbers such that s,u™ + t,u~ € M.

Proof. Let
s) 232/52|Vu+|2dx—/ﬂf(3:,su+)su+dx, (2.4)
=12 uw”|2de — u )tu dx. .
ou(t) = [ [V Pz = [ fla )t (25)

Clearly, ¢1(0) = ¢2(0) = 0. Using (A1), (A2), (1.6) and (2.3), we conclude that
g1(s) > 0 for s > 0 small, and

s):s2/ \Vu+|2dx—/ f(z,sut)sutdx
Q

:52/[|Vu+\2— / Nl@su®) yzar < o
Q

for s large. From the continuity of g;(-), there is a s, > 0 such that gl(su) = 0.
Using (A3), it is easy to verify that s,, is unique. Then it follows from (1.5)) and (2.4)
that (®'(s,u™),u™) = 0. Similarly, there is a unique ¢, > 0 such that g2(ty) = 0,
and so (®'(t,u"),u”) =0. O

Lemma 2.7. Suppose that (A1)—-(A3), (A5) satisfied. Then

inf ®(u) =m = inf max ®(su’ +tu").
ueM u€Ey s,t>0

Combining Corollary 2.4} Lemmas [2.5 and [2.6] we obtain the proof of the above

lemma.
Lemma 2.8. Suppose that (A1)—-(Ab) are satisfied. Then m > 0 is achieved.

Proof. Let {u,} C M be such that ®(u,) — m. Next, we prove that {u,} is
bounded in Hi(f2). Arguing by contradiction, suppose that |u,| — oo. Let
Up = Up/|tn|, then |Ju,|| = 1. By Sobolev imbedding theorem, passing to a
subsequence, we may assume that there exists v € Hj () such that v,, — v weakly



6 S. CHEN, Y. LI, X. TANG EJDE-2016/317

in H}(Q), v, — v strongly in L*(Q2), 2 < s < 2*. If v = 0, then v,, — 0 in L*(Q),
2 <5< 2% Fix R> [2(1+m)]*/2, by (L.6), one has
limsup/ F(z,Rv,)dz < R% lim |v,|5 + RPC. lim ||v,|/? = 0. (2.6)
Q n—oo n—oo

n— oo

Let t, = R/||u,||. Then by (2.6) and Corollary one has
m = ®(u,) +o(1) > ®(t,u,) + o(1)

2
_ © | - / Fa, toun)dz + o(1)
Q

R2

— = / F(z, Ru,)dx + o(1)

2 Q

R2
= ?Jro(l) >m+14o0(1),

which is a contradiction. Thus v # 0.
For z € Qp := {y E 0 wv(y) # 0}, we have lim,,_, |un(z)| = co. Thus, from

., ., A3), ) and Fatou’s lemma it follows that
1 ~
m+1> lim [@(un) — 7<<I)’(un),un>] > liminf F(z,u,)dz = +o0.
n—00 2 n—oo Joo

This contradiction shows that {||u,||} is bounded. Hence, passing to a subsequence,
there exists u € H(Q) such that uf — u* weakly in Hi(Q), uX — u* strongly in
L*(Q), 2 < s < 2*. Since u,, € M, we have (®'(u,),ul) = 0. In view of and
Sobolev embedding theorem, there exists C7 > 0 such that

1 -
e |1* = /Qf(x,u;f)uidw < Sl + Cullu 1 11572,

1 »
[ trde > ()7

By the compactness of the embedding H{ () — L*(Q2) for 2 < s < 2%, we obtain

~ 1 | »_
u p—2
/Q | (201)
Thus, u* # 0. Moreover, (A1), (A2) and [24, A.2] imply

which implies

lim f( ufdxz/f(x,ﬂi)ﬁidx, (2.7)

lim Fa:u dx—/Fa:u (2.8)
lim [ fi(z,ub)ulde = / fi(z, uF)utde. (2.9)
n—oo Q

From (1.8)), (2.9) and the weak semicontinuity of norm, we have

||vai||§—/Qvoo(x)|ﬁi|2dxSlinniggf{ﬂvuﬂg_/Qvoo(x”“fﬁdx}

=liminf [ fi(z, u;)uyds
Q

n—oo

= / fi(z, a5 )utde <0,
Q
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which shows that u € Ey. By Lemma there exist s > 0 and ¢, > 0 such
that sout + tou~ € M and ®(sou™ + tot~) > m. By (L.5), (2.7) and the weak
semicontinuity of norm, we have

<@mﬂﬂzwwtjjm#m%x

@ (2.10)

