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MULTIPLE SOLUTIONS FOR SEMILINEAR SCHRODINGER
EQUATIONS WITH ELECTROMAGNETIC POTENTIAL

WEN ZHANG, XIANHUA TANG, JIAN ZHANG

ABSTRACT. In this article, we consider the existence of infinitely many non-
trivial solutions for the following semilinear Schrodinger equation with elec-
tromagnetic potential

(—ivV+ A(x))zu +V(z)u = f(=,|u))u, inRN

where 7 is the imaginary unit, V' is the scalar (or electric) potential, A is the
vector (or magnetic) potential. We establish the existence of infinitely many
solutions via variational methods.

1. INTRODUCTION

This article concerns the following semilinear stationary Schrodinger equation
with electromagnetic potential

(—iV 4+ A@) u+ V(x)u= f(z,|ul)u, inRY (1.1)
where u : RY — C and N > 2, V : RY — R is a scalar (or electric) potential and
A= (Ay,...,An) : RY — R¥ is a vector (or magnetic) potential. This equation

arises in quantum mechanics and provides a description of the dynamics of the
particle in a non-relativistic setting.

There have been lots of studies on the existence and multiplicity of solutions for
nonlinear Schrodinger type equations without the presence of a magnetic potential,
see [3, [, [5l, 8, @ [19] 25], B0]. Compared with results of this case, the appearance
of the magnetic potential brings in additional difficulties to the problems such as
the effects of the magnetic potential on the linear spectral sets and on the solution
structure. Thus, for equations with magnetic potential, it has been studied much
less than for equations with magnetic potential, see [I} [6] 12, 17, 22 13 23]. It
seems that the first work was studied in [I2], the authors found the existence of
solutions for problem by solving an appropriate minimization problem for the
corresponding energy functional in the case of N = 2 and 3. Later, the existence
and multiplicity of solutions of problem were obtained in [I7] under certain
assumptions that o(—(—iV + A) + V) is discrete. In [I], the authors obtained
multiplicity of solutions under the assumptions that V. f and B := curlA depend
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periodically on = € RY. For singular perturbation problem and concentration
phenomenon of semi-classical states, we refer the readers to [2] [7, 10, 11 13, 23]
and the references therein.

It is worth pointing out that the aforementioned authors always assumed the
potential V(x) is positive. However, to the best of our knowledge, for the sign-
changing potential case, there are not many results for problem . In the case
of zero magnetic field (i.e. A; = 0,47 =1,2,...,N), there have been some works
focused on the study of the sign-changing potential, we refer the readers to [8], [9]
18|, 14}, [15] [19) 20] 24} 26] 27, 28, [30] and the references therein.

Motivated by the above references, we consider problem with sign-changing
potential, and establish the existence of infinitely many solutions by symmetric
Mountain Pass Theorem in [2I]. More precisely, we make the following assumptions:

(A1) Ae C(RN RY), V e C(RY,R) and infgny V(2) > —oc;

(A2) There exists a constant dy > 0 such that

lim meas ({z € RN : |z —y| < do,V(z) < M}) =0, VM >0,

ly|—o0

where meas(-) denotes the Lebesgue measure in RY;
(A3) f(z,|u]) € C(RN xR,R), and there exist constants ci, co > 0 and p € (2,2%)
such that

|f(x, [u])| < e1 + colulP™2,  for all (z,u) € RY x C;
Where2*:+ooifN§2and2*:13—iV2ifN>2;
(A4) limjy— oo F(z, [u])/|u|?* = 00, a. e. € RN, and there exists 7o > 0 such

that
F(z,|ul) >0, for |u|] > ro, (1.2)

where F(z,[u]) = ["! f(x, [t|)tdt;

(A5) F(z,|u]) = 3 f(z,|ul)lul* = F(z,|u]) > 0, and there exist c5 > 0 and & >
max{1, N/2} such that

F (e Jul)[* < ealul F (o, lul),  for [u] > ro;
(A6) There exist p > 2 and g > 0 such that
uF (x, u]) < |[ul2f(z, [u]) + olul> for all (x,u) € RN x C.
The main results of this article are the following theorems.

