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ABSTRACT. The aim of this paper is the solvability of a class of higher order dif-
ferential equations with initial conditions and an integral boundary condition
on the half line. Using coincidence degree theory by Mawhin and constructing
suitable operators, we prove the existence of solutions for the posed resonance
boundary value problems.

1. INTRODUCTION

In this article, we are concerned with the existence of solutions of the higher-
order ordinary differential equation

2M(t) = f(ta(t), e (0,00), (L1)

with the integral boundary value conditions

$
tD0)=0,i=0,1,...,n—2, ™ V(c0)= g%'/ z(t)dt (1.2)
0
where n > 3 is an integer, £ > 0 and f : [0,00) x R — R is a given function
satisfying certain conditions.

A boundary value problem (BVP for short) is said to be at resonance if the
corresponding homogeneous boundary value problem has a non-trivial solution.
Resonance problems can be formulated as an abstract equation Lz = Nx, where L
is a noninvertible operator. When L is linear, as is known, the coincidence degree
theory of Mawhin [I9] has played an important role in dealing with the existence
of solutions for these problems. For more recent results, we refer the reader to
131 5L 6] 6] [8, @1 14 20, 22], 24, 25] and the references therein.

Moreover boundary value problems on the half line arise in many applications
in physics such that in modeling the unsteady flow of a gas through semi-infinite
porous media, in plasma physics, in determining the electrical potential in an iso-
lated neutral atom, or in combustion theory. For an extensive literature of results
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as regards boundary value problems on unbounded domains, we refer the reader to
the monograph by Agarwal and O’Regan [I].

Recently, there have been many works concerning the existence of solutions for
the boundary value problems on the half-line. For instance see [2, @] 10 1T, 12
13| 15, [16], 17, 18] 21 23] and the references therein. By the way, much of work on
the existence of solutions for the boundary value problems on unbounded domains
involves second or third-order differential equations.

However, for the resonance case, there is no work done for the higher-order
boundary value problems with integral boundary conditions on the half-line, such
as BVP —.

The remaining part of this paper is organized as follows. We present in Section
2 some notations and basic results involved in the reformulation of the problem. In
Section 3, we give the main theorem and some lemmas, then we will show that the
proof of the main theorem is an immediate consequence of these lemmas and the
coincidence degree of Mawhin.

2. PRELIMINARIES

For the convenience of the readers, we recall some notation and two theorems
which will be used later.

Let X,Y be two real Banach spaces and let L : domL C X — Y be a linear
operator which is Fredholm map of index zero, and let P: X — X, @Q:Y — Y be
continuous projectors such that ImP = ker L, ker Q@ = Im L. Then X = ker L ®
ker P, Y =ImL ®Im@. It follows that L|gom Lakerp : dom L Nker P — Im L is
invertible, we denote the inverse of that map by Kp. Let £ be an open bounded
subset of X such that dom LN # (), the map N : X — Y is said to be L-compact
on  if the map QN (Q) is bounded and Kp(I — QN) : Q — X is compact.

Theorem 2.1 ([19]). Let L be a Fredholm operator of index zero and N be L-
compact on Q. Assume that the following conditions are satisfied:
(1) Lx # ANz for every (x,\) € [(dom L\ ker L) N 9] x (0,1).
(2) Nz ¢ Im L for every x € ker L N 0.
(3) deg(QN|kerr, 2Nker L,0) # 0, where Q : Y — Y is a projection such that
Im L = ker Q.

Then the equation Lt = Nz has at least one solution in dom L N Q.

Since the Arzeld-Ascoli theorem fails in the noncompact interval case, we use
the following result in order to show that Kp(I — QN) : Q — X is compact.

Theorem 2.2 ([1]). Let F' be a subset of Coo = {y € C([0, +00)), limy_,o0 y(t) exists}

that is equipped with the norm ||y|lco = sup |y(t)|. Then F is relatively compact
t€[0,4+00)
if the following conditions hold:

(1) F is bounded in X.

(2) The functions belonging to F are equi-continuous on any compact subinter-
val of [0, 00).

(3) The functions from F are equi-convergent at +oo.

Let
X ={zeC"'0,+00), lim et 2 (1) exist, 0 < i <n— 1}
t—o0
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endowed with the norm [z = maxo<i<n—1 (SuD;c(o 4 00) € "2 (¢)[). Then X is a
Banach space.

Lemma 2.3. Let M C X, then M 1is relatively compact in X if the following
conditions hold:

(1) M is bounded in X.
(2) The family V' = {y; : yi(t) = et (t),t > 0,2 € M} is equicontinuous

on any compact subinterval of [0,+00) fori=0,...,n— 1.
(3) The family Vi = {y; : y;(t) = etz (t), t > 0, x € M} is equiconvergent
at o fori=20,...,n—1.

