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SYSTEMS-DISCONJUGACY OF A FOURTH-ORDER
DIFFERENTIAL EQUATION WITH A MIDDLE TERM

JAMEL BEN AMARA

ABSTRACT. Systems-conjugate points were introduced and studied by Barrett
[3] in relation with the self-adjoint fourth order differential equation

(r(z)y")" = (a(z)y') = p(2)y,
where r(xz) > 0, p(z) > 0 and ¢ = 0. In this paper we extend some of his
results to more general cases, when ¢(z) is free of sign restrictions.

1. INTRODUCTION

This article concerns the fourth-order differential equation

(r(@)y")" = (a(2)y') = p(x)y, (1.1)
where 7(z) > 0, p(x) > 0 and ¢(z) are continuous functions on [a, o), a > 0.

Definition 1.1. The systems-conjugate point of a, which is denoted by #;(a),
is defined as the smallest number b € (a,00) for which the two point boundary
conditions
y(a) = y1(a) = y(b) = y1(b) =0 (1.2)
(y1(z) = r(x)y") are satisfied by a nontrivial solution of (L.T).
Similarly, the systems-focal point of a, which is denoted by fi1(a), is defined as
the smallest number b € (a, 00) for which the two point boundary conditions

y(a) =yi(a) = y'(b) = Ty(b) =0 (1.3)
(Ty(x) = (p(x)y”") —q(x)y’) are satisfied by a nontrivial solution of equation (1.1).

The notation y;(x) and Ty(z) will be used throughout the paper.

The systems-conjugate point and systems-focal point were first defined and stud-
ied by Barrett [3| 4] with respect to (L.I)), for r(z) > 0, p(z) > 0 and ¢ = 0. He
showed that 1) (a) exists, if and only if fi; (a) exists, and a < fi1(a) < 71 (a), without
further conditions on r(x) and p(x). Later on, using a Morse system-formulation
[11], Atkinson [Il, Chap. 10.6] extended a part of Barrett’s result to the case g(z) > 0
(i.e., if 7y exists then fi;(a) exists and a < ji1(a) < f1(a)). Cheng [6] also studied
the existence and the relation between i (a) and 71 (a) for a system of two second-
order differential equations; in particular, he gave a physical interpretation of the
numbers 7; and [i;. At the end of this work, he applied his results to equation
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for g(x) < 0 and the additional condition p — ¢ /2 +¢?/4r > 0. Note that the
systems-focal point studied in [6] do not coincide with that defined above for
only for ¢ constant.

The main goal of this article is to establish Barrett’s result related to equa-
tion with some relaxation of the sign of ¢(x). Furthermore, in Sections 3
and 4 we establish a comparison theorem for jii(a), and we show, without fur-
ther restrictions on r, p and ¢, that if fi1(a) exists then it is realized by a positive
increasing solution. These results are analogous to those obtained by Barrett [5]
for the focal point ui(a) related to equation and the boundary conditions
yla) = y'(a) = y1(b) = Ty(b) = 0. However, here we use a different approach,
which is essentially based on the Leighton-Nehari transformation [I0] and the prop-
erties of the Rayleigh quotients. Finally, in Section 5 we establish two criteria for
the existence of 71 (a). Similar results were given in [3] and [6] for ¢(z) = 0 and
q(x) <0, respectively.

2. RELATION BETWEEN 17); AND [i;
The main result of this section is as follows.

Theorem 2.1. (1) If the first systems-conjugate point 71 (a) exits and
b
I(w,a,b) = / [r(w)? + qu?®] >0 (2.1)

for each b > a and each nontrivial admissible function w € Wy [a,b] (where W4 |a, b]
is the Sobolev function space having a generalized first derivative in Lala,b]), then
the first systems-focal point i1(a) exists and

a < fi1(a) < n1(a). (2.2)
(2) If the number fi1(a) exists and [~ q(t) = —oc, then fi(a) exits. If in addition
the condition (2.1)) is satisfied, then (2.2)) holds.