< liminf {||uff||2 - / f(x,uf)ufdx} =0.
n—oo Q

From (L.4), (L5), 1), .7), (2-10), Fatou’s Lemma and Lemma[2.7]it follows that

m = nlLII;O [®(un) — 1(@/(un),un>] = nleréo/Q [%f(x,un)un — F(z,u,)]dz

2
= lim [lf(x,ﬂ)ﬂ—F(x,ﬂ)]dx:(P(ﬂ)—1@)’(6),17)
I B TN B B D
> B(sou” +tou”) + (@ (u),u™) + ('(a),u”) - 5(@(a), u)
2 2
> m - (0@, 7) - 2@/ (@, 7).
This implies that w € M and ®(u) = m. O

Lemma 2.9. Suppose that (A1)—(Ab) are satisfied. If 4 € M and ®(4) = m, then
4 1s a critical point of ®.

Proof. Assume that & = 4" +4~ € M, ®(a) = m and ®'(4) # 0. Then there exist
6 >0 and A > 0 such that

@' (u)|| > A, for all [|u—a| <36 and u € H} ().
Let D = (1/2,3/2) x (1/2,3/2). It follows from Lemma [2.2] that

X = (S%zé:)a(D(I)(qur +tuT) < m. (2.11)
For € := min{(m — x)/3,A6/8}, S := B(4,9), [24, Lemma 2.3| yields a deforma-
tion n € C([0,1] x H(£2)) such that
(1) n(1,u) = if ®(u) < m — 2e or ®(u) > m + 2¢;
(ii) n(1,®™* N B(4,d)) C ™ ¢;
(iii) @(n(1,u)) < ®(u) for all u € HJ ().
We claim that

max_ ®(n(1,sat +ti7)) < m. (2.12)
(s,t)eD
Indeed, by Lemma and (iii), we have
O(n(1,sat +ta7)) < d(stt +ta7) < ®(a) = m, (2.13)

for all s,t >0, |s — 1% + |t — 1|2 > §2/||a|.

On the other hand, by Corollary we have ®(sat + ta~) < ®(4) = m for
s,t >0, then it follows from (ii) that

O(n(l,sat +ta")) <m—e, Vs,t>0,|s—1>+[t—1><*/||al*>. (2.14)

Both (2.13) and (2.14) imply that (2.12) holds. Define h(s,t) = sa™ + ta~. We
now prove that (1, h(D))NM # (0, contradicting to the definition of m. We adopt
the idea from [16]. Let 5(s,t) := n(1, h(s,t)) and

Wo(s, 1) 1= (@' (h(s, t))it, & (h(s, )i~ ),
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1 1 _
\111(8, t) = (;‘b/(ﬁ(& t))(ﬁ(sa t))+7 ;q)l(ﬁ(& t))(ﬁ(sv t)) )
By Lemmaand degree theory, we can derive that deg(W¥y, D,0) = 1. From (2.11]
and (i) it follows that § = h on 9D. Consequently, deg(¥y, D, 0) = deg(¥y, D,0) =
1, and so, ¥y (sg,tp) = 0 for some (so, o) € D, that is n(1, h(so,t0)) = B(s0,t0) €
M, which contradicts (2.12)). From this, we conclude that @ is a critical point of
. O

3. SIGN-CHANGING SOLUTIONS

Proof of Theorem[I-3 In view of Lemmas 2.8 and [2.9] there exists a u € M such
that ®(u) = m and ®'(u) = 0. Now, we show that u has exactly two nodal domains.

Set u = ug + uz + ug and (®'(u),u;) =0 (i = 1,2,3), where
up >0, up<0, YN =0, usloua =0,
Qi={zeQ:u(x) >0}, Qo:={reQ:ux) <0},
and Q1, Q5 are connected open subsets of €.
Let v = uj + ug, then v+ = uy, v~ = ug, v¥ # 0 and (®’(v),v*) = 0. By (1.4),
(L.5), (1.7), (2.1), (3.1) and Lemma we have
1

(3.1)

m = B(u) = Bu) — 3 (@'(u), u)
= B(0) + Blug) — 3 [(@(0),0) + (' (u5), us)]

1—
> sup {®(svT +tv7) +
5,6>0 2

+ Blug) — L@ (0), ) + (¥ (u3), 3

1
= sup ®(sv +tv7) + / (= fz,ug)us — F(z,us)|dz > m,
5,60 o 2

which shows that uz = 0. Therefore, u has exactly two nodal domains. (I
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