Proof. Let (zx) be a sequence in M and set y; (t) = e_txg)(t). Since the set V7,
for every i = 0,...,n — 1 is relatively compact in C, (see Theorem [2.2)), then from
the sequence (yox)r C VY, we can extract a subsequence denoted also by (yo.x)k,
that converges to yg in Coo. Set z§(t) = ey (t), then

lim sup e |lzi(t) — x5(t)| = 0.

k—o0 te[0,00)
Now let yi x(t) = e 'z, (t) then the sequence (yi)r C V! and we can extract
from it a subsequence denoted also by (y1 x)k, that converges to y; in Co. Set
27 (t) = e'yi(t), then limy o SUP; (g o0y €~ |2} () =27 (t)] = 0, from the fact that the
convergence is uniform on [0,7], T' > 0, we get that xj is differentiable on [0, +00)
and x% = (x})’. Reasoning the same way, we obtain ¥ = (z§)®, i =0,...,n — 1,
and limg_,o ||zx — 2§]| = 0. Then M is relatively compact. O

Let Y = L'[0, +00) with norm ||y|i = [;"° |y(t)|dt. Denote ACiuc[0, +00) the
space of locally absolutely continuous functions on the interval [0, +00). Define the
operator L : domL € X — Y by Lz = 2™, where

dom L = {x € X, 2" € AC1[0, +00), 2 (0) = 0, i = 0,n — 2

|
Jj(n_l) (OO) o n:

3
= — z(t)dt, ™ e Y} C X,
@A (t !

then L maps dom L into Y. Let N : X — Y be the operator Nx(t) = f(¢,x(t)),
t € [0,400), then (1.1)-(1.2)) can be written as Lz = Nx.

3. MAIN RESULTS
We can now state our results on the existence of a solution for (1.1)-(1.2)).

Theorem 3.1. Assume that the following conditions are satisfied:

(H1) There ezists functions o, 3 € L'[0,00), such that for all * € R and t €
[0, 00),

[t 2)| < e a(t)|z] + B(Y). (3.1)

(H2) There exists a constant M > 0, such that for x € dom L, if |~V (t)| > M,
for all t € [0,00), then

oo £
t/f@um@fi/@fgW@um@¢o (3.2)
0 0
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(H3) There exists a constant M* > 0, such that for any z(t) = cot"* € ker L
with |co| > M*/(n — 1)\, either

oo €
Co [/0 f(s,c08™ 1)ds — gin/ (€= 8)"f(s,cos" )ds] <0, (3.3)

1
co / f(s,co8™ V)ds — i/ (= s)”f(s,cosnfl)ds} > 0. (3.4)

gn
Then -., has at least one solution in X, provided
1—2M,|la| >0, (3.5)

—tyn—1—i
where M, = maxo<i<n—1 (SUPte[o,oo) e " Z).
To prove Theorem we need to prove some Lemmas.

Lemma 3.2. The operator L : dom L C X — Y is a Fredholm operator of index
zero. Furthermore, the linear projector operator Q) : Y — 'Y can be defined by

Q) =ae [ [ utoyis - g [ ras]

é‘n
where
1 1 /¢ n n! et
7—1——/ E—s)"e fds=1— ) 4 (—1)"n!—
and the linear operator Kp : Im L — dom L Nker P can be written as
t
_ n—1
Kpy(t) = (n_1)|/0 (t—s)""y(s)ds, ye€ImL.
Furthermore,
Kyl < Myllyllr,  for every y € Im L. (3.6)

Proof. 1t is clear that
ker L={z €domL:z=ct"', c€R, te€[0,00)}.

Now we show that

¢
ImL={yecVY: / ds — 7/0 (& — s)"y(s)ds = 0}. (3.7)

The problem

2 () = y(t) (3.8)
has a solution :r( ) that satisfies the conditions z(9(0) = 0, for i = 0,1,...,n — 2,
and 2"~ (c0) = ;,1 fo t)dt if and only if
00 3
/ y(s)ds — 57/ (& —s)"y(s)ds = 0. (3.9
0
In fact from (3.8]) and the boundary conditions we have

1 t
2(t) = ——— [ (t—s)""y(s)ds +co + et +cot®> + -+ cp g t"H
(n—=1Jo

:71 ) /O(t—s)"fly(s)derct"*l.

(n—1)!
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From ("~ (00) = g’—i fog x(t)dt, we obtain

/ T y(s)ds = =/ (6 - 5 y(s)ds.