Theorem 1.1. Suppose that (A1)—(A5) are satisfied. Then problem (1.1)) has in-
finitely many solutions.

Theorem 1.2. Suppose that (A1)—(A4), (A6) are satisfied. Then problem (1.1)
has infinitely many solutions.

2. VARIATIONAL SETTING AND PROOF OF THE MAIN RESULTS

Before establishing the variational setting for problem (1.1]), we have the follow-
ing Remark

Remark 2.1. From (A1), we know that there exists a constant V > 0 such that
V(z):=V(x)+V for all x € RY. Let f(z,|u|)u := f(z, |u|)u + Vou and consider
the new equation

(—iV+A@) u+ V()= f(z,|u)u, inRY. (2.1)
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Then problem ({2.1) is equivalent to problem (L.1). It is easy to check that the
hypotheses (A1)—(A6) hold for V' and f provided that those hold for V' and f.

In view of Remark now we will study the equivalent problem ({2.1). Through-
out the following sections, we make the following assumption, instead of (A1),

(A1") A€ C(RN,RN), V € C(RM,R) and infgn V(z) > 0.
For convenience, write V gu = (V 4+ iA)u. Let
HYRY) ={uec L*(RY) : Vau € L*(RM)}.
Hence, HY(R") is the Hilbert space under the scalar product

(u,v) = / (VauV 40 + ud)dzx,
RN

and the norm induced by the above product is

5 9 1/2
ey = ([ (Va0 + uf?)o)

Let
E={ue HY(RY): / V(@) ulPdz < oo},
RN

and the norm
1/2
Jull = ([, (Vaul + V@) dz) "
RN
The well-known diamagnetic inequality [16, Theorem 7.21],
IV|ul(2)] < |Vu(z) +iA(z)u(z)|, forae. zeRY

implies that for any u € E, we can get that |u| belongs to H*(R"), which embeds
continuously into L*(RY), s € [2,2*]. And therefore u € L*(RY) for any s € [2,2*].
It is thus clear that for any s € [2,2*], there exists -y, such that

[ulls < 7sllull,  Vue E. (2.2)
Combining with the assumption (A2), we have the following Lemma (see [3, 29])

Lemma 2.2. Under assumptions (A1’) and (A2), the embedding E — L*(RY) is
compact for any s € [2,2%).

For each u € E, we define

1
B(u) = f/ (IV auf? + V() [uf?) dz —/ F(z, Jul)dz. (2.3)
2 RN RN
From assumptions (A1’), (A2) and (A3), we can easily get that ® € C'(E,R) and
(D' (u),v) = / (VauVav + V(2)ud) do — f(z, |u|)uvde, (2.4)
RN RN

for all u,v € E.

We say that I € C'(X,R) satisfies (C).-condition if any sequence {u,} such
that
I(un) = ¢, [ (un)l|(1 + [lunl) — 0 (2.5)

has a convergent subsequence.
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Lemma 2.3 ([21]). Let X be an infinite dimensional Banach space, X =Y @ Z,
where Y is finite dimensional. If I € CY(X,R) satisfies (C).-condition for all ¢ > 0,
and

(A7) I(0) =0, I(—u) = I(u) for allu € X;

(A8) there emist constants p,o > 0 such that ®|pp,nz > a;

(A9) for any finite dimensional subspace X C X, there exists R = R(X) > 0
such that I(u) <0 on X \ Bg,

then I possesses an unbounded sequence of critical values.

Lemma 2.4. Under assumptions (A1’), (A2)—(A5), any sequence {u,} C E satis-
fying

(I)(un) —c>0, <q)/(un)7un> —0 (26)
is bounded in E.

Proof. To prove the boundedness of {u, }, arguing by contradiction, assume that
[lun|| — oo. Let v, = 720, then ||v, || = 1 and ||on||ls < Ysl|vall = 75 for 2 < s < 2%,

lunll?

