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EXISTENCE OF HOMOCLINIC ORBITS FOR A CLASS OF
NONLINEAR FUNCTIONAL DIFFERENCE EQUATIONS

XIA LIU, TAO ZHOU, HAIPING SHI

ABSTRACT. By using critical point theory, we prove the existence of a non-
trivial homoclinic orbit for a class of nonlinear functional difference equations.
Our conditions on the nonlinear term do not need to satisfy the well-known
global Ambrosetti-Rabinowitz superquadratic condition.

1. INTRODUCTION
The article concerns the nonlinear functional difference equation
A(pn(Aunfl)é) - Qnui + f(naun+17un>un71) =0, neZz, (11)

where A is the forward difference operator Au, = un11 — U, A%u, = A(Au,),
d is the ratio of odd positive integers, {pn}nez and {q,}nez are real sequences,
f € C(Z x R} R), T is a positive integer, ppi17 = Pn, Guir = Gn, and f(n +
T,v1,v2,v3) = f(n,v1,v2,v3).

We denote by N, Z and R the natural numbers, integers and real numbers re-
spectively. For a, b € Z, we define Z(a) = {a,a +1,...},Z(a,b) = {a,a+1,...,b}
when a < b. In this article we use the following assumptions:

(A1) p, >0 for n € Z;

(A2) ¢, > 0 for n € Z;

(A3) there exists a functional F'(n,v1,v2) € CH(ZxR? R) with F(n+T,v1,v2) =

F(n,v1,v2) and satisfies

OF(n —1,v2,v3) =~ OF(n,v1,v2) _
6’02 + 8’02 - f(n71)1,112,v3),

(A4) lim, .o f(n,v1,v2,v3) /v =0 for n € Z, p = (10T + 03T + vgﬂ)ﬁ;
(A5) limy—o F(n,v1,v3)/0%F L =0 for n € Z, o = (0! + o3ty 571,
In general, (1.1) can be considered as a discrete analogue of the second order non-
linear functional differential equation
(pe) +a()ult) + f(ult + 1), u(t),u(t —1)) =0, teR. (1.2)

This equation includes the equation
(pe)) + f(t,ut) =0, teR,
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which has arose in the study of fluid dynamics, combustion theory, gas diffusion
through porous media, thermal self-ignition of a chemically active mixture of gases
in a vessel, catalysis theory, chemically reacting systems, and adiabatic reactor
[5,12]. Equations similar in structure to arise in the study of periodic solutions
and homoclinic orbits of functional differential equations [13] [14].

The theory of nonlinear difference equations has been widely used to study dis-
crete models appearing in many fields such as computer science, economics, neural
networks, queuing theory, ecology, cybernetics, biological systems, optimal con-
trol, population dynamics, etc. Since the past twenty years, there has been much
progress on the qualitative properties of difference equations, which included re-
sults on homoclinic orbits, periodic solutions, boundary value problems, stability,
attractivity, oscillation and other topics, see for example [11, 2] [3] [4, 6} [7, [, 9], 10} [TT]
151 [16], [17] 18] 19} 20} 211, 221, 25] [26] 27 28] 29] 30}, B1] and the references therein.

In 2004, Zhang, Wang and Yu [31] obtained necessary and sufficient conditions
for the existence of strictly monotone increasing positive solutions of the following
equation

A(pn(Atiy_1)°) + guul = 0. (1.3)

If f(n,unt1,Un,un—1) = f(n,uy), Cai and Yu [4] considered the nonlinear dif-

ference equation of the type

Apn(Aun-—1)°) + gnug, = f(n,ug), n€Z, (1.4)

using the critical point theory, and they obtained some new results on the existence
of periodic solutions.

If ¢, = 1, Liu, Zhang and Shi in 2015 [I8] and 2016 [27] respectively studied a
class of nonlinear difference equation

A(p7z(Aun—1)6) + f(n7un+17un7un—1) = Oa ne Za (15)

has at least three T-periodic solutions.
By using the Symmetric Mountain Pass Theorem, Chen and Wang [7] established
some existence criteria to guarantee a class of nonlinear difference equation

A(pn(Aup_1)°) = guul + f(n,u,) =0, n€Z, (1.6)

has infinitely many homoclinic orbits. Shi, Liu and Zhang [25] obtained the exis-
tence of a nontrivial homoclinic orbit for based on the Mountain Pass Lemma
in combination with periodic approximations.

