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REGULARIZED TRACE FORMULA FOR HIGHER ORDER
DIFFERENTIAL OPERATORS WITH UNBOUNDED
COEFFICIENTS

ERDOGAN SEN, AZAD BAYRAMOV, KAMIL ORUCOGLU

ABSTRACT. In this work we obtain the regularized trace formula for an even-
order differential operator with unbounded operator coefficient.

1. INTRODUCTION

The first work about the theory of regularized traces of differential operators
belongs to Gelfand and Levitan [I]. They considered the Sturm-Liouville operator

="+ [a(z) = Ay =0,
with boundary conditions
y'(0) =y'(m) =0,
where g(z) € C'[0,7]. Under the condition [, q(z)dz = 0 they obtained the
formula

S = M) = 7 (a(0) + ().
n=0
Gul [2] obtained the formula
im0 — ) = 1[r Q) — Q)]
k=1

for the regularized trace of the second order differential operator

[yl = —y"(2) + Ay(z) + Q(2)y(x)
with unbounded operator coefficient and with the boundary conditions y(0) =
y'(m) = 0. Here Ay and py are the eigen-elements of the operators

loly] = —y"(z) + Ay(x)
Iyl = =" () + Ay(z) + Q(z)y(x)
with the same boundary conditions y(0) = y'(7) = 0 respectively.

Adigiizelov and Sezer [3] obtained a regularized trace formula for a self-adjoint
differential operator of higher order with unbounded operator coefficient. Articles
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[, 5] 6], [7, [8] are devoted to study of regularized trace formulas of differential opera-
tors with bounded operator coefficient. Bayramov et al [9] obtained the second reg-
ularized trace formula for the differential operator equation with the semi-periodic
boundary conditions. Makin [I0] established a formula for the first regularized trace
of the Sturm-Liouville equation with a complex-valued potential and with irregular
boundary conditions.

Let H be a separable Hilbert space and let Hy = L2(H; [0, 7]) denote the set of
all strongly measurable functions f with values in H and such that

A 1£(0) 12t < ox.

and the scalar function (f(t),g) is Lebesgue measurable for every g € H in the
interval [0, 7r]. Here (-,-) denotes the inner product in H and || - || denotes the norm
in H.

If the inner product of two arbitrary elements f and g of the space H; is defined
by

mmm=[U@mmmufﬂmh

then H; becomes a separable Hilbert space [II]. o..(H) denotes the set of all
compact operators from H into H. If A € 0, (H), then AA* is a nonnegative self-
adjoint operator and (A*A)Y? € o, (H). Let the non-zero eigen-elements of the
operator (A*A)l/2 be 51 > 53 > -+ > 54 (0 < ¢ < 00). Here, each eigen-element
is counted according to its own multiplicity. The numbers s1, s2, ..., s, are called
s-numbers of the the operator A. o1(H) is the set of all the operators A € oo (H)
such that the s-numbers of which satisfy the condition Zzil 84 < 00. An operator
is called a trace class operator if it belongs to o1 (H).
Let us consider the operators [y and [ in H; defined by

lo[u] = (=1)™u®™ (t) + Au(t), (1.1
l[u] = (=1)™u®™(t) + Au(t) + Q(t)u(t) (1.2

with the same boundary conditions y?*=2(0) = y?=U(r) =0 (i = 1,2,...,m)
respectively. Here A : Q(A) — H is a densely defined self-adjoint operator in H
with A = A* > E where E : H — H is identity operator and A~! € o (H).
We also should note that our problem’s boundary conditions are different from the
considered problem’s boundary conditions in [3] which arise new difficulties.

Let 1 < my < --- <1, < ... be the eigen-elements of the operator A and
01,92, .+, ¥n,... be the orthonormal eigenvectors corresponding to these eigen-
elements. Here, each eigenvalue is counted according to its own multiplicity num-
ber. Let Q(L{)) denote the set of the functions u(t) of the space H; satisfying the
following conditions:

)
)

(a) u(t) has continuous derivative of the 2m order with respect to the norm in
the space H in the interval [0, 7];

(b) u(t) € Q(A) for every t € [0, 7] and Au(t) is continuous with respect to the
norm in the space H.

(c) y®=2(0) =y V(1) =0 (i=1,2,...,m).