For n large enough, we have

c+1>®(uy,) — %(@'(un),un) = fon F(z, |up|)dx. (2.7)

It follows from (2.3))and(2.6)) that

1. |F (2, [un])]
— < limsu / 2 dz. 2.8
2 <RSP fe Tual? 28)
For 0 <a < b, let
Qn(a,b) = {z € RY : a < |un(z)| < b} (2.9)

Passing to a subsequence, we may assume that v, — vy in E, then by Lemma[2.2]
vp, — vp in L*(RY) for all s € [2,2%), and v,(x) — vi(z) a. e. in RV,

If v; = 0, then v, — 0 in L*(RY) for all s € [2,2%), and v,, — 0 a. e. in RV,
From (A3), we know that

C1 C2
|F(, u])] < 5IUI2 + ;Iul”, (2.10)
then

pP—2
[ el e < a2y [ P
Qn(00)  |Unl 2 p Q.(0,70)

p—2
<(G+ Czr; )/RN |on|2dz — 0.

(2.11)
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Set k' = k/(k — 1). Since k > max{1l, N/2}, we obtain 2x’ € (2,2*). Hence, from

(A5) and (2.7)), we have

F n
Qp (r0,00) |un|
|F(z, Junl)] e, NP/ W\
ST TR
Q,,(r0,00) |un| Qp (r0,00)
1/k , 1/’
< cé/ﬁ(/ F(x, |un|)dw> (/ |y, |2 daz)
Qp (10,00) Qp (ro,00)
< feate+ 117~( [

Qp (ro,00)

Combining (2.11) with (2.12]), we obtain

F
[ [Fta by,
By lunll
F n F(z, lun
Q,(0,r0) Qp (ro,00)

(2.12)

, 1/k’
|y, |2 dx) — 0.

|un]?

which contradicts (2.8)).

Next we consider the case that v; # 0. Set H := {z € RY : v;(x) # 0}, then
meas(H) > 0. For z € H, we have |u,(z)| — oo as n — oco. Hence, z € Q,,(rg, 00)
for large n € N, which implies that xq, (r,00)(z) = 1 for large n, where xq,
denotes the characteristic function on Q. Since v,, — v a.e. in RY, we have

X (ro,00) (T)vn — v1 a.e. in H. It follows from (2.3)), (2.10), (A4) and Fatou’s
Lemma that

c+o(1) . @(un)

0= lim =
n—oo [lup?  n—oo [lun?
1 F "
= lim (f—/ 7(%‘12 |)|vn|2da:)
AT

1 F F
= lim (f - / Flz, [un]) |u2n|) v |*d2 — / Flz, [un]) |u2n|) |vn|2da:>
n—oo \ 2 Q,(0,70) |un| Q,, (r0,00) |Un‘

1 _
< lim sup (5 + (0—1 + %rg 2)/ v, |2dz
RN

n—oo 2
F(z, |un|), o (2.13)
; /Qn(m,oo) WWH dx)
1 C1 C2 2 2 P / F(xv‘un‘) 2
< =+ (= + =rb7*)y5 — liminf ———|vp|"dx
2 ( 2 p 0 ) 2 n—0o0 Qp, (ro,00) |u’ﬂ|2 | |
1 c1 C2 p—2\ 9 .. F(:L’, |Un|) 2
=242 —liminf [ ——22"2 n|“d
5+ (5T il )73 —limin TP (X2, (ro,00) (@)]|vn|"dz
1 c1 Co 59 .. F(JZ, |un|)
Sg (Gt rTng - [ mind o e (.0 (@)]lon Pd

which is a contradiction. Thus {u,} is bounded in E. O
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Lemma 2.5. Under assumptions (A1’), (A2)—(Ab), any sequence {u,} C E satis-
fying (2.6]) has a convergent subsequence in E.

Proof. From Lemma we know that {u,} is bounded in E. Going if necessary
to a subsequence, we can assume that u, — w in E. By Lemma[2.2] u,, — u in
L3(RYN) for all 2 < s < 2%, thus

/ (@ [nn — £, ol Ty =l

/ [(e1funl + calunP~) + (erlul + eaful? )] Jun — ulda

1/2 1/2
< 01 / (|un| + |u]) dx) (/RN [t — u|2dac) (2.14)

(/ |un|pdm) o (/RN |tn — u|pdx)1/p
(/ |u\pd:c) v
Observe that

- 1/p
p
(/ |un—u|pdx) — 0, asn— oo.
RN
= ul]* = (@' (un) — @' (u), un —u)

- (2.15)
[ Gl fa =)

It is clear that
(D' (up) — D' (u),up —u) -0 asn — oo. (2.16)
From (2.14)), (2.15) and (2.16]), we obtain ||u, — u|| — 0 as n — oo. O

Lemma 2.6. Under assumptions (A1’), (A2)—(A4), (A6), any sequence {u,} C E
satisfying (2.6) has a convergent subsequence in E.