In the superquadratic case, almost all the results in the literature (see e.g.
[, 9, 19, 22]) need the well-known global Ambrosetti-Rabinowitz superquadratic
condition:

e There exists a constant 8 > 2 such that 0 < 8F(n,u) < uf(n,u) for all
n € Z and v € R\ {0}.
In this article, we introduce the following conditions that are weaker than the
superquadratic condition

(A6) limy_o F(n,v1,v2) /0T = o0 forn € Z, 0 = (v0T! + vg“)ﬁ;

(A7) for any n € Z, F(n,0,0) =0, F(n,vy,v3) > F(n,vs) > 0;

(A8) for any ¢ > 0, there exist a = a, >0, b =0, > 0 and v < § + 1 such that

for all n € Z, (V3T 4+ 0JT) 5 > o,
1 OF (n,v1,v9) OF (n,v1,v9)
§+1 _ }F o1, vg) < > U1, UL Y2)
[ i a+b(dtt 4 g thF (n, o1, va) < vy n vy 2
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Our main results read as follows.

Theorem 1.1. Suppose that (A1)—(A8) are satisfied. Then (L.1)) possesses a non-
trivial homoclinic orbit.
Theorem 1.2. Suppose that (A1)—(A5) and the following assumption are satisfied:

(A9) F(n,v1,v2) > 0 and there exists a constant 8 > 2 such that
oF OF

(n7v17v2)v1 + (navl7v2)v27
ovy Ovy

for all (n,v1,v2) € Z x R*\ {(0,0)}.

Then (1.1) possesses a nontrivial homoclinic orbit.

0< ﬂF(n,vhUz) <

For basic knowledge of variational methods, the reader is referred to [23] [24].

2. VARIATIONAL STRUCTURE AND SOME LEMMAS

To apply critical point theory, we shall establish the corresponding variational
framework for and give some lemmas which will be of fundamental importance
in proving our main results. We start by some basic notation.

Let S be the set of sequences u = (..., U_py.ee U1, Up, Uy -y Up,.-.) =
{un}2° ; that is,

S ={{un} :u, eR, neZ}
For u,v € S, a,b € R, we define

au + bv = {au, + bv, };!

TL_—OO

Then S is a vector space. Define

“+oo
E= {u €s: Z [P (At 1)t + gultl] < —&-oo}7
n=-—oo
and for u € E,
+o00 ﬁ
lull = { Y pa(@un- )™ + g™} vue B, (2.1)

Then F is a uniform convex Banach space with this norm.
As usual, for 1 < s < 400, we set

F={ues: Z lun|® < 400}, 1™ ={u€ S :suplu,| < +oo},
nez

n=—oo

with their respective norms

1/s
flls = (Y ual?) T, e,

n=—oo

ulloo = sup |ual, Yue€l™.
nez

For u € F, we define the functional

+oo
‘]( Z pn Aun 1 6+1 +Qn 6+1] Z F(n,um_l,un). (22)

n—=——oo
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If (A1)-(A3) hold, then J € C*(E,R) and one can easily check that

+o0o
<J/(u)’ U> = Z [p”(Au”—l)JAvn—l + Qnuivn]
Z f(n7un+1aunaun—1)vn, Yu,v € E.

Thus, we can compute the partial derivative as
oJ (u)

ouy,
So, the critical points of J in E are the solutions of with u, — 0 as |n| — 0.

= fA(pn(Aun_l)‘s) + qnqu — f(n,ups1, Un, up—1), Vn € Z. (2.4)

Lemma 2.1 ([23]). Let E be a real Banach space with its dual space E* and assume
that J € CY(E,R) satisfies

max{.J(0), ()}<170<77<”1ﬂ1£ J(u),

for someng <mn, p>0 and e € E with ||e|| > p. Let ¢ > n be characterized by

c= inf max J(y(t)),

where I' = {v € C([0,1], E) : v(0) = 0, v(1) = e} is the set of continuous paths
joining 0 to e; then there exists {u'®}ren C E such that
Ju®) = ¢ and (14 [|[u®|)]|J" (w®)| - — 0 as k — oc.
Lemma 2.2. Foru € E and s > 1,

alul T < gl < ), (2.5)
where g = inf, ez qn.