Here Q(L{) = Hy. Let us consider the linear operator Lju = lou from D(Lg) to
H,. Lj is a symmetric operator. The eigen-elements of L{, are (% + k)™ 4 7;
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(k=0,1,2,...;5 = 1,2,...). and the orthonormal eigenvectors corresponding to
these eigen-elements are

2 1
\/;Sin((2—|—k)t)<pj(l<::0,1,2,..‘;j:1,2,...).

2. SOME RELATIONS ABOUT THE EIGEN-ELEMENTS AND RESOLVENTS

Let the eigenvalues of the operators Ly and L be p; < po <--- < pp, < ... and
A1 < Ag <o <\, < ... respectively. Let N(u) be the number of eigen-elements
of operator LO which is not greater than a positive number p. If n; ~ aj“ as j — oo
(a>0,a> ) that is, if

2m 1
lim 77—] =1
j—oo aj®

then using the same method in [I2] it can be found that N(u) ~ du “ma’, where

2 [T/ > )
d= 71// (sinT)a"(cos ) Tmdr
aa'’? Jo
and hence
2ma 2ma
fn ~ don2mte as j — oo (dg = d2?mte). (2.1)

Let Q(t) be an operator function satisfying the following conditions:
(t) : H— H is a self-adjoint operator for every t € [0, 7];
) is weakly measurable in the interval [0, 7];
he norm function ||Q(¢)] is bounded in the interval [0, 7];
(t) has weak derivative of the second order in the interval [0, 7];
he function (Q'(t)f,g) is continuous for every f,g € H;
O(t): H— H (i = 0,1,2) are self-adjoint trace class operators and the
functions [|QY(¢)||y, zr) (i = 0,1,2) are bounded and measurable in the
interval [0, 7].

Since @ is a self-adjoint operator from H; to H; for every y € Hi we have

(Qy. 9)m | < 1Qylla Iyl < QN Iyl
or

(=Rlly: W, < (Qu.y)m < (1Qlly:y)m,
This means that
—1QIm E <Q<|Qlln, E
And so
Lo = |Qm E<L=1Lo+Q< Lo+ ||Qllm, E

In this situation, it is well-known that (Smirnov, [13])

n = 1Qllm < An < pin +[1Ql 1, -

According to this, we can write

Qs e Nl
By applying limit to each side of this inequality and by considering the equality

1- :u“ﬂ
1m 2ma_

n—oo don 2mta
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we get lim, o Ap/pn, = 1. Thus we have

. A A An
lim ——— = lim —n%— lim — lim Minzl
n—o0 dopImta n—00 [l don2mta n—00 [l =00 dop o
or as n — 00,
2ma
An ~ donTiss . (2.2)

By using the formula ([2.1)), it is easily seen that the sequence {u,,} has a subse-
quence fin; < fin, < -+ < fn, < ... such that
2ma

Hg = Hn, > do(q2m+° —nﬁm“‘) (qznp+1,np—|—2,...;d0 = d%). (2.3)

Let R = (Lo — AE)™', R\ = (L — AE)™! be the resolvents of the operators Lg
and L respectively. If o > 23{: then, by the formulas (2.1) and (2.2)), R} and Ry
are trace class operators for A # A\, py (¢ =1,2,...). In this situation

oo

tr(Ry — RY) = trRy —trR = > (

q=1

1 1

_ 24
)\q_)\ Mq_)\)’ ( )

see Cohberg and Krein [14].

Let [\ = dp = 27 (pny41 + pin,). It is easy to see that for large values of p
the inequalities Pn, < dp < Pny+1 and A, < dp < Ay, 41 are satisfied. The series
Py )\ y and Y02 17 —2 are uniform convergent on the circle |A| = d,,. Hence
with the help of 1nequahty ., we obtain

Np 1
> (g —hg) = ——_/ Mr(Ry — RY)dA, (2.5)
— 270 J|\|=a
q=1 P
where %2 = —1.

Lemma 2.1. If 1; ~ aj® as j — oo (a > 0, > 522 then |RY|o,(r,) <
2dy* (;f;;[ll) (6 = 212 1) on the circle |\| = d,,.

