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FILTER REGULARIZATION FOR AN INVERSE PARABOLIC
PROBLEM IN SEVERAL VARIABLES

TUAN NGUYEN HUY, MOKHTAR KIRANE, LONG DINH LE, THINH VAN NGUYEN

ABSTRACT. The backward heat problem is known to be ill possed, which has
lead to the design of several regularization methods. In this article we apply
the method of filtering out the high frequencies from the data for a parabolic
equation. First we identify two properties that if satisfied they imply the
convergence of the approximate solution to the exact solution. Then we provide
examples of filters that satisfy the two properties, and error estimates for their
approximate solutions. We also provide numerical experiments to illustrate
our results.

1. INTRODUCTION

The forward heat conduction problem consists of predicting the temperature of
an object at a future time from the present temperature, boundary conditions,
and heat source. On the other hand, the backward heat problem is an inverse
problem that consists of recovering the temperature at a past time from the present
temperature. Inverse problems are of great importance in engineering applications,
and alm to detect a previous status from its present information. They can be
applied to several areas such as image processing, mathematical finance, mechanics
of continuous media, etc. The equation u; —b(t)Au = f(x,t) is a simple form of the
well-known advection-convection equation that appears in groundwater pollution
problems and have been studied in [3].

In this article, we consider the problem of finding a function wu(z,t) from the
given data u(z,T) = g(x) in the parabolic problem

O L] = f@,t), (2) € QX (0,T)

ot
ulpoq =0, te(0,7) (1.1)
u(z,T) =g(x), x€N.

Here Q) is a bounded open domain in R"™ with smooth boundary 99; b(t), g(z),
f(z,t) are given functions; and L is a symmetric elliptic operator. As an example
of operator L we have the negative Laplacian —A = —(ugy + Uyy + ... ).

It is well-known that the backward problem is ill-posed; i.e., its solution may
not exist, and if it exists, it does not depend continuously on the given data. In
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fact, small noise on the measured data may lead to solutions with large errors.
This makes the numerical computation difficult, hence a regularization process is
needed.

Many studies have been devoted to the regularization of . For one dimension
with b(t) = 1 and f(x,t) = 0, we have the following: John [I7] introduced a the
idea of prescribing a bound on the solution at ¢ = T with relation on the final data
g. Lattes and Lions [I§], Showalter [29], and Ewing [I1] used quasi-reversibility
method. Ames and Epperson [2], and Miller [24] used the least squares methods
with Tikhonov regularization. Lee and Sheen [20] 2I] used a parallel method for
backward parabolic problems. Among other researcher in this area, we have: Clark
and Oppenheimer [7], Ames et al [2], Denche and Bessila [8], Tautenhahn et al
[36], Melnikova et al [22, 23], Fu [14, 5], Yildiz et al [37, B8]. When f(x,t) is not
necessarily zero, has been regularized by Trong et al [32], [33]. When b(t) is
not necessarily constant, has been studied in [19] 34} 39].

All the above studies are for the one-dimensional problems. A filter regulariza-
tion for a 3-dimensional Helmholtz equation was studied in [3I]. Here apply a filter
regularization to the backward problem of a multi-dimensional parabolic equation.
This can be seen as an extension of the work in [25] [34].

The outline of the rest of this article is as follows. In the next section, we establish
the existence and uniqueness of a solution to . In Section 3, we present the
theoretical foundations of the filter regularization, and state two conditions (3.4
and that if satisfied, approximate solutions converge to the exact solution.
Also error estimates are presented there. In Section 4, we consider four regularizing
filters, and present numerical experiments for two of those filters.

2. INVERSE PROBLEM

We assume that b : [0,7] — R is a differentiable function, and that there exist
constants by, bo, ¢c1 such that

0<by <b(t)<by, 0<b(t)<cy forallte]|0,T]. (2.1)
Also we assume that f € L?((0,T); L*(2)) and g € L%*(2). In the space L%(2) we
denote the norm by || - ||, and the inner product by (-, ).

