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CONNECTION OF TWO NONLINEAR DIFFERENTIAL
EQUATIONS WITH A TWO-DIMENSIONAL HARDY

OPERATOR IN WEIGHTED LEBESGUE SPACES
WITH MIXED NORMS

ROVSHAN A. BANDALIYEV

Abstract. In this article we study a connection between two nonlinear differ-

ential equations with a two-dimensional Hardy operator in weighted Lebesgue
spaces with mixed norm. In particular, it is proved that the weight functions

which are the coefficients of nonlinear differential equations are included in the

estimate of the two-dimensional Hardy operator in this space.

1. Introduction

In the modern theory of the equations of mathematical physics the functional
analysis methods, founded in the classical works of Hilbert, are widely applied.
In the study of elliptic equations, embedding theorems play an important role,
and been studied by several mathematicians; see for example [12]. The study of
the embedding theorems in arbitrary open sets in Rn requires investigation of the
multidimensional Hardy operator, and there is a need an estimates of this operator
in various function spaces, among which the weighted Lebesgue spaces are very
important. On the other hand, the multidimensional Hardy operator has numerous
applications in the spectral theory of operators, in the theory of partial differential
equations, in the theory of integral equations, in the theory of function spaces and
etc. see [12, 10, 7] and the references therein). In the one-dimensional case, we refer
to the well-known monograph [9]. A systematic study of the Hardy inequality was
carried out in [4, 14, 15, 13, 6, 10] and references therein. Note that in [4, 14, 15]
the Hardy inequality in its equivalent differential form(∫ ∞

0

|f(x)|q w(x) dx
)1/q

≤ C
(∫ ∞

0

|f ′(x)|p u(x) dx
)1/p

f(0) = f(+0) = 0
(1.1)

was connected with the Euler-Lagrange differential equation. In particular, in [14]
and [15] a necessary and sufficient condition on weight functions for validity (1.1)
was obtained in the case p = q. The study of the case with different parameters
p and q was started in [6] and developed in [10], [12] and etc. In the case p 6= q
the other type criterion on weight functions for validity (1.1) was obtained in [8].
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Namely, in [8] the inequality (1.1) was connected with nonlinear ordinary differential
equation in weighted Lebesgue spaces.

In this paper we prove a connection between two nonlinear differential equations
with a two-dimensional Hardy operator in weighted Lebesgue spaces with mixed
norm. In other words, we prove that the weight function involved in the definition of
the weighted Lebesgue spaces with mixed norm connects these differential equations
with a two-dimensional Hardy operator in this space.

This article is organized as follows. Section 2 contains some preliminaries along
with the standard ingredients used in the proofs. The main results are stated and
proved in Section 3.

2. Preliminaries

Let 1 < p1, p2 < ∞ and ρ1(t), ρ2(t) be weight functions, that are, Lebesgue
measurable, positive and a.e. finite functions on (0,∞). Let p′i = pi

pi−1 and q′i =
qi
qi−1 , where i = 1, 2. Throughout this article we assume that the functions are
Lebesgue measurable. Now we define the weighted Lebesgue spaces with mixed
norm. Let (0,∞)2 = (0,∞)× (0,∞) and f is an arbitrary real function on (0,∞)2.

Definition 2.1 ([5]). We denote by L(p1,p2,ρ1,ρ2)[(0,∞)2] the space of all measur-
able functions f on (0,∞)2 such that the mixed norm

‖f‖L(p1,p2,ρ1,ρ2)[(0,∞)2] =
(∫ ∞

0

(
∫ ∞

0

|f(x1, x2)|p1ρ1(x1)dx1)p2/p1ρ2(x2)dx2

)1p2

is finite.

The variable Lebesgue space with mixed norm was introduced and studied in
[1].

We denote by C1(0,∞) the space of continuously differentiable functions on
(0,∞). The set of all locally absolutely continuous functions on (0,∞) is denoted
by ACloc(0,∞).