Proof. First, we prove that {un} is bounded in E. Arguing by contradiction, sup-
pose that ||u,|| — oo. Let v, = Ty Then [lvnll =1 and ||vnlls < vsllvn|| = s for
all 2 <s < 2%, By. ., and (A6), we have

c+1>d(uy,) — %(@'(un),un>

p—2 2 1 2
— = [ PG ual) = 5 F Dl P 217
o RN[ |un . )unl”] (2.17)
p—2 2 0 2
> Unl|l® — =luy, for large n € N,
2l = £l
which implies
2
1< Q2 lim sup ||v, 3. (2.18)

Passing to a subsequence, we may assume that v, — vy in E, then by Lemma[2.2]
v — vp in L¥(RY) for all 2 < s < 2%, and v,(x) — vi(z) a. e. in RY. Hence, it
follows from that vy # 0. Similar to 7 we can conclude a contradiction.
Thus, {u,} is bounded in E. The rest proof is the same as that in Lemma ]
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Lemma 2.7. Under assumptions (A1’), (A2)-(A4), for any finite dimensional
subspace EE C E, there holds

®(u) » —o0, |u| =00, uek. (2.19)

Proof. Arguing indirectly, assume that for some sequence {u,} C E with |u,| —
oo, there exists M7 > 0 such that ®(u,) > —M; for all n € N. Let v, = ﬁ,
then |lv,|| = 1. Passing to a subsequence, we may assume that v, — v; in E.
Since F is finite dimensional, then v, — v; € F in E, vn(x) — v1(7) a. e. in RY,
and so |jv1]] = 1. Hence, we can conclude a contradiction by a similar fashion as
213). 0

Corollary 2.8. Under assumptions (Al’), (A2)-(A4), for any finite dimensional
subspace E C E, there exists R = R(E) > 0, such that

d(u) <0, YuckE, |u| >R (2.20)
Let {e;} be a total orthonormal basis of E and define
X;=Rej, Yi=0)_X;, Zr=074,X;,quadk € Z. (2.21)

Similar to [28, Lemma 3.8], we have the following lemma.
Lemma 2.9. Under assumptions (A1’) and (A2), for 2 < s < 2%,

Br(s):= sup |lu|]s =0, k— oc. (2.22)
UE Zy,||ull=1

By this lemma, we can choose an integer m > 1 such that

1 D
Il < g,y < G llll”s Vo € Zin. (223)

Lemma 2.10. Under assumptions (A1’), (A2) and (A3), there exist constants
p,a > 0 such that ®|ap,nz,, > .

Proof. Combining (2.3)), [2.10) with (2.23)), for u € Z,,, choosing p := |lul| = 1 we

have 1
o) = g lul® = [ P lul)ds
RN
1 C1 Co
> Sl = lull3 - 22l
| p (2.24)
> = 2 |ulP
2 7 llll” = ull”)
=2 1
Thus, the proof is complete. O

Proof of Theorem[I.1 Let X = E,Y =Y, and Z = Z,,. Obviously, f satisfies
(A3)—(A5), and ®(u) is even. By Lemmas d Corollary all
conditions of Lemma are satisfied. Thus, problem ({2.1) possesses infinitely
many nontrivial solutions. By Remark problem also possesses infinitely
many nontrivial solutions. (]

Proof of Theorem[I.3 Let X = E, Y =Y,, and Z = Z,,. Obviously, f satisfies
(A3), (A4), (A6) and ®(u) is even. The rest proof is the same as that of Theorem
but using Lemma [2.6] instead of Lemmas [2.4] and O
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