On the other hand, if (3.9) holds, setting

2(t) = ﬁ/o (t — 5)" Vy(s)ds + et

where ¢ is an arbitrary constant, then z(¢) is a solution of (3.8)). Hence (3.7]) holds.
Setting

Ry = / T y(s)ds - ~ / (6 - 5 y(s)ds,

define Qy(t) = ae 'Ry, it is clear that dimIm @ = 1. We have

o0 ¢
Q% = Q(Qy) = ac™"(a.Ry) /0 eds - {i /0 (€~ o)eds)
= ae” 'Ry = Qy,

which implies the operator @ is a projector. Furthermore, Im L = ker Q).

Let y = (y — Qy) + Qy, where y — Qy € ker@Q = Im L, Qy € Im Q. Tt follows
from ker@Q = ImL and Q%y = Qy that ImQ NImL = {0}. Then, we have
Y=ImL®Im. Thus dimker L =1 = dimIm @ = codimIm L = 1, this means
that L is a Fredholm operator of index zero. Now we define a projector P from X
to X by setting
33("_1)(0)

(n—1)!

Then the generalized inverse Kp : Im L dom L Nker P of L can be written as

n—1

Px(t) =

ﬁ/o (t — s)" " ty(s)ds.

Obviously, Im P = ker L and P?z = Px. It follows from z = (z — Pz) + Pz that
X = ker P + ker L. By simple calculation, we obtain that ker L N ker P = {0}.
Hence X = ker L @ ker P.

From the definitions of P and Kp, it is easy to see that the generalized inverse
of L is Kp. In fact, for y € Im L, we have

(LEp)y(t) = (Kpy()™ = y(1),
and for x € dom L Nker P, we know that

pr(t) =

n — 1 ! n—1,.(n
(KpL)x(t) = (Kp)x( (1) = m/o (t — )"tz (s)ds
x(n_Q) x(n—l)
=x(t) — [z(0) + 2 (0)t +--- + (71_2()0!)1511—2 + (n_l()og)tn_l]’

In view of 2 € dom L Nker P, () (0) = 0, for i = 0,1,...,n — 2, and Pz = 0, thus
(KpL)x(t) = x(t).



6 A. FRIOUI, A. GUEZANE-LAKOUD, R. KHALDI EJDE-2016/29

This shows that K, = (L|aom Loker )~ '. From the definition of K, we have for
i=0,...,n—1,

() ™! t 1
06 0)) € o= [ =9 S uolds < Myl

which leads to

Kyl = ( ~t(K,y)i(t )<M .
IEpyll = | max | oap ¢ [(Kpy) (1] ) < Ma|lyllx

This completes the proof. [l

Lemma 3.3. Let Q = {& € dom L\ ker L : Lv = ANz for some A € [0,1]}. Then
Q4 is bounded.

Proof. Suppose that z € 1, and Lx = ANz. Thus A # 0 and QNz = 0, so that

o) 1 19 . B
/0 f(s,x(s))ds—g—n/o (€ — $)" (s, 2(s))ds = 0.

Thus, by condition (H2), there exists to € Ry, such that \x(n71>(t0)| <M. It
follows from the absolute continuity of (=1 that

— a:(nfn — tox(")s s
)] = |+ (to) / (5)d

)

then, we have
"7 (0 < M+ / |La(s)lds < M + / [Nw(s)lds = M + [Nzl (3.10)
0 0

Again for z € ; and = € dom L\ ker L, we have (I — P)z € dom L Nker P and
LPz = 0; thus from Lemma [3.2]

(I = P)a|| = | KpL(I — P)x||
< M, | L(I - P)z| (3.11)
= My||Lz|}y < My|[N|:.

So
]| < 1P|l + (I = P)a|| = My |z™~D(0)] + My || Nz, (3.12)
again from (3.10)) and (3.11)), (3.12) becomes
2]l < MpM + My |[Na|ly + My ||Na||y < MpM + 2My|[Nz|:. (3.13)

On the other hand by (3.1]) we have
[Nl :/O |f(s,2(s))|ds < [[z|[lal[x + [|B]]1- (3.14)
Therefore, (3.13) and (3.14), it yield
[zl < MnM + 2My||af|||ally + 2Mn|[B]|1;

since 1 — 2M,||a|ly > 0, we obtain

M, M 2Mn||ﬁH1
2Mylally 1= 2My[lef:
So €27 is bounded. O

Lemma 3.4. The set Qy = {z € ker L : Nz € Im L} is bounded.

<
ol < =
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Proof. Let © € 3. Then z € ker L implies z(t) = ct" !, ¢ € R, and QNz = 0;
therefore

%0 1t

/ f(s,es" V)ds — 57/ (€ —5)"f(s,cs"1)ds = 0.
0 0

From condition (H2), there exists t; € Ry, such as [z(""V(t;)] < M. We have

(n—1D)e| < M so|c] < %), On the other hand

(n

lz]l = |e| max ( sup e_t(t"_l)(i)> < MM, < oo,
0<i<n—1 te[0,00)

so 25 is bounded. O
Lemma 3.5. Suppose that the first part of Condition (H3) holds. Let
Qs ={zxe€kerL: -AJz+ (1 - XN)QNx =0, A€ [0,1]}

where J : ker L — Im Q is the linear isomorphism given by J(ct" 1) = ce™t, for all
ceRt>0. Then Q3 is bounded.