Let vi(t), ωi(t) be weight functions defined on (0,∞), vi ∈ C1(0,∞) and λi > 0,
where i = 1, 2. We consider two nonlinear differential equations

λ1
d

dt

(
[v1(t)]q1/p1 [y′1(t)]q1/p

′
1

)
+ ω1(t)[y1(t)]q1/p

′
1 = 0, (2.1)

λ2
d

dt

(
[v2(t)]q2/p2 [y′2(t)]q2/p

′
2

)
+ ω2(t)[y2(t)]q2/p

′
2 = 0, (2.2)

where
yi(t) > 0, y′i(t) > 0 (t > 0), y′i ∈ ACloc(0,∞), i = 1, 2. (2.3)

We say that a pair of functions (y1(t), y2(t)) is a solution of problem (2.1)-(2.3),
if these functions a.e. on (0,∞) satisfy the equations (2.1), (2.2) and condition
(2.3). We denote yi(0) = limt→+0 yi(t), i = 1, 2.

First we prove the following theorem.

Theorem 2.2. Let 1 < pi ≤ qi <∞ and vi(t), ωi(t) be weight functions on (0,∞),
vi ∈ C1(0,∞), λi > 0, where i = 1, 2. If the problem (2.1)-(2.3) has a solution
(y1(t), y2(t)) then the inequality

‖u‖L(q1,q2,ω1,ω2)[(0,∞)2] ≤ λ
1/q1
1 λ

1/q2
2

∥∥ ∂2u

∂x1∂x2

∥∥
L(p1,p2,v1,v2)[(0,∞)2]

(2.4)
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holds, where u : (0,∞)2 7→ R is an arbitrary absolutely continuous function of two
variables satisfying condition

u(x1, 0) = lim
t2→+0

u(x1, t2) = 0

u(0, x2) = lim
t1→+0

u(t1, x2) = 0.
(2.5)

Proof. It is well known that for any absolutely continuous function of two variables
the representation

u(x1, x2) = u(0, 0) +
∫ x1

0

∂u(α1, 0)
∂α1

dα1 +
∫ x2

0

∂u(0, α2)
∂α2

dα2

+
∫ x1

0

∫ x2

0

∂2u(α1, α2)
∂α1∂α2

dα1dα2

(2.6)

is valid (see [11]). Obviously, condition (2.5) implies u(0, 0) = lim t1→+0
t2→+0

u(t1, t2) =

0. Therefore, by (2.6) and (2.5), we have

u(x1, x2) =
∫ x1

0

∫ x2

0

∂2u(α1, α2)
∂α1∂α2

dα1dα2.

Note that the last integral representation defines the two-dimensional Hardy oper-
ator.

Let a vector function y(x1, x2) = (y1(x1), y2(x2)) be a solution of (2.1)-(2.3).
Then by Hölder’s inequality, we have∣∣∣u(x1, x2)

∣∣∣q1ω1(x1)

=
∣∣∣ ∫ x1

0

∫ x2

0

∂2u

∂t1∂t2
dt1dt2

∣∣∣q1ω1(x1)

≤
(∫ x1

0

∫ x2

0

∣∣ ∂2u

∂t1∂t2

∣∣dt1dt2)q1ω1(x1)

=
(∫ x1

0

∫ x2

0

∣∣ ∂2u

∂t1∂t2

∣∣[y′1(t1)]1/p
′
1 [y′1(t1)]−1/p′1dt1 dt2

)q1
ω1(x1)

=
[ ∫ x1

0

(∫ x2

0

∣∣ ∂2u

∂t1∂t2

∣∣[y′1(t1)]−1/p′1dt2

)
[y′1(t1)]1/p

′
1dt1

]q1
ω1(x1)

≤
(∫ x1

0

y′1(t1)dt1
)q1/p′1(∫ x1

0

(∫ x2

0

∣∣ ∂2u

∂t1∂t2

∣∣[y′1(t1)]−1/p′1dt2

)p1
dt1

)q1/p1
ω1(x1)