The proof of above lemma is routine; so we omit it.

Lemma 2.3. Suppose that (A1)—(A8) are satisfied. Then there exists a constant
¢ >0 and a sequence {u™}en satisfying

J®) — e, T @@+ [u™]) =0, k- oo (2.6)
Proof. Tt follows from (A5) that there exists a constant p > 0 such that

F(n,v1,vs) < @ 400t Ynez, (W 4ot <p. (2.7)

<2
46+ 1)
Let |lu|| = ¢7+ p = 1, combining this and (2.5), we have |u,| < p for all n € Z.

Therefore, by (2.2)) and ., we have

1 OO
J(u) 5+ 1” ||6+1 Z F(naunJrhun)
n=-—o00
1 q =
> 5+1 kS 0+1 o+1
—5+1”u” 4(5+1) Z<"+1+u )
n=—oo
1 §
> +1 _ 6+1
1 1
> 54+1 5+1
Z 5l 26+ 1)
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L s
_ Yu € E, |lul| = p.

Choose u(® € E such that
uéo) =1, v =0, Vn#£0.

n

Then, for A > 0 large enough, it follows from (A3)-(A6) and (2.3) that

0 Ao 0)(16+1 <« (0) 0
Tl = mllu( e = 3" Fn, Mgy, )
)\5+1 o
< S @ — PO, 2l )

1
< )\5+1 ST ”u(O)”é—H _

FO Ny Au%‘”)} <0
ey 71 |

Consequently, we can choose A\; > 1 such that \;|[u®| > 7 and J(\u(®) < 0.
Define e = A\ju(®), then e € E, |le|| > n and J(e) < 0. From Lemma one has
that there exists a constant ¢ > m&“ and a sequence {u(k)}keN C E such

that (2.6 holds. O

Lemma 2.4. Suppose that (A1)—(A8) are satisfied. Then any sequence {u™}yen
satisfying

Tu®) = >0, I @A+ [P) -0, koo (28)
is bounded in E.

Proof. By (A5), we know that there exists a constant 0 < p < 1 such that

F(n,vl,v2>é4<ag+ GO et Ve ez, @ bt I <o (29)

It follows from (A3) and (A8) that
f(n,v1,v9,v3)ve > (6 + 1)F(n,v1,v2) >0, Vn € Z (2.10)

and

F(n,v1,v2) < [a+ bt + 5™ 5[ f (v1,v2, v3)v2 — (8 + 1) F(n, v1,v9)], (2.11)

for all n € Z, (V¥ +of )71 > p.
From (2.2, (2.3) and (2.8]), there exist two constants M; and Ms such that

My > (54 1)J(w®) — (J' (u®)), u®)

Zm ® k) R\ (k) ® ® (2.12)
= [f(n7un+17un 7un—1)un - (6 + I)F(n7un+17un )]
n=—oco

and
J(u®) < M. (2.13)
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By . 2.3), 2.9), (2.10), @2.11), (2.12) and (2.13), we have

H (k)H6+1

5+1

T(u®) + Z Fln,u®),,u®)

k
= J(u®) + Z F(nvufmll,ug’”)
nez([(ulf) )+ 1+ (u (0))541754T < )
k
+ > Fn,u®),u®)
W)+ 5
g k
S J(’U/(k)) —+ m Z [(u'(n_i,)_l)é—‘rl + (u;k))‘s"’l]
neZ([(ulf))0+ 1+ (ui)5+1) 7T > p)
+ Z {a +b[( n+1)6+1 + (uglk))6+1] s }
n€Z([(uy) )+ (u <’“>>6+1]ﬁ>p>
k k
x [f(n’unghugz ), ?(’l )1) —(0+1)F (n,ugl-zuu(k))]
< My 2P 4+ 37 {a b+ + () s
nez

k k k
x [f(n,al) L a® ) a® — 6+ D Fn,ul), ul)]
< My + f||u<k>||5+1 + [a+ 20 u®%]
x [f(n, 211, © 0l Yud — 6+ 1) F(n,ul) ) ul)]

< My + leu(k)ll‘s+1 + Mifa+20]u™ |2 ]

1 v
< My + Z||u<’€>||5+1 + Mifa+2¢~ 7 1bl[u® "], k € N.