Before proving this theorem we need some preliminaries. It is known that any
solution of (1.1) which satisfies the initial condition y(a) = y1(a) = 0 may be
expressed as a linear combination of u(x) and v(xz) which are the fundamental
solutions of (1.1) whose initial conditions are

uw(a) =ui(a) =Tu(a) =0, u'(a)=1, (2.3)

v(a) =v'(a) =vi(a) =0, Twv(a)=1.
We introduce the following subwronskians:

ré’ =uvy —ovuy, 7 =u'Tv—v'Tu, (2.5)
and

=uw' —vu, F=ulv—vIlu, p=uTv—viTu. (2.6)

It is easy to see that 7j; and fi; are the first zeros on (a,c0) of the subwronskians
6’ and 7', respectively. The following identities involving the above subwronskians

are useful and easily verified. Similar ones have been stated in [5] for (1.1) with
Dirichlet boundary conditions at = a (y(a) = y'(a) = 0).

ro' 7 =17+ po, (2.7)

== —po, (ré’) =27+qo. (2.8)
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Note also, the initial conditions

#a) =0, 7' (a)=1, (2.9)
é(a) =6'(a) = (r6") (a) = 0,(r6")"(a) = 2, (2.10)
pla) =0, §'(a) = q(a), (2.11)

ensure that &, 6/, 7 and 7/ are all positive in a right-hand neighborhood of z = a.
Throughout our discussion we will use the following transformation given by
Leighton-Nehari [I0] for removing the middle term (qy’)’ from (L.I)). However, this
transformation can not be used in a straightforward way, since as will be seen below,
it changes the form of the initial conditions and the subwronskians 6/, p.
Let us denote by h a positive solution on the interval [a, b] of the second-order
equation

(ry") —ay = 0. (2.12)
Hence, the substitution [10, Theorem 12.1]

Ha) = / h(s)ds (2.13)
0
transform equation into
(rh*(@)g) = h~"p(t)y, (2.14)

where p(z), h(z),r(z),y(z) are taken as functions of ¢ and ":= 4. Therefore, if y is
a nontrivial solution of (1.1]), then §(¢) = y(x(t)) is a nontrivial solution of (2.14)).
Thus, we have the relations:

y=y'h~', By=hy" —y'W, (2.15)

(FR*G) = (ry") — ay'. (2.16)

In what follows, for each of the quantities involving (2.14)), the same notations as
for (1.1)) will be used with the addition of the superscript “~”. Let &, &, 7, 7 and

p denote the subwronskians associated with equation (2.14)) and the fundamental
solutions @, ¢ satisfying the initial conditions

a(0) = A(0)(0) + h(0) = (FR2)(0) = 0, (0) = 1, (2.17)
#(0) = 9(0) = 9(0) = 0, (FA30)(0) = 1. (2.18)

The relations between these subwronskians and those of equation (|1.1)) are expressed
as follows:

5(x) = h(D)5(t), #(z)=7(t), #'(z)=h(t)F(1), (2.19)
&' (x) = B2 ()5(t) + hha(t), (2.20)

Lemma 2.2. (1) If fi1(a) exists, then p(ji1(a)) < 0.

(2) Let & (a),&(a)--- denote the zeros of the subwronskian p defined by [2.5).
If fir(a) ezists and jp has a first zero &(a) (i € {2,3,---}) beyond fi1(a), then &'
has a zero i1 (a) in (a,&;(a)].

Proof. (1) If ji;(a) exists, then & > 0 on (a, fi1(a)]. In fact, suppose that & has
a zero so € (a, fi1(a)) which is the closest to a. From the initial conditions ([2.9))-
, we have 7/ > 0 and ¢ > 0 in a right-hand neighborhood of z = a, and hence,
#(so) > 0 and 6'(sp) < 0. On the other hand, by (2.7), #/6’(so) > 0, which is a
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contradiction. If sg = fi1(a), then again by (2.7), 7(so) = 0. Thus, from Rolle’s
theorem and the initial conditions (2.9), there exists a zero of 7/ less than i;(a),
which is a contradiction. Since &(f1(a)) > 0 then by (2.7), we have p6 (i1 (a)) < 0.
If 5(f11(a)) = 0, then 7(fi1(a)) = 0, and as before, this is not possible.

(2) Suppose that j has a first zero & beyond fii(a) (i.e., the first in (fi1(a), 00)).
By ([2.7), we have #67(&(a)) > 0. If 7/(&(a)) < 0, then 6'(&(a)) > 0, and hence,
from the initial conditions (2.10]), 6’ has a zero 71 (a) in (a,&(a)]. If #/(&(a)) > 0,
then fiz(a) exists and a < jig < &(a). According to Lemma ¢ has a zero in the
interval (fi1(a), fiz(a)]. Thus, by Rolle’s theorem, #; (a) exists and a < A1 (a) < &(a).
The proof is complete. [l

Lemma 2.3. If ji1(a) and fi2(a) (the second zero of T') both exist, then & has a
zero in the interval (fi1(a), i2(a)].