2m-+ta

Proof. For X ¢ {pq};2,, since R} is a normal operator we have [|RS||,, () =
Py ﬁ [14]. On the circle |A| = d, we have
q

IR oy (12

Mp

[o%S) Tp

> 1 2 2
SEMW—Z
- #:Z#H%

+
= Hnp T = 2hg S 2l = ey T Byt (2,6)
<
Z g=mpt1 20 — Hn, p Hny+1 — Hq

where D, = Zzozanrl(:u’k —in,) "' (p=1,2,...). By using the inequality (2.3) we
obtain

1 Hnp+1 —

n
L 2 ny nyp

<
q=1 lu’np'i‘l — Hgq /’(’np"rl - an ((n )1+6 - nzl’+6)

(2.7)
1
Tp Ty
< < )
do(np + 1)6 do
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oo oo 1

1
—1
DIJ: Z (,Uk_,unp) <d7 Z k1+6—n;,1;+6

0
k=n,+1 k=ny,+1
(2.8)

1 - 1
=dy'[ m T TTe )
((np + 1)1+6 _ né+ ) k_an+2 fl+d n11)+
It is easy to see that
o0

146 _ ,14+0 — 146 _ 14067
k=n,+2 k p np+1 t Np

/°° dt - 1
et 10 =g B[(my 4 )10 — P
Taking into account the inequality (2.8 we obtain

0+1

J+1 .

146 146\ =2 < do 82
Sl((ny + Do bl
With the help of (2.6]), and (2.9), it follows that on the circle |A| = d,,
(26 +1)

5—1 -
onp

D, < dy' (2.9)

HR())\Hch(Hl) < 2d61

O

Lemma 2.2. If the operator function Q(t) satisfies the conditions (1)—(3), and

n; ~ aj® as j — oo (a > 0,0 > %), then for |\| = d, and large values of p,

RN, < 4dg'ny,°.

1

Proof. Since the s-numbers of the trace class operator Ry are {/\1%)\, Sy SERRE

)\—17)\, ...}, it follows that
q

1 1 )
DY LR W LR &

1
|1 B my = max{)\ (2.10)
L=

On the circle |A| = dp,
‘|>‘q| - ‘)‘H = ||/\q| - 2_1(11%,) =+ Unp-i-l)’ = 2_1|,“np + fny+1 — 2|)‘q||- (2.11)
Using the inequality ¢ < n, and for the large values of p, since [A\;| < A,,, we have
fn, + fn,+1 = 2|Aq]
Z ﬂnp + /j‘np+1 - 2)‘np = ﬂnp+1 - an + 2(,U/np - )\np) (212)
> an+1 - Mn,, - 2|an - )‘np‘
Considering |pg — Ag| < |Qllm, (¢=1,2,...) by (2.12]) we obtain
fny, F tng1 = 2[Aq| = im0 — b, = 2[|QH, (¢ < np). (2.13)
With the help of inequality ¢ > n, + 1 and for the large values of p, since |A\;| =
A¢ = An,+1 then
2|Aq| — Py = P41 2 2An, 41 — Hn, — P41
=2(Anpt1 = fny+1) + fnpt1 — fin,
Z ,Lan+1 - an - 2|)\np+1 - an+1|'
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Using the above inequality,
2|/\q| — Pny — Hng+1 = Hny+1 — Hn, — 21Qlw, (¢ np + 1). (2.14)

Taking into account that limy . (ftn,+1 — fin,) = 00 and by (2.11)), (2.13)) and
(2.14), on the circle |\| = d,, we have

gl = Al > 47 (pn, 41 = h1m,.)- (2.15)
By (2.3) and (2.15) we obtain
[[Agl = IAl] > 47 do((np + 1) — ™) > 47 o (n,, + 1)°.

From the above inequality and |A| = d, for the sufficiently large values of p, we
have
IAg = Al > 47 dons).