≤ ω1(x1) (y1(x1))q1/p
′
1

(∫ x1

0

(
∫ x2

0

∣∣ ∂2u

∂t1∂t2

∣∣[y′1(t1)]−1/p′1dt2)p1dt1
)q1/p1

= −λ1
d

dx1

(
[v1(x1)]q1/p1 [y′1(x1)]

q1
p′1

)
×
(∫ x1

0

(∫ x2

0

∣∣ ∂2u

∂t1∂t2

∣∣[y′1(t1)]−1/p′1dt2

)p1
dt1

)q1/p1
=
(∫ x1

0

[
− λ1

d

dx1

(
[v1(x1)]

q1
p1 [y′1(x1)]

q1
p′1

)]p1/q1
×
(∫ x2

0

∣∣ ∂2u

∂t1∂t2

∣∣[y′1(t1)]−1/p′1dt2

)p1
dt1

)q1/p1
.
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Integrating both with respect to x1 and applying the generalized Minkowskii in-
equality, we obtain(∫ ∞

0

|u(x1, x2)|q1 ω1(x1)dx1

)p1/q1
≤
{∫ ∞

0

(∫ x1

0

[
− λ1

d

dx1
([v1(x1)]q1/p1 [y′1(x1)]q1/p

′
1)
]p1/q1

×
(∫ x2

0

∣∣ ∂2u

∂t1∂t2

∣∣[y′1(t1)]−1/p′1dt2

)p1
dt1

)q1/p1
dx1

}p1/q1
≤
∫ ∞

0

(∫ ∞
t1

−λ1
d

dx1

(
[v1(x1)]q1/p1 [y′1(x1)]q1/p

′
1
)

×
(∫ x2

0

∣∣ ∂2u

∂t1∂t2

∣∣[y′1(t1)]−1/p′1dt2

)q1
dx1

)p1/q1
dt1

=
∫ ∞

0

(∫ x2

0

∣∣ ∂2u

∂t1∂t2

∣∣[y′1(t1)]−1/p′1dt2)p1

×
(∫ ∞

t1

−λ1
d

dx1
([v1(x1)]q1/p1 [y′1(x1)]q1/p

′
1)dx1

)p1/q1
dt1

≤
∫ ∞

0

(∫ x2

0

∣∣ ∂2u

∂t1∂t2

∣∣[y′1(t1)]−1/p′1dt2

)p1
[λ1([v1(t1)]q1/p1 [y′1(t1)]

q1
p′1 )]p1/q1dt1

= λ
p1/q1
1

∫ ∞
0

(∫ x2

0

∣∣∣∣ ∂2u

∂t1∂t2

∣∣∣∣ dt2)p1 [y′1(t1)]−p1/p
′
1v1(t1)[y′1(t1)]p1/p

′
1dt1

= λ
p1/q1
1

∫ ∞
0

(∫ x2

0

∣∣∣∣ ∂2u

∂t1∂t2

∣∣∣∣ dt2)p1v1(t1)dt1.

We have(∫ ∞
0

|u(x1, x2)|q1ω1(x1)dx1

)1/q1
≤ λ1/q1

1

(∫ ∞
0

(
∫ x2

0

∣∣ ∂2u

∂t1∂t2

∣∣dt2)p1v1(t1)dt1
)1/p1

.

Again applying the generalized Minkowskii inequality, we obtain(∫ ∞
0

(∫ x2

0

∣∣ ∂2u

∂t1∂t2

∣∣dt2)p1v1(t1)dt1
)1/p1

≤
∫ x2

0

(∫ ∞
0

∣∣ ∂2u

∂t1∂t2

∣∣p1v1(t1)dt1
)1/p1

dt2.

Thus,(∫ ∞
0

|u(x1, x2)|q1ω1(x1)dx1

)1/q1
≤ λ1/q1

1

∫ x2

0

( ∫ ∞
0

∣∣ ∂2u

∂t1∂t2

∣∣p1v1(t1)dt1
)1/p1

dt2.

