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ALMOST PERIODIC SOLUTIONS OF DIFFERENTIAL
INCLUSIONS GOVERNED BY SUBDIFFERENTIALS

KARIM EL MUFTI

ABSTRACT. Sufficient conditions are given to ensure the existence and even-
tually the uniqueness of bounded and almost periodic solutions of evolution
equations governed by subdifferential operators.

1. INTRODUCTION

Let V and H be real Hilbert spaces, with V densely and compactly embedded in
‘H which will be referred as the compactness condition. We consider an evolution
equation of the form

u'(t) + 0o (u(t)) + B(t,u(t)) > f(t) inHt>s, s€R (1.1)

where f € L2 ([s,00];H), 0" is the subdifferential of a time dependent proper
lower semicontinuous (Isc) convex function ! on ‘H, B(t,-) is a multivalued operator
from a subset D(B(t,-)) C ‘H into H for each ¢ € R. The Cauchy problem for
with the initial value ug € H is

u' () + Ot (u(t)) + B(t,u(t)) > f(t) inHt>s

u(s) = ug. (1.2)

We use some classical results on subdifferentials of time dependent convex functions
in a Hilbert space ; we refer to [4], [5] or [8] for the definitions and known results.

Denote by A the totality of operator functions A(t)(-) = d¢t(-) + B(t,-),t € R
satisfying

(vF — v, 01— v2) = A(B)for — vl vF € Ao, (1.3)

We shall prove an existence theorem for bounded solutions under a compactness
condition, and an existence-uniqueness theorem for bounded solutions assuming
, f and « being in the Stepanov space. After we discuss whether the bound-
edness of a solution to on the whole line, implies its almost periodicity or the
existence of an almost periodic solution, via compactness arguments combined with
monotonicity methods.

Let Cy(W) be the space of continuous and bounded functions on the real line
with values in Banach space W and denote by | - |y the norm for W.
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Definition 1.1. A function x belonging to C,(W) is called Bochner almost periodic
if the family of its shifts 27 (-) = z(. + 7)(7 € R) is precompact in Cy(W). The set
of almost periodic functions is denoted by Cy(W).

The Stepanov space of index r > 1, 5" (J; W) will play an important role in the
sequel.

1
ST(TW) = {f € L'(J; W),sup/ £t 4+ 7)[fpdr < 0o},
teg Jo
If W =R, we denote this space byS”(J).

Definition 1.2. A function f is said to be almost periodic in the sense of Stepanov
(S")— a.p., if for every ¢ > 0 there corresponds a relatively dense set {7}. such
that for all 7 € {7}, we have

1
sup/ 74 m) — £+ m)lidn < e.
teR JO

Before stating our main results, we give a metric topology on ® the set of all
proper lsc convex functions on H, and precise some preliminary results. For ¢, €
®, we define for each r > 0,

0 if L,(r) =

B )
pr(pst) = {supze%m infyep(w){maxﬂy —z[, [¥(y) — p(2)|} if Lsa(r) # 0,
(

4)
where D(f) stands for the domain of f and put

Ly(r) ={z € D(p); |2 <7 0(2) <7}
We define the functional ¢,(-,-) on ® x & as follows

G ¥) = pr(0,9) + pr(¥, 0)1 0,9 € @.
We say that {¢,} is a Cauchy sequence for the metric topology of ® if
Cr(Ynyom) — 0 as n,m — oo.

Note that ® is not complete. However, ®, = {¢ € ®;L,(r) # 0} is a complete
subset of ® for this topology. Following [], the function ¢ — ¢! is ®-almost
periodic if from any sequence {t,}, one can select a subsequence {¢,} of {t,} such
that Tt converges in ® uniformly in t € R.

We use the notion of weak solution to introduced in [§].

Definition 1.3. (i) A function u : [tg,t1] — H is called a solution of on [tg, t1]
if: u € LP([to, t1];H) N C([to, t1]; H), v’ € L?([to, t1]; H), pu € L (to,t1),p > 1
and is satisfied.

(ii) A function u : R — H is called a weak solution of on R, if the restriction
of u to every compact K of R is a solution of on K in the above sense.

To prove the existence of solutions to (|1.1]), we use the following conditions:

(A1) ¢'(2) > colz}, =71 (t) for all z € V and t € R.

