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CONNECTION OF TWO NONLINEAR DIFFERENTIAL
EQUATIONS WITH A TWO-DIMENSIONAL HARDY
OPERATOR IN WEIGHTED LEBESGUE SPACES
WITH MIXED NORMS

ROVSHAN A. BANDALIYEV

ABSTRACT. In this article we study a connection between two nonlinear differ-
ential equations with a two-dimensional Hardy operator in weighted Lebesgue
spaces with mixed norm. In particular, it is proved that the weight functions
which are the coefficients of nonlinear differential equations are included in the
estimate of the two-dimensional Hardy operator in this space.

1. INTRODUCTION

In the modern theory of the equations of mathematical physics the functional
analysis methods, founded in the classical works of Hilbert, are widely applied.
In the study of elliptic equations, embedding theorems play an important role,
and been studied by several mathematicians; see for example [I2]. The study of
the embedding theorems in arbitrary open sets in R™ requires investigation of the
multidimensional Hardy operator, and there is a need an estimates of this operator
in various function spaces, among which the weighted Lebesgue spaces are very
important. On the other hand, the multidimensional Hardy operator has numerous
applications in the spectral theory of operators, in the theory of partial differential
equations, in the theory of integral equations, in the theory of function spaces and
ete. see [12, [10, [7] and the references therein). In the one-dimensional case, we refer
to the well-known monograph [9]. A systematic study of the Hardy inequality was
carried out in [4, [T4] [T5] 13} [6] [10] and references therein. Note that in [4] [14] [15]
the Hardy inequality in its equivalent differential form

([ i@l ue ) <o [T ir@puwa)”
£0) = (+0) = 0

was connected with the Euler-Lagrange differential equation. In particular, in [I4]
and [I5] a necessary and sufficient condition on weight functions for validity
was obtained in the case p = ¢q. The study of the case with different parameters
p and q was started in [6] and developed in [10], [I2] and etc. In the case p # ¢
the other type criterion on weight functions for validity was obtained in [§].

(1.1)
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Namely, in [8] the inequality was connected with nonlinear ordinary differential
equation in weighted Lebesgue spaces.

In this paper we prove a connection between two nonlinear differential equations
with a two-dimensional Hardy operator in weighted Lebesgue spaces with mixed
norm. In other words, we prove that the weight function involved in the definition of
the weighted Lebesgue spaces with mixed norm connects these differential equations
with a two-dimensional Hardy operator in this space.

This article is organized as follows. Section 2 contains some preliminaries along
with the standard ingredients used in the proofs. The main results are stated and
proved in Section 3.

2. PRELIMINARIES

Let 1 < p1,p2 < oo and pi(t), p2(t) be weight functions, that are, Lebesgue
measurable, positive and a.e. finite functions on (0,00). Let p} = p/pj'l and ¢ =
q_qil, where i = 1,2. Throughout this article we assume that the functions are

Lebesgue measurable. Now we define the weighted Lebesgue spaces with mixed

norm. Let (0,00)? = (0,00) x (0,00) and f is an arbitrary real function on (0, c0)?.

Definition 2.1 ([5]). We denote by Ly, p, p1 ps)[(0,00)?] the space of all measur-
able functions f on (0,00)? such that the mixed norm

st = ([ 1@l pa(an)den /7 pas)ios)

is finite.

1p2

The variable Lebesgue space with mixed norm was introduced and studied in
.
We denote by C'(0,00) the space of continuously differentiable functions on
(0,00). The set of all locally absolutely continuous functions on (0, 00) is denoted
by AC16c(0, 00).

Let v;(t),w;(t) be weight functions defined on (0, 00), v; € C1(0,00) and \; > 0,
where ¢ = 1,2. We consider two nonlinear differential equations

M ([ [ (0] ) + () (]2 =0, (21)
o 5 (a0 =/ [ (0]52/7%) + eon (1) (]2 =0, (22)

where
yi(t) > Oa y;(t) >0 (t > 0)7 y; € ACloc(Ov OO), i= 1; 2. (23)

We say that a pair of functions (y1(t), y2(t)) is a solution of problem ([2.1))-(2.3),
if these functions a.e. on (0,00) satisfy the equations (2.1), (2.2) and condition

(2.3). We denote y;(0) = lims—, 1o y;(t), s = 1,2.
First we prove the following theorem.