From (2.10) and the above inequality we have 4dy 'n;?. O

p
3. REGULARIZED TRACE FORMULA

We know from operator theory that for the resolvents of the operators Ly and
L the following formula holds:

Ry = RS — RAQRY (X € p(Lo) N p(L)).
Using the above formula and (2.5)), it can be easily shown that

2 = pg) =3 Upj + U, (3.1)
q=1 j=1
where
- (_1)j/ tr[(QRS)d\ (i =—-1;5=1,2,...) (3.2)
pI 27”] Ned A ) ) 4y )
IX=d,
_1 S
o = ) / Mr[Ry(QRS)™ X (% = —1). (3.3)
2mi [Al=dp

Theorem 3.1. If the operator function Q(t) satisfies the the conditions (1)—(3)
and nj ~ aj® as j — oo (a >0, > 2\2};;17%22_)1) then

lm Uy =0 (j=2,34,...).

p—00

Proof. According to (3.2)) for Ups we have the equality

1 & & d\
U= 52 3 [, G ] @0 m( @i 54
Therefore,
Upa| < [|1QlI7, Dyp- (3.5)
By and we obtain
lim Upp =0 (o> 23? ). (3.6)
Let us show that
lim U,3 = 0. (3.7)

p—oo
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By using ([3.2) it follows that

Tp  Np

P3_ZZ Z G(j, k,s) + G(s,k,j) + G(J, s, k]

J=1k=1s=np+1

+Z Z Z G(j, k,s) + G(s,k,j) + G(k, J, 5],

J=1k=np+1s=np+1

where

G(Ja ku 8) = g(]a k> 3)(Q¢j7¢k)H1 (ka7ws)H1 (desv’(/}j)Hlu
d\

ke =
90k 8) = 5 /M_dp A=) A = ) (A — )

Taking into account g(j, k, s) = g(j, k, s) and @Q = Q* we obtain

G(S7 k’j) = G(j7 k7 8)7 G(k7j’ S) = G(j7 k7 8)7 G(j7 S’ k)

With the help of (3.8) and (3.9) we obtain

Ups = E1 + B3
with
Np  Np
S Y (Gliks) + 260 )
J=1k=1s=np+1
35S S (Gliks) + 26 )
J=1k=np+1s=np+1
and
El:E11+E7H7 E2:E21 +E7217
with

Tp  Np

) I SR}

J=1k=1s=n,+1

E21=Zp Z Z G(j,k,s).

J=1k=np+1s=n,+1

It is not hard to see that the following inequalities hold:
146 1207
|E11‘ < d25 HQ”Hl p )

—262

146, .
| 91| < ( ) ||QHH1 o

It follows that
lim U,3 = 0.

p—0o0

TRACE FORMULA FOR AN EVEN-ORDER DIFFERENTIAL OPERATOR

= G(j,k, s).

7

(3.9)

(3.10)

(3.11)

(3.12)
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Now, let us show that the equality lim, .o, U,; =0 (j = 4,5,...) holds. According

o (3.2)),
1 ,
U.g—,/ tr(QRY)||d\
Unil < 525 |, _,, | r@ERY 1

< [ QR ool
[X=dp
<[ QR oy I QREY o

Al=dp (3.13)
= N TP Lo P2 S P
<1QU [ IR | QRO N

—HYp
< const. /}\I_ HROHgl(Hl)”ROH |d)“
Since Ry = R?\ for Q(t) = 0 according to Lemma on the circle |A| = dp,

2ma
2m + «

Using Lemma [2.1) and the inequalities (3.13) and (3.14)) one obtains

|Upj| < const. nl 57/ |[dA| < const.nllf‘sjdp.
|A=d

1R, < 4dy'ny,® (6=

P

~1). (3.14)

For the sufficiently large values of p, since d, = 2_1(an + 1) < const.nllf‘s,

then we obtain

|Up;| < const.n?™ 3G,

It is easy to see that if § > 3 or a > 10m , then

lim U,; =0 (j =4,5,...). (3.15)
p—0o0
However, if
2m(1 +/2) 10m

> )

2\fm V2 — 6m —5
considering (3.6) and ( as a > 2\2/Tm1+f) T one obtains lim, .o Up; = 0 (j =
2,3,...). O

Since the eigen-elements of the operator Ly are
(k+%)2’"+nj (k=0,1,2,...;5=1,2,...),
then for ¢ = 1,2,...,
g = (kq n %)Qm
Theorem 3.2. If the operator function Q(t) satisfies the conditions (4)—(6)and

n; ~ aj® asj—>oo(a>0,a>%) then

+ Mg (3.16)

p

Jin Y [ =7 [ Q0] = 47 Q) - 1 Q)

g=1
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where {j,}021 s a set of natural numbers satisfying (3.16]).