(A2) (Smoothness of ¢! in t) There are functions a € VVZIOC2 (R) and § € VVZIOC1 (R)
satisfying

S(a, B) = sup |0/|L2(t,t+1) =+ sup \5/\L1(t,t+1) <005
teR teR
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for each s,t € R and z € D(¢?), there exists an element z € D(p?) such
that

~ s 1
|2 =zl < fe(t) — a(s)[(1+¢°(2)7,
¢'(2) = ¢°(2) < 1B(t) = B(s)I(1 + ¢°(2)).

(A3) B is an operator from D(B(t,-)) C ‘H into H such that D(¢*) C D(B(t,))
and

(=0¢" (u(t)) = B(t, u(t), w)n + 10" (u) + c(t)|u(t)[3; < 72(t),t € R.

We assume that
t1
/ c(s)ds > 0.

to

mec = liminf
t1—to—oo t1 — tg

(A2) [[1B(t, )IB, < c2p'(w) + (t) for all u € D(g), where [||B(t, u)lllr =
sup{|b|x;b € B(t,u)} are valid, in these inequalities 2 < p < 00 ¢g,¢1 and
¢y are positive constants; 1, 2,73 € S ([to, +00]).

(A5) B(t,-) is measurable in the sense: For each function v € C([0,T]; H) such
that dqzl—(tt) € L%([0,T);H) and there exists a function g(t) € L?([0,7T];H)
with g(t) € 9! (u(t)) for a.e. t € [0, T], there exists an H-valued measurable
function b(t) € B(t, u(t)) for a.e t € [0,T].

(A6) B(t,-) is demiclosed in the following sense: If u, — wu in C([0,T];H),
gn — g weakly in L2([0,T]; H) with g, (t) € 9¢(u(t)), g(t) € d¢®(u(t)) for
a.e. t € [0,T], and if b,, — b weakly in L2([0,T]; H) with b,,(t) € B(t,u,(t))
for a.e. t € [0,T], then b(t) € B(t,u(t)) holds a.e.

A slight modification of the results in [8] ensure the existence of a weak solution
given by Definition In all the cases in which this construction is possible, u is
given by the formula u(t + s) = Ey(t, s)u(s), (Ef(t,5))ier,ser+ is called a process
evolved in [3], see also the references therein.

This article is organized as follows: in section 2, we present the main results. In
section 3, we introduce some preliminaries. The proof of the main results are given
in section 4. In the last section, we show the applicability of our abstract theorems
to the heat equation and its variants in domains with moving boundaries.

2. MAIN RESULTS

Conditions for the existence and uniqueness of bounded and almost periodic
solutions to (|1.1)) are obtained. Our main results extend previous works [4] [6, [7]
and are stated as follows:

Theorem 2.1. Let f € S?(J;H). Under the compactness condition, (L.1)) has at

least one solution H-bounded on the whole line.

Theorem 2.2. Let f € S? (J;H), A(t) € A and the function y appearing in (L.3)
satisfy the inequality myy > 0. Then the inclusion (1.1 has a unique bounded
solution.

The following result is an easy consequence of Theorem [2.2]

Corollary 2.3. Suppose moreover that f(t), ' and B(t,-) are periodic with the
same period, the existence and uniqueness of a periodic solution to (1.1)) is straight-
forward.
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Remark 2.4. Tt is important to note that if in inequality (L.3)) v(¢) > 0 a.e and
myy > 0, the existence and uniqueness of a bounded solution do not require any
compactness condition.

Theorem 2.5. For a positive fized number A, we denote by V4 the set of all
families {p'} of almost periodic functions satisfying the properties (A1) and (A2)
with (3'S'-almost periodic such that S(a, 3) < A. Let {¢'} € UaN®g and dp'(-) +
B(t,-), t € R be monotone. Suppose that f(t) is Stepanov-almost periodic and
B(t,-) € B, the set of multivalued almost periodic operators B. There is at least
one solution u* of which belongs to C(H).

A new element beyond many previous works is a substitution of the requirement
of monotonicity of the global operator d¢t(-) + B(t,-) by a weaker assumption of
the type of semi-boundedness from below, ensuring the existence of almost periodic
solutions to . The proof is similar enough to that given in [6], so it will be
omitted.