Theorem 2.2. Let 1 < p; < ¢; < 00 and v;(t),w;(t) be weight functions on (0,00),
v; € C1(0,00), A\i > 0, where i = 1,2. If the problem (2.1)-(2.3) has a solution
(y1(t), y2(t)) then the inequality

0%u

633167}2 ||L(F1,p2,v17v2) [(0,00)2]

1 1
1024y 000071 < A0 (2.4)
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holds, where u : (0,00)? — R is an arbitrary absolutely continuous function of two
variables satisfying condition

u(z1,0) = t2lini0u(x17t2) =0

. 2.5
u(0,x2) = tlanJer u(ty,x2) = 0. (2:5)

Proof. Tt is well known that for any absolutely continuous function of two variables
the representation

u(z1,z2) = u(0,0) _|_/ Mdal _|_/ Mdag
0 Oa aq 0 80[2

2 ala 042
———~2dand
/ / Doy M

is valid (see [I1]). Obviously, condition ([2.5)) implies «(0,0) = Um ., 40 u(t1,t2) =
to—+0
0. Therefore, by (2.6) and , we have

xr
u(zy, * Ou(an, 09) —— Zdoda
1,%2) ajdas.
’ 80418012

Note that the last integral representation defines the two-dimensional Hardy oper-
ator.

Let a vector function y(x1,z2) = (y1(z1),y=2(x2)) be a solution of ([2.1))-(2.3).
Then by Hélder’s inequality, we have

(2.6)

q1
wi(x1)

‘u(:ﬁ, x2)

= ‘/ / atlatzdtldtQ‘ wl(xl)

= </ / ’8t18t |dt1dt2) wi (1)

:(/ / |3t16t2 (tl)]l/pl[y’l(tl)]‘l/pidtldtz)qlwl(g;l)
= [ (L g e s e
<

z1 1/P} z1 T2 H2 , 1 1/p1
(] wtenan)" ([ ([ gl #a) " i)™ o)
, z1 T2 82u , q1/p1
1/p1 / -1/p} 1
<o) )y ([ g ey an)
d o
= Mg ([ )]/ ) )
z1 T2 H2y, , Y p1 q1/p1
<(f (] Tongm bt vian)"an)
1 d 0 4\ ypi/ar
- ([ [ rg (e e )]

T2 H2y, , —1/p! p1 a1/m
X </0 |m|[l’1(tl)] b dtz) dt1> .
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Integrating both with respect to x; and applying the generalized Minkowskii in-
equality, we obtain

(/Ooo uy, 2)|" wl(arl)d:c1>
<{ [T ([ [~ Mg e
8 (/012 ‘3?12;152|[?/1(tl)]_l/plldtg)pldtl)’“/pldml}pl/ql
= /OOO (/:O _Ald;;ll([vl(xl)]ql/pl [yi(:cl)]%/p’l)
8 (/012 |at812;t2 |[y/l(tl)]fl/”lldtQ)qldxl)pl/“dtl

e 2 82u ’ 1 /9
= t _/pldt P1
| (] I e i)

e d ’ Pl/th
([ Mgt b )" an

P1/q1

< /000 (/0r2 |at81;th ’[yi(tl)]_l/p/ld%)pl [)\1([1)1(151)]‘11/”1 [yi(h)]%)]pl/qldtl

& 2| 92y
:)\Pl/fh/ /
! 0 ( o |0t10ta
:)\Il)l/‘h/oo(/x2
0 0

0%y
We have

110t
e /a1 o0 T2 92y 1/p1
(/0 |u(x1,z2)|q1w1(m1)dx1> gA}/QI(/O (/0 |8t18t2|dt2)plvl(t1)dt1) .