(2.14)
Since v < 6 4 1, by ([2.14)), we have that {u(®)},cn is bounded. Hence, the proof is
complete. O

3. PROOF OF MAIN RESULTS

Proof of Theorem[I.1]. From Lemma there exists a sequence {u(k)}keN C FE

satisfying (2.6)), and so (2.8]). Hence7 from Lemma we have that {u®},ey is
bounded in F. It follows from ) that there exists a constant Mz > 0 such that

g= [[u® || < u®| < Mz,Vn € N. (3.1)
From (A3)—(A5) we have
1 4 syt cq I+ 4 8t
‘mf(n,vl,vg,vg)vg—F(n,vl,vg)’ 4M§+1v2 +8M§+1( +v5"),
1
for all n € Z, (v371 + o3ty 5 < —— M.
qm

(3.2)
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If ¢ := limsupj,_, o, [|u®||o = 0. Then from (A4), (2:2), (2-3) and (3.2), one has

1
c=Ju®) - (5+1<J/( (k)>+0
k k) k
“ i 3 S 3 Fladth) ot
n=—oo
cq = (k)\6+1 cq — (k) \o+1 (k)\6+1
g 2 (0 g 2 e
q cq k) ||6+1
< —S7le®5h + 1™ 1351 + (1)
AMIT 4MIT *
< vo(l), kool

2

This contradiction shows that £ > 0.
First, going to a subsequence if necessary, we can assume that the existence of
n®) € Z independent of k such that

k g
[uf] = fu®loe > . (3.3)
Hence, making such shifts, we can assume that n(®) € Z(0,T — 1) .
Moreover, passing to a subsequence of ks, we can even assume that n(k) = n0

independent of k.
Next, we extract a subsequence, still denoted by u(*), such that

u;’” — Up, k— 00, Vn €Z.
Inequality (3.3]) implies that |u,,o)| > £ and, hence, u = {u,,} is a nonzero sequence.
Moreover,
A(pn(Aun—l)J) - %LUJ + f(n7 Un+15 Un, un—l)
. k (k k
= Tim [A(pa(A@)") = @) + Fln,uly ul,ulf))
= lim 0=0.

k—oo

So u = {uy} is a solution of (L.1)).
Finally, for any fixed D € Z and k large enough, we have

D
1
Z \uﬁf)|6+1 < 7||u(k)H6+1 < M§+1.
n=—D 4

Since Mg *1is a constant independent of k, passing to the limit, we have

D
Z ‘un|6+1 SM;;SH-
n=—D

Since D is arbitrary and u € 1°F!, the function u satisfies u,, — 0 as |n| — co. The
proof is complete. ([l

Theorem can be proved similarly as in the proof of Theorem [I.I] and using
the process in [19]. For simplicity, we omit the proof. As an application of the main
theorems, we give two examples to illustrate our results.
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Example 3.1. In , let p, >0, g, > 0, and

Fny Ung1, Un, Up—1)
(unth +upt) T
L+ (udth + ud T
(g™t up ™) T

14 (udtt +udth)s 5T

= (84 Dud 1 + (St} + 871 +

F O+ Dudn [T+ (S +uSth)s] +

Since
F(n,v,v2) = (08! + 0™ Inf1 + (0 H 4 08 T1)77],
we have

8F(7’L - 1)”271)3) aF(n7U171}2)
+
8’1)2 8’1)2
(v‘”l +v‘$+1)ﬁv3
1+ (W + vg+1)5+1
( 5+1 + 1)5+1)5+1 'Ug

1+ (ugt! o thys

= (54 DodIn[l + (o0 +odth)5] +

+ (6 + D)o Infl + W3+ + o3t 7] +

OF (n,v1,v9) ot OF (n,v1,v9) v
ovy vy

( 6+1 +’U6+1)5+1

1+ (8 4 ofthyw

= (6 + 1)(1)‘1”'1 + v6+1) In [1 + (v‘f‘*‘1 + vg"’l)ﬁ] 4

2(5+1+ ! ; )F(nwl,vz)

(Uf+1 _,'_vngl)m
>0, VnelZ.