Theorem 2.6. Let f(t) be Stepanov almost periodic and the map t — Op'(-) +
B(t,-) from R into H be almost periodic. Assume also that the function vy appearing
mn satisfies the inequality myy > 0. Then the inclusion has a unique H-
almost periodic solution.

Another method used for studying almost periodicity, is based on the process
(E¢(t,s))ter,ser+- In this way the methods apply to a much larger class of equations
than merely the equation (1.1)) itself.

Theorem 2.7. Let (E¢(t,s))icr ser+ be the process generated by (L.1) on a closed
conver subset of H. We assume that (Ey(t,s)) is T-periodic (T > 0) that is,

Vt e R,Vs e RT, Ef(t+T,s) = E(t,s),
and that for some M > 1 we have
|Ef(87t)‘r - Ef(svt)yl < M‘.’E - y|

Let u be any solution of (L.1). Under the compactness condition, there exists an
almost periodic solution v(t) such that |u(t) — v(t)|l — 0 as t — oo.

Remark 2.8. Theorem is used to treat (1.1)) when f(t),p! and B(t,-) are
periodic with the same period.

In the time-independent case of ¢, one has the following result.

Theorem 2.9. Assume that ¢ = ¢ and f = 0. Assume also that Op and B satisfy
monotonicity types conditions of the form

(Op(x) = dp(y),x —y) = ¢(lz —yln), Y,y € D(A)
where ¢ : Ry — Ry is a continuous function such that, ¢(r) > 0 for r > 0.
(B(t,l‘) _B(tvy)v'r_y) > —1/’(‘55 _y|71)’t € R,l‘,y €H

the function ¢ : Ry — Ry is continuous satisfying 1(0) = 0.
We suppose that the map t — B(t,-) from R into H is almost periodic for every
fixed x € H, uniformly on every bounded set of H. We assume finally that

lim sup 7«?(7“) —¢(r)

r—00 r

<0
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while the largest root () of the equation 1 (r) — ¢(r) +er = 0 verifies the condition
r(e) = 0 as € — 0. There exists an almost periodic solution u: R — H of (1.1).

3. PRELIMINARIES

We start with a closedness result stated in [I0] which describes the conver-

gence of the solutions of the variational inequality related to (¢, By, fn) to that
of (¢', B, f).
Lemma 3.1. Let J be a compact interval in R and {p'}ies be a family of con-
tinuous mappings from J into ®. Assume that cpg) is continuous from J into P,
and for allt € J go(t) converges to o) in ® (when n — o0), where ©® s a fam-
ily in ® and suppose that By (ty, zn) — B(t,z) weakly in H (when n — o0). Let
[ofn € LE (R;H), uy, be the solution of ul,(t) + ¢! (un(t)) + B(t,un(t)) 3 fal(t)
on a fized interval J = [to,t1]. Suppose that f, — f in L*(J;H), and (uy) is a
Cauchy sequence in C(J;H), then the limit function is a solution of on J.

The following lemma will be useful [6].

Lemma 3.2. Let an absolutely continuous and bounded function ¢ (t) satisfy a.e.
the differential inequality

U(8) + b)Y (1) < (8),
where ¢ € SY(R),b € SY((R), and

mb = liminf

/ b(s)ds > 0.
t1— t0—>00 1 — 0

1
t) < bl a1 —_— 1
P(t) < c(|blsrw) + mtb)|¢|5 (R)

where c(-) s an increasing function on (0, 00).

Then

The next proposition establishes the boundedness on the half line of any solution
in the H-norm.
Proposition 3.3. Let {¢'}o<t<oo satisfy (A1) and (A2), B satisfy (A3). Assume

that f € S? ([to,0);H),p > 2 and ¢'(0) = 0. For each solution of on
[to, 00), we have

t+1
sup |u(t) |y, supr>t, / O (u(r))dr < My,
t>to t
where Mo depends on | flgy ((1y,00):7)-
Proof. Multiply both sides of: v/ (7) + d¢" (u(7)) + B(r,u(7)) > f(7) by u(r) and
make use of Hoélder and Young inequalities, we obtain:

d|u(r)

dr

where 6, depend on cg,c; and v € S*([tg,00)) depend on v1,7s.
The first inequality is a consequence of Lemma [3:2] The second assertion holds
since,

t+1
lu t+1|H—|—9/ T))dr < |u(t |H+6/ |pd7+/ |v(7)|dT.
O

At gy, + 2e(m)u(r) By < 81 F (I, + (7). (3.1)
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The following lemma is due to Yamada [9].