Proof. In fact mo € €3, means that 2y € ker L i.e. x¢(t) = cot" ! and A\Jxg =
(1 = A)QNxp. Then we obtain

) 1 3
Ao = (1= Na( [ fls.cos s = o [ (6= 9 Flscos” )ds).
0 & Jo
If A =1, then ¢ = 0. Otherwise, if |co| > M*/(n —1)!, in view of (3.3) one has
A2 = (1— )\)ac()(/ f(s,c08" V)ds — —n/ (€ — s)”f(s,cos”_l)ds) <0,
0 £ Jo
which contradicts the fact that Ac2 > 0. So |co| < M*/(n — 1)!, moreover

o]l = feol , max ( sup et H)D]) < MM,
0<i<n—1 te[0,00)

Therefore 23 is bounded. O
Lemma 3.6. Suppose that the second part of Condition (H3) holds. Let
Qs ={ze€kerL: \Jz+ (1-NQNxz=0, A €]0,1]}

where J : ker L — Im Q is the linear isomorphism given by J(ct"~1) = ce™t, for all
c€R, t>0. Then Q3 is bounded, here J is as in Lemma[3.5

Proof. Similar to the above argument, we can verify that 3 is bounded. O

Lemma 3.7. Suppose that ) is an open bounded subset of X such that dom(L) N
Q#0. Then N is L-compact on Q.

Proof. Suppose that 2 C X is a bounded set. Without loss of generality, we may
assume that Q = B(0,r), then for any x € Q, ||z|| < r. For € ), and by condition

, we obtain
el < ae™ [ [ 1pGs.atolas + & [ (- o7 stssatoias
<ae! [/000 e a(s)|z(s)| + B(s)ds

13
g [ €= o atolets) + os))as]
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<aet [r/ooo a(s)ds+/ooo 6(s)d5+r/0§a(s)ds+/ogﬂ(s)ds}

< ae "2r|all + 2(|8]]1]
< 2a[r||a|lx + 118I1];
thus,

1@Nz|ly < 2alrfjell + [|B]h], (3.15)
which implies that QN () is bounded. Next, we show that Kp(I — Q)N () is
compact, for this we use Lemma . Let x € Q, by (3.1) we have

[N ]|y :/0 |fs,2(s)lds < [rlledls + [IB11]; (3.16)
on the other hand, from the definition of Kp and together with (3.6), (3.15) and
(3.16)) one obtain

IKp(I = Q)Nz|| < Mp[|(I = Q)Nz|y < Mp[|Na| + [QN[|]
< Mplr(1+2a)||afly + (1 + 240)[|8]11]-
It follows that Kp(I — Q)N (Q) is uniformly bounded.

Let us prove that T is equicontinuous. For any z € Q and any t1,t, € [0,7T] with
t; <ty and T € [0,00), we have for 0 <i<n—2:

le™" (Kp(I — Q)Nz) W (t1) — e > (Kp(I — Q)Nz) " (ts)|

= | /t e (Kp I - Q)Nz) " (s)]'ds|
= |/t 2[*ef‘q(Kp(I —Q)Nz)D(s) + e *(Kp(I — Q)Nz)"™(s)]ds|
< 2ty — )| Kp(I — Q)N

< 2(ty — t1) Mn[r(1 4 2a)[lelly + (1 + 2a)||B]l1] — 0,

as t;1 — io.
For i =n — 1, we obtain

e (Kp(I = Q)Nz)"V(ty) — e 2(Kp(I — Q)Nz) "V ()|
=le” 1/0 (I —-Q)Nzxz(s)ds — e~ 2/0 (I — Q)Nux(s)ds|

< [t eI - QNa(e)lds+ [ e (T - Q)Nas)lds

t1
t1 ta
<(ta-t) [T QNa(o)lds+ [ 10~ @Na(s)lds — .
0 t
as t; — ta. So Kp(I — Q)N(Q) is equicontinuous on every compact subinterval of

[0,00). In addition, we claim that Kp(I —Q)N(£2) is equiconvergent at infinity. In
fact, for t € Q,7=0,...,n — 1, we have

|7 (K1 = QNz) (1)

eft

< (n_l_z)l/o (t—8)" 1 — Q)Nx(s)|ds

<o [0 - QNato)lds < (1 - QVall
0
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< e "Nl + IQNw[] < eT (A + 2a0) [l el + (18111

thus, lim; oo e (K,(I — Q)Nz)(t) = 0, for every i = 0,...,n — 1, which means
that Kp(I — Q)N(Q) is equiconvergent at infinity. O

Now we are able to give the proof of Theorem [3.I} which is an immediate con-
sequence of Theorem and the above lemmas.