From the above estimate we obtain(∫ ∞
0

|u(x1, x2)|q1ω1(x1)dx1

)q2/q1
ω2(x2)

≤ λq2/q11 ω2(x2)
(∫ x2

0

(
∫ ∞

0

∣∣ ∂2u

∂t1∂t2

∣∣p1v1(t1)dt1)1/p1dt2
)q2

.

Analogously, we have the estimate

ω2(x2)
(∫ x2

0

(∫ ∞
0

∣∣ ∂2u

∂t1∂t2

∣∣p1v1(t1)dt1
)1/p1

dt2

)q2
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≤
(∫ x2

0

[
− λ2

d

dx2

(
[v2(x2)]q2/p2 [y′2(x2)]q2/p

′
2

)]p2/q2
×
(∫ ∞

0

∣∣ ∂2u

∂t1∂t2

∣∣p1v1(t1)[y′2(t2)]−1/p′2dt1

)p2/p1
dt2

)q2/p2
.

Therefore, (∫ ∞
0

|u(x1, x2)|q1 ω1(x1)dx1

)q2/q1
ω2(x2)

≤ λq2/q11

(∫ x2

0

[
− λ2

d

dx2

(
[v2(x2)]q2/p2 [y′2(x2)]

q2
p′2

)]p2/q2
×
(∫ ∞

0

∣∣ ∂2u

∂t1∂t2

∣∣p1v1(t1)[y′2(t2)]
− 1
p′2 dt1

)p2/p1
dt2

)q2/p2
.

Integrating both sides of the estimate with respect to x2 and applying the general-
ized Minkowskii inequality, we finally obtain (2.4). This completes the proof. �

We put

Mi =
p′i
qi

inf
g

sup
t>0

1

gi(t)−
∫ t
0
(vi(s))1−p

′
ids

∫ t

0

ωi(s)(gi(s))
qi
p′
i
+1
ds, (2.7)

where the infimum is taken over the class of all measurable functions g such that

gi(t) >
∫ t

0

(vi(s))1−p
′
ids, for all t > 0 and i = 1, 2.

The following lemma establishes a connection between problem (2.1)-(2.3) and
Mi (i = 1, 2).

Lemma 2.3. Let λi > 0 be given numbers satisfying the conditions of Theorem 2.2
and the expressions Mi be defined by (2.7), where i = 1, 2. Suppose vi and ωi are
weight functions on (0,∞) and the derivative v′i(t) exists for all t ∈ (0,∞). Then
the following statements are equivalent:

(a) if the problem (2.1)-(2.3) has a solution with a locally absolutely continuous
first derivative, then λi ≥Mi;

(b) if Mi < +∞, then the problem (2.1)-(2.3) has a solution for every λi > Mi,
where i = 1, 2.

Proof. Assume that (a) holds. Let y(t) = (y1(t), y2(t)) be a solution of (2.1)-(2.3).
Let us take wi = yi

y′i
v
1−p′i
i . Then the functions w1(t), w2(t) are positive solutions of

the equations

w′1(t) =
p′1
q1λ1

ω1(t)(w1(t))
q1
p′1

+1
+ [v1(t)]1−p

′
1 , (2.8)

w′2(t) =
p′2
q2λ2

ω2(t)(w2(t))
q2
p′2

+1
+ [v2(t)]1−p

′
2 . (2.9)

By (2.8) and (2.9), we obtain

wi(t) ≥
∫ t

0

w′i(s)ds =
p′i
qiλi

∫ t

0

ωi(s)(wi(s))
qi
p′
i
+1
ds+

∫ t

0

[vi(s)]1−p
′
ids, (2.10)
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for i = 1, 2. This implies wi(t) ≥
∫ t
0
[vi(s)]1−p

′
ids and

λi ≥
p′i
qi

1

wi(t)−
∫ t
0
(vi(s))1−p

′
ids

∫ t

0

ωi(s)(wi(s))
qi
p′
i
+1
ds. (2.11)

From this inequality and (2.7) we obtain that λi ≥Mi and the proof of (a) implies
(b) is complete.