Lemma 3.4. Let {¢'}o<t<oo satisfy (A1) and (A2) and u(t) be a strongly absolutely
continuous function from [O T] to H, where T is an arbitrarily fized positive number.
Then the mapping t — ¢'(u(t)) is absolutely continuous on [0,T] and we have

) 5

do'(u(t) _ d(u(t)
D (SEE 0t (b))

< 1B/ ONL+ ¢ (w(®)} + o/ O[99 ()L + (o' (u())} 7.

The next proposition establishes the boundedness on the half line of any solution
in the V-norm.

Proposition 3.5. Let {¢'}o<i<oo satisfy (A1) and (A2), B satisfy (A3) and (A4).
Suppose moreover that f € S%([tg,00); H). Then any solution u(t)(t > to) of
satisfies the estimate

t+1
sup |u(t)|y < max{|u(to)|v,}, sup/ |u'(7)|%£d7 < M,
t>to >to Jt

where the constant | does not depend on the solution, and My depends on |u(to)|y -

Proof. Multiply both sides of (L.1)) by «'(¢). From Lemma we obtain

Lo (ulr) + el (1)
< as|f(1) 2 + 18/ (1){L + ¢ (ul(r))} (32)
+ 1o/ ()10 (u(r)) {1+ (97 ()7} + ase™ (u(T)) + aalys(7)]

a.e. 7 > to. Using Young inequality we obtain
& () + ol (7) By
< ulf () + 618/ (1)1 + o7 (u(r))} (3.3)
+ 010/ (1) {1+ (97 ((r)))} + Co™ (u(r)) +8hs(7)] sae. T = to,

Note that all the constants appearing in the previous inequality are positive. We

put A(7) = [, (|/(9)]* + |8'(0)|)do and multiply both sides of this inequality by
e A,
e MO ()] 4 ve A ()
< pe™ O F() 3+ 0{ ()] + 18/ (1) e AT+ {¢oT (u(r)) + 8|ra () [Je AT
(3.4)
a.e. T > to. Integrating (3.4)) over [s,t], t > s >t yields
t
e AOG u(t) — A ule) +v [ e AN () e
S
t
S/ Al () + 6l ()P + |8 (7) [}dr (3.5)

+ [ 16 @) + sl
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where ¢ and § depend on cy. Assume that the half-line contains an interval A =
[t1 — 1,t1] such that

I'= t = t)|y.
lu(t1)|v Igleagdu( v

From Lemmafollows the boundedness of [, ¢7(u(7))dr. Then we can find a t;
in A such that ¢*2(u(t2)) is bounded. Now if in (3.5]) we take s = t3 and t = ¢1, we
conclude that T" is bounded by some constant 1;. Hence, we obtain the inequality
< .

sup u(t)ly < max{ max {lu(t)lv},i}
Take s = t3 € [to, 1 + to] so that ¢ (u(t3)) is bounded, then estimating the ex-
pression max,<¢<1+¢,{|u(t)|yv} with the help of (3.5) again, we show that the first
estimate holds. We multiply both sides of (3.3) by e= () (r —s+1), 7 > s > 1o,
it follows that for a.e. 7> s,

(e O =5+ 1) (W)} +vlr — s+ Ve Ol ()l

< e A (r — s+ Dl f ()3 + 0l (1) + 16" (7)]] + ¢ (ulr)) + 5|73(T)|(]- |
3.6
Integrating over [s, s + 1] we obtain

s+1
/ W (7) B

s+1
< QA=A / {1 (D)3 + 1o/ (NP + 168" ()] + @7 (u(r)) + |3 (7)1} dr,

S

for some positive constant C', which completes the proof. ([l

4. PROOFS OF MAIN RESULTS

Proof of Theorem[2.1. Let (s,) be a decreasing sequence of real numbers, s, —
—o0, and let u,, be the weak solution on [s,,, oo of

U, (1) + 09" (un(t)) + B(t,un(t)) 5 f(t) 5 un(sn) = 0.