Proof of Theorem [3.1. We shall prove that all conditions of Theorem [2.1] are satis-
fied. Set 2 to be an open bounded subset of X such that U3_;Q; C 2. We know
that L is a Fredholm operator of index zero and N is L-compact on 2. By the
definition of {2 we have
(i) Lz # ANz pour tout (z, ) € [(dom L\ ker L) N 9] x (0,1);
(ii) Nz ¢ Im L pour tout = € ker L N 0N
At last we prove that condition (iii) of Theorem is satisfied. To this end, let

H(xz,\) = +AJz + (1 — \)QNz

By the definition of Q we know that Q3 C €, thus H(z,\) # 0 for every = €
ker L N 0f). Then, by the homotopy property of degree, we obtain

deg(QN |xer 1, 2 Nker L, 0) = deg(H(+,0),Q2 Nker L, 0)
=deg(H(-,1),Q2Nker L,0)
= deg(+J, Q2 Nker L,0) # 0.

So, the third assumption of Theorem is fulfilled and Lz = Nz has at least one
solution in dom L N §2; i.e. (1.1)-(1.2)) has at least one solution in X. The prove is
complete. |
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11. INTRODUCTION

In this paper, we are concerned with the existence of solutions of the higher-order
ordinary differential equation

M) = f(t,2(t), te(0,00), (11.1)

with the integral boundary value conditions

&
2D(0)=0,i=0,1,....,n—2, 2" V(o) = 271/ a(t)dt, (11.2)
0
where n > 3 is an integer, £ > 0 and f € C(]0,00) x R, R).

A boundary value problem (BVP for short) is said to be at resonance if the
corresponding homogeneous boundary value problem has a non-trivial solution.
Resonance problems can be formulated as an abstract equation Lz = Nx, where L
is a noninvertible operator. When L is linear, as is known, the coincidence degree
theory of Mawhin [I9] has played an important role in dealing with the existence
of solutions for these problems. For more recent results, we refer the reader to
131 5L 6] 6] [8, @1 141 20| 22], 24, 25] and the references therein.
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Moreover boundary value problems on the half line arise in many applications
in physics such that in modeling the unsteady flow of a gas through semi-infinite
porous media, in plasma physics, in determining the electrical potential in an iso-
lated neutral atom, or in combustion theory. For an extensive literature of results
as regards boundary value problems on unbounded domains, we refer the reader to
the monograph by Agarwal and O’Regan [I].

Recently, there have been many works concerning the existence of solutions for
the boundary value problems on the half-line. For instance see [2 4, [0, [111, 12|
13|, 15 [16], 17, 18], 2T), 23] and the references therein. By the way, much of work on
the existence of solutions for the boundary value problems on unbounded domains
involves second or third-order differential equations.

However, for the resonance case, there is no work done for the higher-order
boundary value problems with integral boundary conditions on the half-line, such
as BVP —.

The remaining part of this paper is organized as follows. We present in Section
2 some notations and basic results involved in the reformulation of the problem. In
Section 3, we give the main theorem and some lemmas, then we will show that the
proof of the main theorem is an immediate consequence of these lemmas and the
coincidence degree of Mawhin.

12. PRELIMINARIES

For the convenience of the readers, we recall some notation and two theorems
which will be used later.

Let X,Y be two real Banach spaces and let L : domL C X — Y be a linear
operator which is Fredholm map of index zero, andlet P: X — X, Q:Y — Y be
continuous projectors such that Im P = ker L, ker@Q = Im L. Then X = ker L &
ker P, Y = Im L & ImQ. It follows that L|qom Laker p : dom L Nker P — Im L is
invertible, we denote the inverse of that map by Kp. Let € be an open bounded
subset of X such that dom LN # (), the map N : X — Y is said to be L-compact
on (2 if the map QN(Q) is bounded and Kp(I — QN) : Q — X is compact.

Theorem 12.1 ([19]). Let L be a Fredholm operator of index zero and N be L-
compact on Q. Assume that the following conditions are satisfied:
(1) Lz # ANz for every (x,\) € [(dom L\ ker L) N 9] x (0,1).
(2) Nx ¢ Im L for every x € ker L N ON).
(3) deg(QN|kerr, 2N Nker L,0) # 0, where Q : Y — Y is a projection such
that Im L = ker Q.

Then the equation Lz = Nx has at least one solution in dom L N Q.

Since the Arzeld-Ascoli theorem fails in the noncompact interval case, we use
the following result in order to show that Kp(I — QN) : 2 — X is compact.