Again applying the generalized Minkowskii inequality, we obtain

(/OOO (/Ox ’a?fgh‘dtgylvl(tl)dtl)l/m

" = 82u P1 1/p1
= /0 (/0 |8t18t2 | U1 (tl)dt1> dts.
Thus,

o 1/q1 1/ Z2 92y 1/p1
@ d < )\ /1 P () dt dts.
(/O lu(z1, z2)|" wi (21) 901) <\ /0 (/0 {815181&2‘ vy (t1) 1) 2

From the above estimate we obtain

P1 , ,
dt2> [yh (1)) 7P/ Pro (t) [y (£0)]P/Pr iy

P1
dtg) U1 (tl)dtl.

92/q1

(/OOO |u($17$2)|q1w1(x1)dx1) wa(22)

To [e'e} 2
2/q 0“u P1 1/p1 q2
S Xf I WQ(xQ)(/O (/0 |M| Ul(tl)dtl) /P dtg) .

Analogously, we have the estimate

T2 oo 62 L 1/ 1 5
w2($2)<A (/0 |8t18ut2 ’p Ul(tl)dt1> ? dtg)q
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(/0 [ [vg(xQ)]lh/pz [y/Q(xQ)]qz/p;)}pz/qg

o0

X( o atlat

/ p2/P1 q2/p2
’pl’Ul tl)[yQ(tg)] 1/p2dt1> dtg) .

Therefore,
o0 q2/q
(/ |u(m1,x2)|q1w1(x1)d:r1> wa(x2)
0
T2 d P2/q2
< \&2/a _ q2/p2
< ([ [ xa g (tmte ) )

> 9% _L p2/p1 q2/p2
< ( / g o ) ) )

Integrating both sides of the estimate with respect to xo and applying the general-
ized Minkowskii inequality, we finally obtain (2.4]). This completes the proof. [

We put

1 ¢ e
M, = pl inf sup /wi(s)(gi(s))’%—’_lds, (2.7)
0

g 9 >0 g;(t) —fot(vi(s))l_p;ds

where the infimum is taken over the class of all measurable functions g such that
t
gi(t) > / (vi(s))'Pids, forallt>0andi=1,2.
0

The following lemma establishes a connection between problem (2.1))-(2.3]) and
M; (i =1,2).

Lemma 2.3. Let \; > 0 be given numbers satisfying the conditions of Theorem[2.2
and the expressions M; be defined by , where i = 1,2. Suppose v; and w; are
weight functions on (0,00) and the derivative v.(t) exists for all t € (0,00). Then
the following statements are equivalent:

(a) if the problem (2.1)-(2.3) has a solution with a locally absolutely continuous
first derivative, then \; > M;;

(b) if M; < 400, then the problem (12.1] . has a solution for every \; > M;,
where 1 = 1, 2.

Proof. Assume that (a) holds. Let y(t) = (y1(t), y2(t)) be a solution of (2.1))-(2.3).

Let us take w; = Z?vl P!, Then the functions w1 (t), we(t) are positive solutions of
the equations
! a1
p =441 L
1) = o))+ (O], (2.8)
a1\
/ p2 L1 1—p!

CI2)\2

wi(t)z/o wi(s)ds = Pi wz(s)(wl(s))p' ds—l—/0 [vi(s)]'"Pids,  (2.10)
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for 4 = 1,2. This implies w;(t) > fot [vi(s)]'Pids and

> P ! , /Owi(s)(wl( ) s, (2.11)

TG w(t fo v;(8))1 ~Pids

From this inequality and (2.7)) we obtain that A; > M; and the proof of (a) implies
(b) is complete.

Now let (b) hold. Let us fix \; > M;, where ¢ = 1,2. By the definition of M;
there exists a measurable functions g;(t) such that

t / t 0]

L H —++1

502 (@) s+ o [weae) e @)
0 4 Ai Jo

We define a sequence of functions wy, ;(¢) (i = 1,2) by setting

wo,i(t) = (1),
wninslt) = [ @) s+ L o))

where n = 0,1,2,.... Also (2.12) implies wp () > w1 (t). We put wy_1,(t) >
wp,i(t). Now we prove that the sequences {w, 1(t)} and {wy, 2(t)} are non-increasing
with respect to n on ¢ € (0,00). We have