Now let (b) hold. Let us fix λi > Mi, where i = 1, 2. By the definition of Mi

there exists a measurable functions gi(t) such that

gi(t) ≥
∫ t

0

(vi(s))1−p
′
ids+

p′i
qi λi

∫ t

0

ωi(s)(gi(s))
qi
p′
i
+1
ds. (2.12)

We define a sequence of functions wn,i(t) (i = 1, 2) by setting

w0,i(t) = gi(t),

wn+1,i(t) =
∫ t

0

(vi(s))1−p
′
ids+

p′i
qiλi

∫ t

0

ωi(s)(wn,i(s))
qi
p′
i
+1
ds,

(2.13)

where n = 0, 1, 2, . . .. Also (2.12) implies w0,i(t) ≥ w1,i(t). We put wn−1,i(t) ≥
wn,i(t). Now we prove that the sequences {wn,1(t)} and {wn,2(t)} are non-increasing
with respect to n on t ∈ (0,∞). We have

wn,i(t)− wn+1,i(t) =
p′i
qiλi

∫ t

0

ωi(s)[(wn−1,i(s))
qi
p′
i
+1
− (wn,i(s))

qi
p′
i
+1

]ds ≥ 0.

Since wn,i(t) ≥ 0, the sequences in (2.13) converge. For i = 1, 2, we denote wi(t) :=
limn→∞ wn,i(t). By the Levi monotone convergence theorem it follows that wi is a
nonnegative solution of the equation

wi(t) =
∫ t

0

(vi(s))1−p
′
ids+

p′i
qi λi

∫ t

0

ωi(s)(wi(s))
qi
p′
i
+1
ds,

where i = 1, 2. Hence, wi is absolutely continuous and satisfies the differential
equation

w′i(t) = (vi(t))1−p
′
i +

p′i
qiλi

ωi(t)(wi(t))
qi
p′
i
+1
.

Therefore, for any fixed numbers ai > 0 (i = 1, 2) the functions

yi(t) = exp
( ∫ t

ai

[wi(s)]−1(vi(s))1−p
′
i ds
)

satisfy problem (2.1)-(2.3). This completes the proof. �

Theorem 2.4. Let 1 < pi ≤ qi <∞, Mi <∞, vi(t) and ωi(t) be weight functions
on (0,∞), where i = 1, 2. Suppose C > 0 is the best possible constant, such that

‖u‖L(q1,q2,ω1,ω2)[(0,∞)2] ≤ C‖
∂2u

∂x1∂x2
‖L(p1,p2,v1,v2)[(0,∞)2] , (2.14)

where u : (0,∞)2 7→ R is an arbitrary absolutely continuous function of two vari-
ables satisfying condition (2.5). Then

C ≤M1/q1
1 M

1/q2
2 .
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Proof. We denote ∂2u
∂x1∂x2

= h(x1, x2). Under condition (2.5) we have

u(x1, x2) =
∫ x1

0

∫ x2

0

h(t1, t2)dt1dt2.

Obviously,

C = sup
(∫ ∞

0

(∫ ∞
0

∣∣∣ ∫ x1

0

∫ x2

0

h(t1, t2)dt1dt2
∣∣∣q1ω1(x1)dx1

) q2
q1
ω2(x2)dx2

)1/q2
,

(2.15)
where the supremum is taken over the class of all measurable functions h such that∫ ∞

0

( ∫ ∞
0

|h(x1, x2)|p1v1(x1)dx1

)p2/p1
v2(x2)dx2 = 1. (2.16)

Assume the contrary. Let C > M
1/q1
1 M

1/q2
2 . Then there exists a number µ > 0

such that C > µ > M
1/q1
1 M

1/q2
2 . Since Mi <∞, by Lemma 2.3, problem (2.1)-(2.3)

has a solution. Therefore, by Theorem 2.2, the inequality

‖u‖L(q1,q2,ω1,ω2)[(0,∞)2] ≤ µ
∥∥ ∂2u

∂x1∂x2

∥∥
L(p1,p2,v1,v2)[(0,∞)2]

holds for all absolutely continuous function u(x1, x2) satisfying (2.5). Hence C is
not the best possible constant in (2.14). This contradiction completes the proof. �

Corollary 2.5. Let

Bi = sup
xi>0

∫ ∞
xi

ωi(s)ds
[ ∫ xi

0

(vi(s))1−p
′
ids
]qi/p′i

, i = 1, 2.