Theorem 12.2 ([1]). Let F C X. Then F is relatively compact if the following
conditions hold:

(1) F is bounded in X.

(2) The functions belonging to F' are equi-continuous on any compact interval
of [0,00).

(3) The functions from F are equi-convergent at +00.
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Let ACI0, +00) denote the space of locally absolutely continuous functions on
the interval [0, 4+00). Let

X = {2 € "0, +00) : 2"V € ACi[0, +00), Jim e '|a(t)| exists}

endowed with the norm [|z]] = sup,cp o0y € ‘|2(t)]. Let Y = L0, +00) with
—+oo
norm [|ylly = [y [y(t)|dt.
Define the operator L : dom L € X — Y by Lz = ("), where

domL:{xGX:x(i)(O)*O i=0,n—-2,z0"Y(c0) = / t)dt}.

Let N : X — Y be the operator Nz = f(¢,z(t)), t € [0,+00), then the BVP

(11.1)—(11.2) can be written as Lx = Nz.

13. MAIN RESULTS
We can now state our results on the existence of a solution for (11.1)-(11.2]).

Theorem 13.1. Assume that the following conditions are satisfied:
(H1) There ezists functions o, 3 € L'[0,00), such that for all * € R and t €
[0, 00),
[f(t,2)] < e a(t)|z] + B(E). (13.1)
(H2) There exists a constant M > 0, such that for x € dom L, if |z~ (t)| > M,
for allt € [0,00), then

1 3

/ f(s,z(s))ds — 57/ (&—98)"f(s,x(s))ds # 0. (13.2)

(H3) There exists a constant M* > 0, such that for any x(t) = cot" ! € ker L
with |co| > M*/(n — 1)\, either

[e'S) 1 13
Co [/ f(s,c08™ 1)ds — g—n/ (&= 8)"f(s,cos" ")ds] <0, (13.3)
0
1 3
Co / f(s,co8" Hds — 57/ (& - s)"f(s,cos"_l)ds} > 0. (13.4)
Then ([11.1)-(11.2), has at least one solution in C[0,00), provided
1—2M,]|la|1 >0, (13.5)

—ttn—l — (L—l)n—l .

where My, = sup;cg o) € -

To prove Theorem [13.1] we need to prove some Lemmas.

Lemma 13.2. The operator L : dom L C X — Y is a Fredholm operator of index
zero. Furthermore, the linear projector operator @Q : Y — Y can be defined by

Q) =ae [ [ wtopis - & [ raoas]
where
1/a=1- Z(—1)’“mn]i)!gk

k=0
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and the linear operator Kp : Im L — dom L Nker P can be written as

! ] / (t —s)" " 'y(s)ds,y € Im L.

Kpy(t) = -1,

Furthermore

M,
1Ky < WHyHl, for every y € Im L. (13.6)

Proof. 1t is clear that
kerL={z cdomL:x=ct" ' ceR, tc [0,00)}.
Now we show that

§
ImL={yeY: / s)ds — —/ (& — s)"y(s)ds = 0}. (13.7)
The problem

2 (t) = y(t) (13.8)
has a solution :E( ) that satisfies the conditions (¥ (0) = 0, for i = 0,1,...,n — 2,
and 2"~V (c0) = = g fo t)dt if and only if
/ y(s)ds — E—n/ (& —9)"y(s)ds = 0. (13.9)
0

In fact from ((13.8) and the boundary conditions ((11.2)) we have

1 t
z(t) = O] / (t—8)""ty(s)ds 4 co + c1t + cat® + - 4 cp1t" !
—J,
1 t
= 7(71 1 / (t—s)"Ly(s)ds + ct" 1,
From 2"~ (c0) = fo t)dt, we obtain

%S 1 13
/ wo)ds = 7 [ (€= 9" us)as.
0 € Jo
On the other hand, if (13.9) holds, setting

1 ! n—1 n—1
x(t) = I /0 (t—s)"""y(s)ds+ct
where ¢ is an arbitrary constant, then x(¢) is a solution of (13.8). Hence ((13.7))

holds. Setting
00 3
Ry= [ utss— g €= oo
0
define Qy(t) = ae~t Ry, it is clear that dimIm Q = 1. We have
) 1 13
@y = QQu) =o' @Ry)(| e tds— 5 [e—oreay
0
— ae™'Ry = Qy,
that implies the operator @ is a projector. Furthermore, Im L = ker Q.
Let y = (y — Qu) + Qu, where y — Qy € ker@Q = Im L, Qy € Im Q. Tt follows

from kerQ = ImL and Q%y = Qy that InQ NImL = {0}. Then, we have
Y=ImL®Im@. Thus dimker L =1 = dimIm @ = codimIm L = 1, this means
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that L is a Fredholm operator of index zero. Now we define a projector P from X
to X by setting

x(n—l)(o)
(n—1)!
Then the generalized inverse Kp : Im L — dom L Nker P of L can be written as
_ /t(t —5)"y(s)ds
(=1 Jo e

Obviously, Im P = ker L and P?z = Px. It follows from x = (z — Px) + Px that
X = ker P + ker L. By simple calculation, we obtain that ker L N ker P = {0}.
Hence X = ker L & ker P.