First, we recall some properties of the elliptic operator L on a bounded open
domain € with Dirichlet boundary conditions (see [10, Section 6.5]).

e Each eigenvalue of L is real, and the family of eigenvalues {),}52, satisfies
0< A <A< A3<--- > 0asp— 0.
e There exists an orthonormal basis {X,}>2, for the space L?*(2), where
X, € H} () is an eigenfunction corresponding to Ap; ie., forn €N,
LIX,)(z) = \pXp(x), forzeQ
X,(z) =0, forzedQ.
For 0 < ¢ < o0, let g, = [, g(x)X,(x)dz. Then we denote by S(Q2) the space of
functions g € L?(12) satisfying

D (14 2)%g, | < oo, (2.2)
p=1
with the norm ||g||25q(9) = Z;ozl(l +Ap)%gpl2. When g = 0, S9(Q) = L?() (see
[5l Chapter V], [14, page 179]).
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As is well known, the forward problem

O L] = f(a.t), (wt) € Q x (0,T)

ot
ulon =0, te(0,T) (2.3)
u(z,0) = g(x), =€,
with f € Lz((O,T);LZ(Q)) and g € L*(Q), has a unique solution. However, for
the backward problem (1.1)), with f € L2((0,7); L?>(Q)) and g € L?(Q2), there is no
guarantee that the solutlon ex1sts.
Next we obtain a solution by the Fourier series method. For a fixed t, we use the
eigenfunctions of the Laplacian to write Fourier series for f, g, and u. Then (1.1))
determines an ordinary first-order differential equation for the Fourier coefficients.

Then the coefficients of the solution to this equation at time T are equated to
coefficients of g. This process yields the following result.

Theorem 2.1. Problem (L.1) has a unique solution if and only if

piogexp (2)\p/th(§)d§) [gp—/o eXp / b(¢ df (s )ds} <0, (2.4)

where
m= [ 90X, @ho. fyl) = [ Fo.5)X )da (25)

In this case the exact solution is

u(z,t):iexp (Ap/Tb(g)dg) [gp—/TeXp / b(e d§ fols )ds}. (2.6)
p=1 t 0

Remark 2.2. Examples of functions f and g satisfying (2.4) are given in the
section for numerical experiments. When b(¢) = 1 and f(z,t) = 0, problem (|1.1)
has a unique solution if and only if

> g (), Xp ()P < oo,
p=1
as stated in [7, Lemma 1].
The proof of uniqueness uses the bounds in (2.1)) and is similar to the one in [12]
Corollary 2.6] and [19, page 434]; so we omit it.

In spite of the solution to problem (1.1f) begin unique, it is still ill-posed and some
regularization methods are necessary. In the next section, we use a regularization
method for solving the problem.

3. FILTER REGULARIZATION METHOD

In this section, we assume that the measured data f¢ and g¢ belong to L?(Q)
and satisfy

T 2
2g — gl> + 2] / FoCos) — FCos)lds|’ < & (3.1)

The main idea of the filter method is to multiply f€ and g¢ by functions R;(«,p)
and R, (a, p), respectively. These two function are called regularizing filters, and a a
regularization parameter. If these two functions approach zero as p — oo, the effect
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that “high frequency” data have on the solution will be diminished. For simplicity
we set R(c,p) = Ry(a,p) = Ry(a, p). Therefore, the approximate solution is

Uitet) = 3 exo (3, / " b6y R
p=1 ' (3.2)

x [g5 - /t Cexp (-, / "HQdE) fy(s)ds| X, ).

where f,, and g, are defined by ({2.5).

Theorem 3.1. Assume that for the exact solution u of (1.1) there exist constants
M, and E such that

> M2 (u(x,t), Xp(x))* < B> Vte[0,T]. (3.3)
p=1
Also assume that there exist functions Ki(a) and Ko(a) such that
T
exp (A [ HEE)IR(ap)] < Kif) (3.4)
¢
[R(a, p) = 1] < Ka(a)M, (3.5)

for allp € N and all t € [0,T]. Then U, defined by (3.2), satisfies

[US( 1) —u D)2 (0) < Ki(a)e+ Ka(a)E. (3.6)
A filter R(a,p) is admissible if «a(e), Ki(«) and Ks(«) tend to zero as € tends

to zero. By Theorem this implies the convergence of the approximate solution
to the exact solution,

1 (| U8 () = (1)l 20) = 0.

for any t € [0, T].

Proof of Theorem[3.1 The strategy is to define a function U, and use the triangle
inequality. Let
o0

Unlart) = 3 Rtop)exo (3, [ “he)ae)

X {g,, - /tT exp ( Y /ST b(g)dg) fp(s)ds] X,(z).
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Then we have
1Us

-

7t) Ua("t)”z

R e (2, [ vee)

pl/Jg

1

(9

R e (2, [ ve)ie)