(2.13)

2
+
AN

PN o

ds,

/ t q; a;
i %41 L1
wns®) = w4 = P [ (o) twamni(o) 7 = (i) s 2 0
i\ JO
Since wy, ;(t) > 0, the sequences in (2.13]) converge. For i = 1,2, we denote w;(t) :=
lim,, 00 Wy, ;(t). By the Levi monotone convergence theorem it follows that w; is a
nonnegative solution of the equation

A

wi(t):/o(Uz'(S))LP;dS—FqZ_/\i /o WZ(S)(wZ(s))PQ ds,

where ¢ = 1,2. Hence, w; is absolutely continuous and satisfies the differential
equation
i 41

wl(®) = () + Lo 00

Therefore, for any fixed numbers a; > 0 (i = 1,2) the functions

t

yi(t) = exp (/ [wi(S)]_l(vi(s))l_p:‘ ds)

a;

satisfy problem (2.1))-(2.3]). This completes the proof. |

Theorem 2.4. Let 1 < p; < q; < 00, M; < 00, v;(t) and w;(t) be weight functions
n (0,00), where t = 1,2. Suppose C > 0 is the best possible constant, such that

2

0,00)2] < CH (214)

Hu”L(qlqu,wlvwz)[( (933 8117 ||L(p1 2,01, vz)[(o 00)?]»

where u : (0,00)% — R is an arbitrary absolutely continuous function of two vari-
ables satisfying condition (2.5). Then

C S M11/41M21/Q2.
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Proof. We denote 8312{;52 = h(x1,22). Under condition (2.5) we have

Xy T
u(xl,xg) = / / h(tl,tQ)dtldtQ.
0 0
Obviously,

i oo [T T2 @ @ 1/q2
C = sup ( ( ‘ h(tl, tg)dtldtg‘ w1 (Il)dllfl) WQ(SCQ)dIQ) y
0 0 0 0

(2.15)
where the supremum is taken over the class of all measurable functions A such that

° > - p2/pP1 B
/0 (/o |h(z1,22)] ’U1(I1)dx1) vg(xg)day = 1. (2.16)

Assume the contrary. Let C' > Ml1 /o M21 /% Then there exists a number >0
such that C > p > Mll/qlM;/%. Since M; < oo, by Lemma problem (2.1))-(2.3)
has a solution. Therefore, by Theorem [2.2] the inequality

0u

HUHL(ql az,w1,w2)[(0,00)%] = ,LLH 0x10x2 ||L(P1 p2v1,09)[(0,00)?]

holds for all absolutely continuous function u(x1,x2) satisfying (2 . Hence C is
not the best possible constant in (2.14}). This contradiction completes the proof. [

Corollary 2.5. Let
0 i L /P
B; = sup wi(s)ds| (vi(s)) plds} , =12
; 0

z;>0Jg;
Then
) 2
BEBY® < ¢ < MM pgle < H Vai(qy/vhypl/a pliee (2.17)
=1
2
1/q1M1/q2 H( 1/qz ARaZ )C (2.18)

Proof. Let (&1,&2) € (0,00)? and Pee, = {(z1,22) € (0,00)? : 0 < 21 < &,0 <
x9 < &}. We put

’

2 A 1— *1/101' 1—p
Hi:l (fo [Ui(ti)] pid?ﬁi) [’Ul(xl)] Pi,  for (7:1) 3;‘2) € P§152
0, for (z1,x2) ¢ Prye,,

s(r1, @) =

Obviously,
o e p2/p1
/ (/ (3($17$2))plvl($1)d$1> va(x2)dzy
0 0

/ (/ 1 [H (/ ) p’dt) Upi[vi(fci)}l—pé}plvl(xl)dxl)m/pl

i=1
X va(x2)drs = 1.