In view of the estimates in Proposition [3.5|and according to Ascoli’s theorem, there
is a subsequence {u,, } which converges uniformly on every compact interval in R
as k — oo (as a H-valued function). If w(t) (¢ € R) is a limit function, thanks
to Lemma it must be a solution of equation . In the monotone case,
let z(t)(t > to) be the solution with the initial condition z(f9) = wu(to). Since,
|2(t) — un(t)| < |2(to) — un(to)| — 0, we have u(t) = z(¢t)(t > to). O

Proof of Theorem[2.3 The existence part is proved as in Theorem [2.1] here we
prove the uniqueness of the bounded solution under the condition m:y > 0. Let y;
and y» be two solutions of the inclusion (1.1, 1o (t) = |y1(t) —y2(t)|3,. The function
1 is bounded on R and ¢ (t) < —v(t)1ho(t). In view of Lemmal[3.2} ¢o(t) < 0 which
implied the desired inequality y; = yo. (]

Proof of Remark[2.]} Consider now the case when v(¢) > 0 and myy > 0 and the
inclusion V C H may not be compact. Let y, be a sequence of solutions of (|1.1))
satisfying the conditions y,,(—n) = yn(n), ||yn, L= ((—n,n); H)|| < r. If m > n, the
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function ¥(t) = |yn(t) — ym (t)[3,(—n < ¢ < n) satisfies the relations ¢(—n) < r?,
Y (t) < —v(t)1(t) from which the bound

b(t) < — / 2y(s)ds

follows in a standard manner. Since y(t) > 0 and m;y > 0, the same bound implies
that the sequence y, is a Cauchy sequence in C'(J,H). Now the existence of a
bounded solution for the inclusion is proved in the same manner as in the
case of the compact inclusion V C H. O

To prove Theorem we need the following lemma [5].

Lemma 4.1. Letu and v be solutions of (1.1|) on [tg, 00) such that |u(t)—v(t)|n = d
for allt >ty where d is a nonnegative constant. Then for each A € (0,1), \u+ (1 —
A)v becomes a solution of (1.1) on [tg, 00).

Proof of Theorem[2.5. An almost periodic solution to (1.1)) is selected by the min-
imax principle. Denote by, IC the set of all solutions v to (L.1) on R such that

sup |v(t)|xn < sup |u(t)|n and v(t) € F for all t € R.
teR t=>to

K is non empty. Further we put pu = inf,excI(v), where I(v) = supier|v(t)|n-
Since [ is Isc with respect to the pointwise convergence, K is being closed for this
topology, the following statement is straightforward.

Proposition 4.2. There is at least one element u* € K such that pp = I(u*).
We use Lemma [£.1] to obtain the following result.
Proposition 4.3. There is at most one element v € K such that p = I(v).

We state that u* is H-almost periodic, the proof of Theorem [2.5] will be complete.
We proceed by contradiction. Suppose that v* is not H-almost periodic on R. Then
there exists a sequence t,, such that u, = u*(t + ¢,) does not contain any Cauchy
subsequence in L (R; H). By the almost periodicity of ¢!, f and B, we may assume
that

f(t—t,) —m(t) in S*(R;V),
@'t ' in @ uniformly on R,
Bt —t,) — C(t) inB
and u'(t — t,) — v in ‘H uniformly on each compact interval in R, for i = 1,2
for some V— almost periodic function m on R, C' in B and applying the Bochner
criterion to Stepanov almost periodic functions, we establish that ¥4 is stable in
the sense, 1! in Ba. Clearly 9! is ®-almost periodic on R, and ' € ®p for all
t € R. Since u, contains no Cauchy sequence in L>°(R;H), there are a sequence
0r € R, two subsequences t,, and t,,, of ¢, and g > 0 such that:
[u* (O + tn,) — u (O + tm, )| > €0 for all k.
Moreover we may assume that
m(t+0x) — m(t) in S*(R;V),
C(t+0,) — C(t) inB,