Proof. By Lemma [2.2)and its proof, we have &(ji1(a)) > 0 and p(ji1(a)) < 0. Thus,
7' (fi1(a)) = ($ —p6)(f11(a)) < 0, which implies the simplicity of fi;(a), and hence,
f1(a) < fiz(a). Suppose 6 > 0 on (fi1(a), fiz(a)]. Since 7(fi1(a)) > 0, then by using
the identity (2.7), we obtain

~/

(5)'=-»-

Integration of this expression yields

fi2 A
/ pt 2 (D) ar =0,
i

r-o

)’ <o.

(

S| =
Q| =

which is a contradiction, and so & vanishes in (ji1(a), fi2(a)]. O

Proof of Theorem[2.1. (1) Let h be the solution of which satisfies the initial
conditions

y'(a) =0, yla)=1. (2.21)
If condition holds, then all the eigenvalues of the problem determined by
and the boundary conditions y'(a) = y'(b) = 0 (for each b > a) are positive,
and hence, h(z) > 0 on [a,00). Furthermore, since I(1,a,a + ¢) = f:+6q >0
for sufficiently small € > 0, g(z) > 0 in a right-neighborhood of x = a. Thus,
W (x) > 0 on [a,00). Therefore, the change of variables t(x) := [’ h(s)ds is valid
to transform equation into . Let 71(0) and fi;(0) denote, respectively,
the first systems-conjugate point and the first systems-focal point associated with
equation ; i.e., the first zeros of the subwronskians & and 7, respectively. As
noted before, these subwronskians are obtained from the original ones via the above
change of variables, and the relations between them are expressed by —.
Note that also the initial conditions

70)=0, 7(0)=1, (2.22)
5(0) = 5(0) = (7FR35)(0) = 0, (7FR35)(0) = 2, (2.23)

imply that &, & and 7 are positive in a right-hand neighborhood of t = 0. Suppose

f1(a) exists. By (2.21)), and (2.20)), we have 5(];101) h) < 0. Hence, 7j;(0) exists
for (2.14). According to [3, Theorem 1.1], which is applied to equation ([2.14)), it
follows that fi;(0) exists, and

0< ﬂl (0) < 771(0) (224)
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Therefore, from the last relation of (2.19)), fi;(a) also exists, and (2.2) holds.
(2) Assume that fooq = —o0, and suppose that fi;(a) exists, but 6’ > 0 on

(a,00). In view of Lemmas (second statement) and if £(a) (the first zero
of p beyond fi1(a)) or fiz(a) exists, then 7j;(a) exists. On the other hand, by the
first statement of Lemma p(fir(a)) < 0. Therefore, if &(a) and jiz(a) do not
exist then we have k(x) = —g, < 0on (fi1(a),o0), and

1
K (z) = p(l)2 —q+ ;kQ >0 on (a,00).

72/

Integrating this expression, and taking into account the assumption that f “q=
—00, it follows that k(x) — +00 as & — +oo. This is a contradiction, and so fi;(a)
exists. If in addition, holds, then from the first statement of the theorem, we
have a < fi1(a) < 71(a). The proof is complete O

3. WIRTINGER INEQUALITY AND COMPARISON THEOREM FOR f}; (a)

The following theorem establishes the relation between the existence of 7 (a)
and the sign of the quadratic form associated with . This relation is known as
a Wirtinger-type inequality [7]. Note that the method of Cole used in [7] and also
in [B] (for a Wirtinger inequality related to the focal point p;(a)) cannot be applied
here.

Theorem 3.1. If#j;(a) does not exist for , then for each b € (a,+00) and each
nontrivial admissible function w(z) on [a,b] (i.e., w(z) € Cta,b], w' is absolutely
continuous and w" € Lala,b]) for which w(a) = w'(b) =0, we have

b
I[w,a,b] = / r(w”)? + q(w')? — pw?dz > 0.

For the proof of this theorem, we need some preliminarily results. We introduce
the following equation similar to (|1.1)), but depends on a parameter A € R.

(r(x)y")" = (a(x)y')" = Ap(x)y. (3.1)
Let 71 (a) denote the first conjugate point of a with respect to equation (2.12)); i.e.,

the smallest number b € (a, 00) for which the boundary conditions y’'(a) = y(b) =0
are satisfied by a nontrivial solution.