This shows that (A8) holds with @ = b = v = 1. It is easy to verify all the
conditions of Theoremare satisfied. By Theorem (1.1)) possesses a nontrivial
homoclinic orbit.

Example 3.2. In (L.1), let p, >0, ¢, >0, > 2 and

F 0t 1 1) = B + ) 5 1 WO+ 4 08t

Then we have

2
F(n,v1,v2) = (v 5+1+v5+1) T,
By computations similar to those in [25], it is easy to verify all the assumptions

of Theorem are satisfied. Therefore (1.1)) possesses a nontrivial homoclinic
solution.

Acknowledgments. This project is supported by the National Natural Science
Foundation of China (No. 11401121) and by the Hunan Provincial Natural Science
Foundation of China (No. 2015JJ2075).

REFERENCES

[1] R. P. Agarwal, P. J. Y. Wong; Advanced Topics in Difference Equations, Kluwer Academic
Publishers, Dordrecht, 1997.

[2] Z. AlSharawi, J. M. Cushing, S. Elaydi; Theory and Applications of Difference Equations
and Discrete Dynamical Systems, Springer, New York, 2014.



EJDE-2016/315 EXISTENCE OF HOMOCLINIC ORBITS 9

(3]
(4]
(5]

(7
(8]

(9]
[10]

11]
(12]

(13]
(14]
(15]
[16]
(17]
18]
19]
20]
(21]
(22]
(23]
24]
[25]
[26]
27]
(28]
29]

(30]

G. M. Bisci, D. Repovs; Euaistence of solutions for p-Laplacian discrete equations, Appl.
Math. Comput., 242 (2014), 454-461.

X. C. Cai, J. S. Yu; Euxistence theorems of periodic solutions for second-order nonlinear
difference equations, Adv. Difference Equ., 2008 (2008), 1-11.

A. Castro, R. Shivaji; Nonnegative solutions to a semilinear Dirichlet problem in a ball
are positive and radially symmetric, Comm. Partial Differential Equations, 14(8-9) (1989),
1091-1100.

P. Chen, X. H. Tang; Existence of infinitely many homoclinic orbits for fourth-order differ-
ence systems containing both advance and retardation, Appl. Math. Comput., 217(9) (2011),
4408-4415.

P. Chen, Z. M. Wang; Infinitely many homoclinic solutions for a class of nonlinear difference
equations, Electron. J. Qual. Theory Differ. Equ., (47) (2012), 1-18.

X. Q. Deng, G. Cheng, H. P. Shi; Subharmonic solutions and homoclinic orbits of second
order discrete Hamiltonian systems with potential changing sign, Comput. Math. Appl., 58(6)
(2009), 1198-1206.

X. Q. Deng, X. Liu, H. P. Shi, T. Zhou; Homoclinic orbits for second order nonlinear p-
Laplacian difference equations, J. Contemp. Math. Anal., 46(3) (2011), 172-181.

X. Q. Deng, H. P. Shi, X. L. Xie; Periodic solutions of second order discrete Hamiltonian
systems with potential indefinite in sign, Appl. Math. Comput., 218(1) (2011), 148-156.

S. Elaydi; An Introduction to Difference Equations, Springer, New York, 2005.

J. R. Esteban, J. L. Vazquez; On the equation of turbulent filtration in one-dimensional
porous media, Nonlinear Anal., 10(11) (1986), 1303-1325.

C. J. Guo, D. O’Regan, Y. T. Xu, R. P. Agarwal; Existence of homoclinic orbits for a singular
second-order neutral differential equation, J. Math. Anal. Appl., 366 (2011), 550-560.

C. J. Guo, Y. T. Xu; Existence of periodic solutions for a class of second order differential
equation with deviating argument, J. Appl. Math. Comput., 28(1-2) (2008), 425-433.

Z. M. Guo, J. S. Yu; The existence of periodic and subharmonic solutions of subquadratic
second order difference equations, J. London Math. Soc., 68(2) (2003), 419-430.