Then

B
1
q1
1 B

1/q2
2 ≤ C ≤M1/q1

1 M
1/q2
2 ≤

2∏
i=1

(q1/qii (q′i)
1/p′i)B1/q1

1 B
1/q2
2 , (2.17)

M
1/q1
1 M

1/q2
2 ≤

2∏
i=1

(
q
1/qi
i (q′i)

1/p′i

)
C. (2.18)

Proof. Let (ξ1, ξ2) ∈ (0,∞)2 and Pξ1ξ2 = {(x1, x2) ∈ (0,∞)2 : 0 < x1 < ξ1, 0 <
x2 < ξ2}. We put

s(x1, x2) =


∏2
i=1

( ∫ ξi
0

[vi(ti)]1−p
′
idti

)−1/pi
[vi(xi)]1−p

′
i , for (x1, x2) ∈ Pξ1ξ2

0, for (x1, x2) /∈ Pξ1ξ2 ,

Obviously,∫ ∞
0

(∫ ∞
0

(s(x1, x2))p1v1(x1)dx1

)p2/p1
v2(x2)dx2

=
∫ ξ2

0

(∫ ξ1

0

[ 2∏
i=1

(∫ ξi

0

[vi(ti)]1−p
′
idti

)−1/pi
[vi(xi)]1−p

′
i

]p1
v1(x1)dx1

)p2/p1
× v2(x2)dx2 = 1.

Then, by (2.15), we have

C ≥
(∫ ∞

0

(∫ ∞
0

(∫ x1

0

∫ x2

0

s(t1, t2)dt1dt2
)q1

ω1(x1)dx1

)q2/q1
ω2(x2)dx2

)1/q2
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≥
(∫ ∞

ξ2

(∫ ∞
ξ1

(
∫ x1

0

∫ x2

0

s(t1, t2)dt1dt2)q1ω1(x1)dx1

)q2/q1
ω2(x2)dx2

)1/q2

=
(∫ ∞

ξ2

(∫ ∞
ξ1

(∫ ξ1

0

∫ ξ2

0

2∏
i=1

(∫ ξi

0

[vi(yi)]1−p
′
idyi

)−1/pi
[vi(ti)]1−p

′
idt1dt2

)q1
× ω1(x1)dx1

)q2/q1
ω2(x2)dx2

)1/q2

=
(∫ ξ1

0

[v1(y1)]1−p
′
1dy1

)1/p′1
(∫ ∞

ξ1

ω1(x1)dx1

)1/q1(∫ ξ2

0

[v2(y2)]1−p
′
2dy2

)1/p′2

×
(∫ ∞

ξ2

ω2(x2)dx2

)1/q2
.

Passing to the supremum in the last inequality (with respect to ξ1 and ξ2), we
obtain C ≥ B

1/q1
1 B

1/q2
2 . The inequality C ≤ M

1/q1
1 M

1/q2
2 follows from Theorem

2.4.
Now we prove that Mi ≤ qi(q′i)qi/p

′
iBi, where i = 1, 2. First, by the definition of

Bi we obtain that

B
p′i/qi
i

(∫ ∞
xi

ωi(yi)dyi
)−p′i/qi

>

∫ xi

0

[vi(ti)]1−p
′
idti.