Lemma 3.2. Let A\ (b) be the first eigenvalue of Problem (3.1)-(1.3]), and assume
that 71 (a) exists. If A (b) > 0, then b < 7j1(a).

The proof of this lemma is based on the following result on the monotonicity
of the eigenvalues of Sturm-Liouville problem. To the best of our knowledge, this
property is known only for ¢ > 0 (e.g., [13]).

Lemma 3.3. The eigenvalues pi(b) of the second-order boundary problem
—(r(@)y") + a(@)y = py,

y'(a) =0, y(b)=0
decrease as b increases.

Proof. Let
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where y(z, p) is a nontrivial solution of Problem (B.2)-(3.3). Obviously, for fixed p,
the zeros and poles of F(x, p) do not coincide unless y(x,p) = 0. If y(b, pr(b)) =0,
then F'(b, pr(b)) = 0 and
OF (z, pi(b))
Ox

On the other hand, for fixed x = b, F(x, p) is a finite-order meromorphic function
of p, and

b
8Fa(l;p)|p—pk(b) =y (b, Pk(b))/a p(x)y?(z, pr(b))dz > 0 (3.5)

(e.g., see, [I, Chap.6]). From the implicit-function theorem, together with (3.4)-

(3.5), we obtain

=1/r(b) > 0. (3.4)

z=b

IF (z,pk (b)) |oe
L _

pr(b) = <o,

aF(b = |p pr(b)

and this completes the proof. O

Proof of Lemma[3.3. Suppose A1(b) > 0, but b > 7j;(a). In this case, the mini-max
principle yields
) I(w)
A1(b) = min ———"— >0,
weH fa p(UJ)QdZ‘

where I(w) = ff[r(w”)Q + q(w")?]dz, and H is a set of nontrivial admissible func-
tions w (i.e., w(z) € C'a,b], w' is absolutely continuous and w” € Lsa,b]) for
which w(a) = w’(b) = 0. On the other hand, by Lemma p1(b) <0, and hence,
the corresponding eigenfunction v(x) satisfies the inequality

b
/ r(v')2 + g(v)2dz < 0.
Let y(z) = [’ vdz. Then y(a) =0, y/'(b) = 0 and f 2+ q(v")?]dz < 0, which
is a contradiction. The proof is complete. O

The conclusion in the second part of the following lemma is similar to that of
Greenberg [8] stated for the first eigenvalue of the problem determined by equation
(3.1) and the Dirichlet boundary conditions y(a) = y'(a) = y(b) = y'(b) = 0.

Lemma 3.4. The first eigenvalue A (b) of Problem (3.1)-(L.3)) is simple. Further-
more, if b — +a then A1 (b) — +o0.

Proof. By Lemma 3 2| if )\1 ) > 0 then b < 71 (a). Therefore, the solution h of the
initial-value problem -l is posmve on the interval [a, b], and hence, it is

possible to transform equatlon (3.1) (with A = A1(b)) into
(rh? ()] = A~ p(t)y (3.6)
(with A = A1(D)), and the boundary conditions (1.3)) into
5(0) = 0(0) = 5(b) = (Fh*v)(b) = 0, (3.7)
wh f hdz. Obviously, if A = )\1(b) is a multiple eigenvalue of Problem

. . then it is so for Problem . But, this is not possible since all
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the eigenvalues of this problem are simple (e.g., see [2]). Let by > a. For each
b < by, consider the quadratic form

b
I(y) = / r(y")? + q(y/))de,

defined on the set of all nontrivial admissible functions y (i.e., y(z) € C'[a,b], ¥ is
absolutely continuous and y” € Lsla, b]) for which y(a) = 3/(b) = 0. For such y, we
have the following expressions, which follow from the Cauchy-Schwarz inequality:

/ (e < (b a) / ()2,

/ W)z < (b~ a) JRRRE

Therefore,
L )2de g [L(y)2de
(b—a)? (b—a) ’

where, f* = mingc(q,] f(x). Thus,

I(y) >

I 1 * *

i (y) > 7( r - q )
[, p(y)2dz P+ (b—a)*  (b—a)

where, p. = maX,¢[q,5,) P(z). The mini-max principle implies

Ar(b) = p%((bia)? + (bq—a))’

and hence, limy_,, A1 (b) = +00. O

* *

Proof of Theorem [3.1, In view of Lemma [3.4 A;(b) — +o00 if b — +a (recall that
A = A1(b) denotes the smallest eigenvalue of Problem (3.1)-(1.3)). Thus, there
exists b > a such that A;(b) > 1. Let 7/(\, z) denotes the subwronskian defined by
related to equation . It is easily remarked that, for fixed x = b, the zeros
of the function 7/(A, z) and the eigenvalues of Problem —, together with
their multiplicities, coincide. In particular, the simplicity of A;(b) (see Lemma
yields