Y% — 9t in @ uniformly on R,



EJDE-2016/28 ALMOST PERIODIC SOLUTIONS 9

when k — oo, for some V-almost periodic function m, C in B and a certain element
Wt of By, such that 1! is ®-almost periodic on R. Then it is easy to see that

ft+ 0k +t,,) — m(t) and  f(t+ 0 +tm,) — m(t) in S*(R;V),
B(t+ 60y +t,,)— C(t) and B(t+ 0 +ty,) — C(t) inB,
tHOrttn, @t and ! TOFtm, ’([Jt in @, uniformly on R
when k — oco. Taking Proposition [3.5into account, we may assume that
u(t+ 0 +tn,) — wi(t) and u*(t+ 0+t ) — wa(t)

in H uniformly on each compact interval in R when k¥ — oo, w; and ws are in
C(R;H); we observe that: |w1(0) — w2(0)| > €0, where wy and wy are solutions

of on R satisfying
wi(t), ws(t) € F forallt € R,
w=TI(wy) = I(ws).
Finally we choose a sequence 7, — oo so that
At — ) — f(B) i SA(R;V),
C(t — 1) — B(t) in B,
Pt ' in @, uniformly on R,
and w;(t — 1) — w}(t) in H uniformly on each compact interval in R, for some
wi € K (i =1,2). Since I(wy) = I(w}) it follows that wi = wj. On the other
hand,
0 = |wy(t) — wa(t)|r = limg—oo|wi(t — ) — wa(t — ) |1
> [w1(0) = w2(0)[3 = <o,

which is a contradiction. (]
Proof of Theorem[2.7. By Proposition any solution « of ([L.1]) has a precompact
trajectory, then we apply the result of [3]. O

Proof of Theorem[2.9. Theorems [2.1] and ensure the existence and eventually
the uniqueness of a bounded solution. By [2], this solution is actually almost
periodic. ([l

5. FURTHER COMMENTS AND APPLICATIONS

Let A(t) be a maximal monotone operator, we recall that Jy () = (I + A A(t)) !
for A > 0 is the resolvent of A(t) and the Yosida approximation A (t) = %k(t) is
Lipschitz continuous with Lipschitz constant %; in the special case A(t) = 0¢*, the
function defined by ¢ (z) = ¢'(Jx(t)z) + 55|z — Jr(t)z|? is Fréchet differentiable
and A, (t) = 0¢h.

In [I], the authors consider the inclusion %% + A(t)u + B(t)u > 0 in a Banach
space W (more general setting) where D(A(t)) = D(B(t)) = W, B(t) is assumed
to be Lipschitzian and almost periodic, A(t) is in a class A(w(t)) defined by

(@ + AA(@)) — (v + AAW) lw = (1 = Aw(t))|z — ylw.

They assume that limsupy,_,., w(t) < 0 and sup;cg w(t) < oo, the almost periodic
dependence of the operator A(t) is traduced in terms of its Yosida approximant.
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By a fixed point method, they show that the perturbed equation has exactly one
almost periodic solution u(t).
We shall exemplify the applicability of our abstract theorems to heat equations.

Example 5.1. Let © be a bounded domain in RY, N > 1, with smooth boundary
I = 09. If b(t) is an almost periodic function and m;b > 0, one could establish the
existence and uniqueness of bounded and almost periodic solutions of the problem

"9

p—2 9% _
(|Vu\ 8xi)+b(t)u flz,t), ze€f, teR, (5.1)

u(z,t) =0, x€dQ, teR.

Example 5.2. The heat equations in bounded regions with almost periodic moving
boundaries. Let Q(¢) be a bounded domain in R? with smooth boundary I'(¢) for
each t. Put Q(r,s) = U, ,,(Q(t) x 1).

e () is almost periodic.

e For each t, the boundary I'(¢) of Q(¢) is a (n — 1) dimensional sufficiently
smooth manifold (say, of class C?).

e () is covered by m slices Q(s;,t;)(i = 1,2,...,m) such that for each slice
Q(s;,t;) is mapped onto the cylindrical domain Q(s) x (s;,t;) by a diffeo-
morphism Y; which is of class C3 up to the boundary and preserves the
time coordinate t.

Let 2+ a > p and the following condition be satisfied,
—“l<a<x ifn<p

np . (5.2)
-1 — if .
<oz<2(n_p)_1 ifn>p
Our abstract framework can deal with the following problem,
0
5@ = Ajut ful*u+ fa,)} nQ 5.3

u(z,t)=0 onT,

where A, is the nonlinear Laplace operator defined by

"9 du ou
A, = — p=2 27 > 2.

Otani [8] also studies the Navier-Stokes equations in regions with moving bound-
aries.
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