Putting

gi(xi) =
q′iB

p′i/qi
i

(
∫∞
xi
ωi(yi)dyi)p

′
i/qi

for i = 1, 2, in (2.7), we obtain

Mi =
p′i
qi

inf sup
xi>0

1

q′iB
p′i/qi
i

( ∫∞
xi
ωi(ti)dti

)−p′i/qi − ∫ xi
0

[vi(ti)]1−p
′
idti

×
∫ xi

0

ωi(ti)
(
q′iB

p′i/qi
i

(∫ ∞
ti

ωi(yi)dyi
)−p′i/qi) qip′

i
+1

dti

≤ sup
xi>0

(q′i)
qi
p′
i
+1
B

1+
p′i
qi

q′iB
p′i/qi
i

( ∫∞
xi
ωi(ti)dti

)−p′i/qi − ∫ xi
0

[vi(ti)]1−p
′
idti

×
∫ xi

0

d

dti

[( ∫ ∞
ti

ωi(yi)dyi
)−p′i/qi]

≤ (q′i)
qi
p′
i
+1
B

1+
p′i
qi sup
xi>0

( ∫∞
xi
ωi(ti)dti

)−p′i/qi
q′iB

p′i/qi
i

( ∫∞
xi
ωi(ti)dti

)−p′i/qi − ∫ xi
0

[vi(ti)]1−p
′
idti

.

The definition of Bi implies that∫ xi

0

[vi(yi)]1−p
′
idyi ≤ Bp

′
i/qi
(∫ ∞

xi

ωi(yi)dyi
)−p′i/qi

.

Hence

q′iB
p′i/qi
i

(∫ ∞
xi

ωi(ti)dti
)−p′i/qi

−
∫ xi

0

[vi(ti)]1−p
′
idti

≥ (q′i − 1)Bp
′
i/qi
i

(∫ ∞
xi

ωi(ti)dti
)−p′i/qi

.
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Thus

Mi ≤
(q′i)

qi
p′
i
+1
B

1+
p′i
qi

i

(q′i − 1)Bp
′
i/qi
i

= qi(q′i)
qi/p

′
iBi,

where i = 1, 2. The inequality (2.17) is proved. Clearly, (2.17) implies (2.18). The
proof is complete. �

It follows from Corollary 2.5 that (2.14) holds if and only if Bi < +∞, where
i = 1, 2 (see [2]).

3. Main result

Theorem 3.1. Let 1 < pi ≤ qi < ∞ and vi(t) and ωi(t) be weight functions on
(0,∞), vi ∈ C1(0,∞), where i = 1, 2. Then for the solvability of problem (2.1)-
(2.3), it is necessary and sufficient that there exists a constant C0 > 0 such that the
inequality

‖u‖L(q1,q2,ω1,ω2)[(0,∞)2] ≤ C0

∥∥ ∂2u

∂x1∂x2

∥∥
L(p1,p2,v1,v2)[(0,∞)2]

, (3.1)

holds, where u : (0,∞)2 7→ R is an arbitrary absolutely continuous function of two
variables satisfying condition (2.5).

Proof. The sufficiency part of the statement follows from Theorem 2.4. We shall
prove only the necessity part. Let u(x1, x2) be an absolutely continuous function
satisfying condition (2.5) and let the inequality (3.1) holds. Then C ≤ C0 < ∞,
where C is the constant in (2.14). (2.17) implies that Mi < ∞, where i = 1, 2.
Then, by Lemma 2.3, problem (2.1)-(2.3) has a solution for any λi > Mi, where
i = 1, 2. This completes the proof. �

Corollary 3.2. Let p1 = p2 = p, q1 = q2 = q and v(x1, x2) = v1(x1)v2(x2),
ω(x1, x2) = ω1(x1)ω2(x2) be weight functions on (0,∞)2 satisfy all conditions of
Theorem 3.1. Then (3.1) holds for any absolutely continuous function of two vari-
ables satisfying (2.5).

Example 3.3. Let 1 < pi ≤ qi < ∞, vi(xi) = xαii and ωi(xi) = x
qi
pi

(pi−1−αi)−1

i ,
where i = 1, 2. Then (3.1) holds, if and only if αi < pi − 1.

We remark that some sufficient condition on weight functions connecting certain
nonlinear differential equation with one-dimensional Hardy operator in weighted
variable Lebesgue spaces was found in [3].
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