N o'

T (Al(b)7 b) =0, 5(’\ b)|)\:)\1(b) # 0.
It then follows from the implicit-function theorem that A;(b) is a continuous func-
tion of b € (a,00). Therefore, as b varies along the interval (a,oc0), A1(b) can not
pass through the value A = 1, since otherwise, we have for some b > a, 71(a) = b
exists for , and this is in contradiction to the hypothesis of the theorem. Hence,
A1(b) > 1 for all b € (a, +00), and so, for every nontrivial admissible function w for
which w(a) = w’(b) = 0, we obtain

b b
/ r(w”)? + q(w')?dr > / pw?dz.
a a
The proof is complete. O

We now establish a comparison theorem for fi;(a).



8 J. BEN AMARA EJDE-2016/246

Theorem 3.5. Let ro(z) > 0, po(z)) > 0 and qo(x) be continuous functions on
[a, 00), such that

r<ro, Po<p, Go=>¢ (3.8)
and there exists the first systems-focal point, say ji{(a), for the equation
(ro()y")" = (q0(2)y") = po(z)y. (3.9)

Then fi1(a) exists for the original equation (1.1)) and

a < i(a) < 0(a).

Proof. Suppose that #?(a) exists but 6/ > 0 on (a, #?(a)]. Let yo be the correspond-
ing eigenfunction; then Theorem [3.1] yields

7% (a)
I[yo, a, 7} (a)] = / r(y)? + ayh)? — p(yo)*da > 0,
77 (a)

POlyo, a,i2(a)] = / rolut)? + q0(5)* — polyo)?da = 0.

a

Subtracting these two expressions and taking into account (3.8)), we obtain

it (a)
0= [ o = O + (a0 — 005 + (9 o)) <0

This contradiction shows that there exists 7 (a) < 79 (a). O

4. OSCILLATION OF THE EIGENFUNCTION ASSOCIATED WITH fij(a)

Theorem 4.1. If 11(a) exists, then it is realized by a unique eigenfunction y;, up
to a multiplicative constant. It has the properties

Yo, >0, wyp, >0, T(yp,) <0 on(a,fn).
Also, if ¢ <0 on [a, i), then y; <0 on (a, ).

The following lemma establishes the relation between 7; (defined in Section 3)
and ﬂl.

Lemma 4.2. If 7j1(a) exists, then 71(a) exists, and
a < fi1(a) < m1(a), (4.1)
with equality if, and only if, p(x) =0 on [a,71(a)].

Proof. Tt is easily seen that if p(x) = 0, then ji1(a) = 71 (a). Therefore, the conclu-
sion of the lemma follows from Theorem [3.5 O

For the proof of Theorem we need the following two lemmas.

Lemma 4.3 (cite[Lemma 2.1]LN). Let y be a nontrivial solution of the differential
equation forq=0. If y,y',y" and Ty are nonnegative at x = a (but not all
zero), then they are positive for all x > a. If y,—y',y" and —Ty are nonnegative
at © = a (but not all zero), then they are positive for all z < a.
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Lemma 4.4. Let u and v be two fundamental solutions of (1.1) defined by (2.3)
and (2.4), respectively. Then:

u>0, v >0, Tu>0 ona,jf] (4.2)
v>0, v>0, Tv>0 on(a,j)

If, in addition; (2.1) holds, then v’ > 0 and v" > 0 on (a, fi].

Proof. In view of Lemma we have a < f1(a) < 71(a). In this case, from
the definition of 7;(a), the solution h of (2.12) satisfying the initial conditions
W(a) = 0, h(a) = 1, is positive on [a,7);(a)], and hence, it is possible to use
the transformation (2.13]) to rewrite equation in the form . Note that,
in view of and ([2.16)), the initial conditions (2.3) are preserved after this
transformation. Therefore, the solution @ = u(x(t)) satisfies these initial
conditions. According to Lemma we obtain

@>0, 4>0, (FA%ay>0, on (a,fn].