Proof. From 7
1 0
P

Since QRY, is a trace class operator for each A € p(Lg) and {U;(t), Ua(t),...} is an
orthonormal basis of the space Hy, then

o0

r(QRY) = ) (QR{Vy, V),

qg=1
By putting tr(QRY) into (3.17) and considering
Rg\l/q = (Lo — AE)il‘IJq = (g — )‘)71‘1}%

Up = —

one obtains

1 /) 0
U =55 \Alzdp[;(QRquq’qjq)Hl]dA
D (= N HQT W) AN (3.18)

2mi Jx=d, 5=
[e’e) 1 i
=D QY Vo)u,]5— (A — pg) "t
=1 27'('2 ‘M:dp
Since the orthonormal eigenvectors according to the eigen—elements (k + l)2’” +n;

k=0,1,2,...;5 = 1,2,...) of the operator Ly are sm k —|— (k=
¥j
0,1,2,...;7=1,2,...), it follows that

2 1
U, (t) = \/;sin (k+35)0¢5, a=12.... (3.19)
Further,
1 1 <
— A=) tan =24 1="m (3.20)
271 ‘>\|=dp 0, q > Np
and by using (3.18)—(B3.20) we find that

p

U = 3@ Yoy Z/ QU4 (1), W,(1))

Z/ \[SIH ((kq + 1) )i, \/zsin((kq + %)t)gojq)dt

iZ [ s (0@ 01 e

%Z /0 " (1 cos ((2ky + 1)0)) (QW)py, 05, )t
*Z/ )iy Pig)d Z/ cos((2kq + 1)) (Q(1) @5, 5, )dt.
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By subtracting and adding the expression (Q(t)g;,,¥;,) cos(2k,4t) into the second
integral on the right side of last equality one obtains

Z/ £) ), i, )dt + = Z/ cos(2kqt) (Q(t)pj,, pj, )dt

Np

- 72/ cos((2kq + 1)t) 4 cos(2kyt)](Q(t)pj, , v, )dt

We can write the expresssion

—72/ cos(ret)(Q(t)pj, , w4, )dt,

instead of first term in the right-hand side of the above equality. Thus, we have

Z/ t)@j,, w4, )dt + = Z/ cos(2kqt)(Q(t)g;, , v, )dt
Sy | costrat@ere, ).
q=1

We can write this equation in the form

. 1 0o oo P
Tim U1 = Z/ Oesedt =235 [ costrt) @)y, )t

j=1r=170
%ZZ {/ cos(kt)(Q(t);, ¢;)dt
j=1k=1
1)k/0 cos(kt)( ‘P]a@])dt}
and so we have
Jim U = 717;/0 (Q(t)p;), pj)dt
— ;i { i E /Oﬂ(Q(t)goj,%—)cos rt dt} coer}
- (3.21)
+ 1 Z { Z [g /ﬂ(Q(t)gaj,goj) cosktdt} cos k0
ta o
+ Z {%/0 (Q(t)p;,p;) cos ktdt} coslwr}.
k=1

The sum with respect to r in the first term on the right side of this expression in the
value at 0 of Fourier series according to functions {cos rz}22 in the interval [0, 7] of
the function foﬂ (Q(t)¢j, vj)m having the derivative of second order. Analogically,
the sums in the second term with respect to k are the values at the points 0 and
respectively of Fourier series with respect to the functions {coskz}32 , in the same
interval of that function.
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Also

p

IZ t)ei,¢5)] Z O el < 1QWloyry,  (P=1,2,...).  (3.22)

Since the norm functlon |Q()||o, (rry is bounded and measurable in the interval
[0, 7], we have

10Ol < . (3.29
By using (3.22)), (3.23) and Lebesgue theorem we obtain

o0

Z / osendt = [ [S@wesen)ar= [ wama G2

=1

Furthermore, as in the proof of (3.15]) by Lemma and Lemma we can show
that

lim U =0 (s > %). (3.25)
pHOO
Therefore by (3.1), (3.21), (3.24) and , we obtain
Tim 30 [y = / <Q<t>sojq,sajq>dt] — Q) — Q). (3.26)
q=1 0

O

The limit on the left hand side of the equality (44) is said to be regularized trace
of the operator L (see [I]).
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