From the definitions of P and Kp, it is easy to see that the generalized inverse
of L is Kp. In fact, for y € Im L, we have

(LE)y(t) = (Kpy()™ = y(1),
and for x € dom LN ker P, we know that

1 t
(KpLha(t) = (K™ (1) = 2y [ (6= 9 12 (s)ds
(n—=1!Jo
D) L, 2 D(0)
(n—2)! (n—1)!
In view of 2 € dom L Nker P, () (0) = 0, for i = 0,1,...,n — 2, and Pz = 0, thus
(KpL)x(t) = x(t).

This shows that K, = (L|dom Loker ). From the definition of K,, we have

Px(t) = !

Kyy =

tnfl]'

—t

= / (t— )" Vy(s)|ds

[Kpyll = sup e "[Kpy| < sup

t€[0,00) t€[0,00) (n—1
M, o M,
e ds = —*— .
<o wlds = il
This completes the proof. [

Lemma 13.3. Let ; = {x € domL\kerL : Lz = ANz for some A € [0,1]}.
Then Q1 is bounded.

Proof. Suppose that z € Q1, and L = ANz. Thus A # 0 and QNz = 0, so that

o0 1 e

/ f(s,z(s))ds — —n/ (&—9)"f(s,2(s))ds = 0.
0 £ Jo

Thus, by condition (H2), there exists to € Ry, such that \x("fl)(to)| <M. It

follows from the absolute continuity of (=) that

T =" 0) — tox(")s s
= ) = [ )

(n—1)

)
then, we have

%) o9}
" (0)] < M+/ |La(s)|ds < M+/ [Na(s)lds = M + [Nafy. - (13.10)
0 0
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Again for z € Q; and z € dom L\ ker L, we have (I — P)x € dom L Nker P and
LPx = 0; thus from Lemma [13.2]

I(I = P)z|| = |[KpL(I — P)x||

M,
S ot = Pl (13.11)
M, M,
= < — .
So
o M,
Joll < IPall + 17 = P)all = M Ja" D) + 2 Nalh, (1312

again from (13.10]) and (13.11]), (13.12) becomes

]l < MM + My|| Nz + [ Nafly € MM +2M, |[Nafly.  (13.13)

M,
(n—1)
On the other hand by ((13.1) we have

[Vl :/O £ (s, 2(s))lds < [[z[l[|ellx + 18]} (13.14)

Therefore, (13.13) and (13.14)), it yield
[ < My M + 2M||2|[|ally + 2Ma||5]]1;

since 1 —2M,||a|l; > 0, we obtain

M, M 2Mn||ﬁH1
2Mpllally  1—2Mylall

So €24 is bounded. O

ol < —

Lemma 13.4. The set Qg = {x € ker L : Nx € Im L} is bounded.

Proof. Let © € Q, then = € ker L implies z(t) = ct"!, ¢ € R, and QNx = 0;
therefore

9] 1 13
/ f(s,cs™ Yds — —n/ (€ —8)"f(s,cs" )ds = 0.
0 £ Jo
From condition (H,), there exists t; € Ry, such as |z(®~V(t;)| < M. We have
(n—1)llel < M

so |e] < % On the other hand

ol = sup e~*la(t)] = |c| sup e~'t"T = |c[ My,
t€[000) t€[000)
ie. |lz] < % < 00, 0 (g is bounded. O

Lemma 13.5. Suppose that the first part of Condition (H3) holds. Let
Qs ={zxe€kerL: -AJz+ (1 - XN)QNx =0, A€ [0,1]}

where J : ker L — Im Q is the linear isomorphism given by J(ct"~ ') = ct"~1, for
allce R ¢t > 0. Then Q3 is bounded.
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Proof. In fact 2o € Q3, means that zg € ker L i.e. xo(t) = cot" ! and M\Jzg =
(1 = N)@QNzxg. Then we obtain

%0 1 e
et = (1— )\)ae*t</ f(s,cos™ V)ds — f—n/ (& —35)"f(s, cosnfl)ds).