Then, by (2.15]), we have

€= (/0oo (AOO (/Oxl /O382 S(tht2)dt1dt2)qlwl(xl)dx1>q2/zhw2(x2)dx2)1/Qz
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> (/:O (/:)(/011 /Om s(t1»tQ)dtldt?)qlwl(ﬂfl)dxl)qz/qlw(m?)d@)1/‘12
i (/: (/: </0§1 /062 ﬁ </o€i [Ui(y")]l_pédyi)_l/m [”i(ti)]l‘pidtldm)ql

i=1

qz/q1 1/g2
) WQ(.’EQ)d(EQ)

oo Ua , [E2 , 1/p
wl(ffl)dffl) (/ [WQ(yz)]l_pzdyz) ’
0

~( / B [m(yl)]l‘p'ldyl)l/p; (/&
(st

Passing to the supremum in the last inequality (with respect to & and &), we
obtain C' > Bi/qlBé/qz. The inequality C' < Mll/q1 le/qQ follows from Theorem
24

Now we prove that M; < q,»(qg)qfv/pé B;, where i = 1,2. First, by the definition of
B; we obtain that

s ol —p}/di i -
([ itwdn) " [t
x 0

i

X wl(xl)dacl

Putting
q{Bpé/Q'i
9i(®i) = e
([, wilyi)dys)Pi/a
for i = 1,2, in (2.7)), we obtain
/
1

M; = Pi int sup

G w0 BP0 wilti)de:) T = [ [va(t)]) P

i s o —p}/qi\ H+1
X/ Wi(ti)(QQBfi/%(/ Wi(yi)dyi) )p’i dt;
0 t;
< sup (g)" B

0
T 1 ) ]

i

< (@B (Jfor wilts)drs) "
- 220 g I ( [ wit)dt) T — [ (k)]

The definition of B; implies that

Z; , /
/ [vi(ya)]' P dy; < Bm/qi(/
’ x

"o o0 —pi/ai s /
q:qu/%(/ wl(tz)dtl) —/ [’Ui(ti)]lipidti
0

T4

> (q; - 1)352/%(/00 Wz‘(tz‘)dti>

Tq

qi
p§+1

oo

—p;/qi
Wi(yi)dyi) .

Hence

—p;/di
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Thus

S = Qi(qg)qi/p;B
(¢~ 1)B"
where ¢ = 1,2. The inequality (2.17)) is proved. Clearly, (2.17) implies (2.18)). The
O

proof is complete.

It follows from Corollary that (2.14) holds if and only if B; < +o0o, where
i=1,2 (see [2]).

3. MAIN RESULT

Theorem 3.1. Let 1 < p; < ¢; < 0o and vi(t) and w;(t) be weight functions on
(0,00), v; € C*(0,00), where i = 1,2. Then for the solvability of problem -
, it is necessary and sufficient that there exists a constant Cy > 0 such that the
inequality

0%u

” ||L(<11 q2,@1s wz)[(o 00)?] < COH 8.1‘183?2 ||L(p1 P2:V1s vz)[(o 00)2]’ (31)

holds, where u : (0,00)? — R is an arbitrary absolutely continuous function of two
variables satisfying condition (2.5)).

Proof. The sufficiency part of the statement follows from Theorem We shall
prove only the necessity part. Let u(x1,z2) be an absolutely contlnuous function

satisfying condition (2.5) and let the 1nequahty (3-1) holds. Then C < Cp < oo,
where C' is the constant in 1-) 2.17) implies that M; < oo, where i = 1,2.
Then, by Lemma . proble 2.3)) has a solution for any \; > M;, where
i = 1,2. This completes the proof [l

Corollary 3.2. Let p1 = p2 = p, 1 = g2 = q and v(x1,72) = vi(z1)v2(T2),
w(zy,22) = wi(z1)wa(w2) be weight functions on (0,00)? satisfy all conditions of
Theorem . Then (3.1) holds for any absolutely continuous function of two vari-
ables satisfying (2.5)).

. sr(pi—l-ai)—1

Example 3.3. Let 1 < p; < ¢; < 00, v;(z;) = 27 and w;(z;) = 2" ,
where ¢ = 1,2. Then (3.1)) holds, if and only if a;; < p; — 1.

We remark that some sufficient condition on weight functions connecting certain
nonlinear differential equation with one-dimensional Hardy operator in weighted
variable Lebesgue spaces was found in [3].
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