Again from ([2.15)-(2.16)), (4.2) follows. As shown in the proof of Theorem if
(2.1) holds on (a, fi1], then A'(z) > 0 on (a, fi1]. Therefore, from the second relation
in (2.15

15) we get u” > 0 on (a, fi1]. By similar arguments we prove the same results
for v. ([l

Proof of Theorem[/.1. We introduce the ratios

U u’ Tu
50 - ;7 51 - ?7 62 ﬂ?
and their derivatives
PR [ N 4.4
0 02’ 1 7’(’[}/)27 2 (TU)2 ( )

Let
Y, = u — 01(fi1)v. (4.5)

By Lemma 61(f11) is well defined. In this case, we have y}, (fi1) = 0 and
Ty, (1) = 7'(f11) = 0. Therefore, y;, is an eigenfunction of the boundary problem
(L1)-(T.3) defined on the interval [a, fi1]. From the definition of /i; and the initial
conditions (2.9), it follows that # > 0 on (a, 1]. Thus, §; < 0 on this interval,
and hence, y; () # 0 on (a, fi1(a). From the initial condition y; (a) = v'(a) =1,
it follows that y; (z) > 0 and ya, > 0. On the other hand, since Ty, (a) = —1,
T'ys, () > 0 on (a, fir () and Ty, (fa(a)) = 0, then Ty, (2) < 0 on [a, s (a)).
The relations and yield

Jon >0, §p, >0, (Fh33u,) <0

on (0, 11(0)), where fi1(0) = ffl h. From this and g, (0) = 0, it follows that
Up, (£) <0 on (0, 11(0)). It is easily seen that, if ¢ < 0 on [a, f11(a)), then A’ < 0 on
(a, fi1(a)). Therefore, from the second relation of (2.15)), we obtain y7 () < 0 on
(a, f11(a)). The proof is complete. O
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5. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF 771

We say equation (|1.1)) is systems-conjugate in (a, 00) if 7)1 exists; otherwise (|1.1))
is said to be systems-disconjugate. In this section, a number of conjugacy and
disconjugacy criteria for (|1.1)) will be established.

Theorem 5.1. If [* q(t) = —oo and [~ p(t) = +oo then (LI)) is systems-conju-
gate.

Proof. If the subwronskian ¢ has a zero in (a,0), then by Rolle’s theorem, #j;
exists. Assume that & > 0 on (a,00) and let k(x) = 7//6. By using the identity

(2.7), we obtain

2

K (z)=-P— k? <0 on (a,c0).

Integrating this expression, and taking into account the assumption f “p = +o0,
it follows that k(z) — —oo0 as x — +00, and hence, fi1(a) exists. Therefore, in view
of Theorem and the assumption | ¢ = —o0, M1(a) exists, which implies that

(1.1) is systems-conjugate. a

Theorem 5.2. If [ 1/r(t) = +oo and [~ q(t) = —oo then (1) is systems-

conjugate.
For the proof of this theorem we need the following result.

Theorem 5.3 ([9, [14]). If the conditions
(o) o
/ r~(z)dr = oo, / q(s)ds = —o0
a a

are satisfied, then the second-order equation (2.12)) is oscillatory on (a,0); i.e.,
each of its solution has infinitely many zeros in this interval.

Proof. Tt is easy to see that the zeros of the subwronskian 7/ related to forp=0
coincide with those of the solution A of the second-order initial value problem -
([2-21). In view of Theorem|[5.3] h has infinitely many zeros in (a, 00). Therefore, the
first-systems focal point fi;(a) exists for with p = 0. By Theorem [3.5} fi1(a)
exists for p > 0, and hence the assumption [ > ¢ = —oo and Theorem eld the
existence of the first-systems conjugate point 7j; (a). The proof is complete. ([

By combining Theorem [3.I] with the second statement of Theorem [2.I] we obtain
the following criterion giving the relation between the systems-disconjugacy of (|1.1))
and the sign of the associated quadratic functional.

Theorem 5.4. If foo q = —o0, then (1.1) is systems-disconjugate if and only if
b
I[w,a,b] = / r(w")? + q(w')? — pwdz > 0

for each b € (a,+00) and each nontrivial admissible function w(x) on [a,b] (i.e.,
w(z) € Ca,b], w' is absolutely continuous and w" € Ls[a,b]) for which w(a) =
w'(b) = 0.
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