0 0
If A =1, then ¢y = 0. Otherwise, if |co| > M™*, in view of (13.3)) one has
AeAtn Tt = (1 - )\)ae_tco(/ f(s,c08" 1)ds — 57/ (€ — 8)" f(s,cos" 1 )ds) < 0,

0 0
which contradicts the fact that Ac2 > 0. So |co| < M*, moreover
|20l = sup e t|eot™ ™t = |co| M,y < M*M,,.
Therefore €3 is bounded. (]
Lemma 13.6. Suppose that the second part of Condition (H3) holds. Let
Qs ={ze€kerL: Az + (1-NQNz =0, A €][0,1]}

where J : ker L — Im Q is the linear isomorphism given by J(ct" 1) = ct™~ 1, for
allc € R, t > 0. Then Qg is bounded here J as in Lemma[13.5 Similar to the
above argument, we can verify that Q3 is bounded.

Lemma 13.7. Suppose that § is an open bounded subset of X such that dom(L) N
Q#(. Then N is L-compact on Q.

Proof. Suppose that 2 C X is a bounded set. Without loss of generality, we may
assume that Q = B(0,r), then for any = € Q, ||z|| < r. For x € Q, and by condition
(13.1]), we obtain

00 £
e~QNal <ae [ [ (s a(o)lds + g [ (€= 0" (s.a(s)las

é’n
<ae [/000 e *a(s)|z(s)| + B(s)ds
vo | (€ 9" (e al)lals)] + 5(s))ds]

<ae [r /OOO a(s)ds + /0C>O B(s)ds + r/: a(s)ds + /0§ ﬂ(s)ds}

< ae”*'[2rlall + 2[|8]Ix]
< 2alrflaly + [1B]11);
thus,
1@Nz|ly < 2alrfjelly + [|B]h], (13.15)
which implies that QN () is bounded. Next, we show that Kp(I — Q)N () is
compact. For z € Q, by we have

[N ]|y :/0 |fs,2(s)|ds < [rlledls + [1811]; (13.16)

on the other hand, from the definition of Kp and together with (13.6]), (13.15]) and
(13.16[) one gets
[1Kp(I = Q)N < My |[(I = Q)NIly < Mu[[Nz|1 + [[QNz|1]
< Myp[r(1+ 2a)[lally + (1 + 2a)|[]l1].
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It follows that Kp(I — Q)N (Q) is uniformly bounded.
Let us prove that T is equicontinuous. For any = € Q and any t1,t2 € [0, 7] with
t1 <ty and T € [0,00), we have

le _“KP(I —Q)Nz(ty) — e 2 Kp(I — Q)Nz(ts)]
= | [ et - - @t

_ A *tz(tQ s)"~ 1([ Q)Nz(s)ds

! " —t2 n—1 —t1 n—1
(n_l)![/o e 2(ty — s) —e "(t1 — ) |(I — Q)Nz(s)|ds

i / Cea(ty — )" (I - Q)Nx(s)|ds]

<ol T e —
X eI~ Q)Na(s)lds

+ e*(tzfs)(tQ — 5)"71673|(I — Q)Nx(s)|ds}

< oMt =) [ eI - Q) Na(s) s

to
et (ty — 1) / (T~ QNa(s)lds| =0, asty— b

t1

So Kp(I—-Q)N(Q) is equicontinuous on every compact subset of [0, c0). In addition,
we claim that Kp(I — Q)N () is equiconvergent at infinity. In fact,

e Kp(I — Q)Na(t)]

> ﬁA 6_(t—s)(t _ S)n—le—s|(]— _ Q)Nx(s)|ds

A

A

< (nﬂf"l)g / (1= Q)Na(s)lds < I - QN

M7l
(n—1)!

M,
< e IVell + QN < oo
thus, lim; . e 7" K,(I — Q)Nz(t)] < co. Which means that Kp(I — Q)N(Q) is
equiconvergent ([l

Now we are able to give the proof of Theorem [I3.1] which is an immediate
consequence of Theorem and the above lemmas.

Proof of Theorem[15.1, We shall prove that all conditions of Theorem are
satisfied. Set Q to be an open bounded subset of X such that U_;Q; C Q. We
know that L is a Fredholm operator of index zero and N is L-compact on Q. By
the definition of {2 we have

(i) Lz # ANz pour tout (z, ) € [(dom L\ ker L) N 9] x (0,1);

(ii) Nz ¢ Im L pour tout = € ker L N 0.
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At last we prove that condition (iii) of Theorem is satisfied. To this end, let
H(z,A)=+tXJxz+ (1 - N)QNz

By the definition of Q we know that Q3 C €, thus H(z,\) # 0 for every z €
ker L N 0S). Then, by the homotopy property of degree, we obtain

deg(QN|ker, 2N Nker L,0) = deg(H(+,0),2NNker L, 0)
=deg(H(-,1),Q2NNker L,0)
= deg(+J, Q2N Nker L,0) # 0.

So, the third assumption of Theorem [T2.1]is fulfilled and Lz = Nz has at least one
solution in dom L N Q; i.e. (11.1)-(11.2) has at least one solution in X. The prove
is complete. 0
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