J. H. Leng; Existence of periodic solutions for a higher order nonlinear difference equation,
Electron. J. Differential Equations, 2016(134) (2016), 1-10.

J. H. Leng; Periodic and subharmonic solutions for 2nth-order ¢.-Laplacian difference equa-
tions containing both advance and retardation, Indag. Math. (N.S.), 27(4) (2016), 902-913.
X. Liu, Y. B. Zhang, H. P. Shi; Euxistence of periodic solutions for a class of nonlinear
difference equations, Qual. Theory Dyn. Syst., 14(1) (2015), 51-69.

X. Liu, Y. B. Zhang, H. P. Shi; Homoclinic orbits of second order nonlinear functional
difference equations with Jacobi operators, Indag. Math. (N.S.), 26(1) (2015), 75-87.

X. Liu, Y. B. Zhang, H. P. Shi; Homoclinic orbits and subharmonics for second order p-
Laplacian difference equations, J. Appl. Math. Comput., 43(1) (2013), 467-478.

X. Liu, Y. B. Zhang, H. P. Shi, X. Q. Deng; Periodic and subharmonic solutions for fourth-
order nonlinear difference equations, Appl. Math. Comput., 236(3) (2014), 613-620.

M. J. Ma, Z. M. Guo; Homoclinic orbits and subharmonics for nonlinear second order dif-
ference equations, Nonlinear Anal., 67(6) (2007), 1737-1745.

J. Mawhin, M. Willem; Critical Point Theory and Hamiltonian Systems, Springer: New
York, 1989.

P. H. Rabinowitz; Minimax Methods in Critical Point Theory with Applications to Differen-
tial Equations, Amer. Math. Soc., Providence, RI: New York, 1986.

H. P. Shi, X. Liu, Y. B. Zhang; Homoclinic orbits for a class of nonlinear difference equations,
Azerb. J. Math., 6(1) (2016), 87-102.

H. P. Shi, X. Liu, Y. B. Zhang; Homoclinic orbits of second-order nonlinear difference equa-
tions, Electron. J. Differential Equations, 2015(150) (2015), 1-16.

H. P. Shi, X. Liu, Y. B. Zhang; Periodic solutions for a class of nonlinear difference equations,
Hokkaido Math. J., 45(1) (2016), 109-126.

L. W. Yang; Existence of homoclinic orbits for fourth-order p-Laplacian difference equations,
Indag. Math. (N.S.), 27(3) (2016), 879-892.

L. W. Yang; Existence theorems of periodic solutions for second-order difference equations
containing both advance and retardation, J. Contemp. Math. Anal., 51(2) (2016), 58-67.

Q. Q. Zhang; Homoclinic orbits for a class of discrete periodic Hamiltonian systems, Proc.
Amer. Math. Soc., 143(7) (2015), 3155-3163.



10 X. LIU, T. ZHOU, H. SHI EJDE-2016/315

[31] R. Y. Zhang, Z. C. Wang, J. S. Yu; Necessary and sufficient conditions for the existence of
positive solutions of nonlinear difference equations, Fields Inst. Commun.,42 (2004), 385-396.

X1A Liv
ORIENTAL SCIENCE AND TECHNOLOGY COLLEGE, HUNAN AGRICULTURAL UNIVERSITY, CHANGSHA
410128, CHINA.
SCIENCE COLLEGE, HUNAN AGRICULTURAL UNIVERSITY, CHANGSHA 410128, CHINA

E-mail address: x1a9910020163. com

TAO ZHOU
SCHOOL OF BUSINESS ADMINISTRATION, SOUTH CHINA UNIVERSITY OF TECHNOLOGY, GUANGZHOU
510640, CHINA

E-mail address: zhoutaoscut@hotmail.com

HAIPING SHI
MODERN BUSINESS AND MANAGEMENT DEPARTMENT, GUANGDONG CONSTRUCTION POLYTECHNIC,
GUANGZHOU 510440, CHINA

E-mail address: shp7971@163.com



	1. Introduction
	2. Variational structure and some lemmas
	3. Proof of main results
	Acknowledgments

	References