=
Il

X

e [ e gt~ p(o)as)’

t

oo}

K

<
1

T 2
<2t =g+ ([ 1556 flo)las) )
T
<1k @P2(lo" ol + || [ 17709 = rolaslf)
Here we used that (o + 8)* < 1(a® + 3%) and that e~*» JIv < 1 because A, and

b are non—negatlve The squared integral is estimated using Fubini’s theorem as
follows. Let ¢(x fo (z, ) ds then the Fourier coefficients satisfy

d)p—// h(z,s) dsX,( d;r:—/ /hms dxds-/ iy (

By Parseval’s equality,

=
Il

o0

2 2 ds = s)ds 2
o1 Z¢ Z(/ = [ hsyast®
From and -, we have
[US(1) = Ua(, 8| < Ky (a)e (3.8)
From the definition of U,, we have
oo T
U .1) = ule I = Y[R~ 1P exp (24, [ bie)ac)
p=1

x [o - /t Cesp (=2 / ' b(€)de) fy(s)ds]

= D[R, p) ~ 12 (ue, £), X (@)

< Kz (o)) Mp|(u(z, 1), X, (2))]”
p=1

< |Ka(a)PE”.
This inequality, (3.8]), and the triangle inequality complete the proof. (I

Remark 3.2. Assumption (3.3) holds naturally when M, = /\’; for any £ > 0. In
this case
o

D Myl t), Xp(2)) P =Y N [(ulz, 1), Xp(2))]* = E? = Julfe g ,
p=1

p=1
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where S*(Q) is defined in Section 2.
Next we present specific filters and their regularized solutions.

Proposition 3.3. As in [19], let

1
Rl(aap) =

1+ aexp (A, f) b(€)de)
and afe) = €=/ yith m € (0,1) and by and by as in (2.1). Then Ry satisfies

and with

Kifo) =™/, Kaa) =

o b(e)de
(>‘1 fo df/a)

M, =\,.

From [19, Lemma 2|, we have

exp (— Ay Jo b(€)dE)
a + exp ( - Ap fOT b(f)df)

bot by

<abti h

< a2/ = K (a).

&@W@@[ﬁ%)

To verify condition , we apply the elementary estimate
1 < M
az+e Mz = qln(M/a)
for M > 0 and « small enough. Therefore,

|R1(Ol7p) - 1| =

atexp (— Ay fi b(E)dE)
a/\p

aXp + Apexp (= A, [o b(E)dE)
oAy
aXp + Arexp (= Ay [o b(€)dE)
PR 3
~In(\ fo df/a)
Proposition 3.4. For k > 1, Let

Ry(a,p) =

IN

= K (a) M,

1
1+ eXEexp (A, fof b(E)de)
Then Ry satisfies and (3.5) with a(e) =
b b
Ki(a) = bae™ (m( 3)) . Ks(a )_b4( (§)> M, =)k,
where by = (boT)* /k and by = (kboT)*.

To prove the above proposition, we need the following Lemma.

Lemma 3.5. For M,e,xz >0, k > 1, we have the inequality
k
1 < (kM)

k| oMz = Y
exh +e Mo T enF (2
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Proof. Let f(x) = m Then
ekxk—1 — Me~Mz=
fiz) = :
—(ea® + e—Mz)2
The only critical point x( satisfies xg_leM To = % and yields a maximum. Hence
1 1
flo) < T Tk ke F-1°

exf + e~ Mo €Ty + 37 %0
By using the inequality e*®° > Muxg, we obtain

M -
M _ k1M (7 (k Pz _ L kMao,
ke 0 — M MkE—1
. . k k k
This gives efM®0 > 2= and kMzo > In(3). Therefore zo > 47 In(4). Hence,
we obtain

1 (kM)*
r) < — < y
TS G = e
(I
Proof of Proposition[3.4} Condition (3.4) is obtained as follows
T exp (= Ap [ b(€)dE
Ratepesp ([ bgyae) = T2 el MO
t eXk +exp (= Ap [y b(£)dE)
< 1
T e texp (—baTN,)
Using the inequality
1 k_—1 (b2T)* \\* -1 b3 \\*
- < _ i
o < () (1n( — )) = b (In . )
we conclude that
T
ba N —k
Ra(e, p) exp (Ap / b(g)dg) < b4e*1(1n(i)) = Ky(e).
" €
We derive Condition (3.5) as follows
ek
|R2(€7p)_1| = k L T
€Ay +exp ( - fo b(f)df)
—k
< eAbue™ (In (bi))
€
b3 —k
= b4<ln(?)> = Ka(e)M,.
([l
Proposition 3.6. Let
1, if A, <1/q,
Ryap) =41 =l
, i >1/a.

where a = boT/1n(1/€). Then Rs satisfies (3.4) and (3.5) with a(e) = e,
Ki(a) =€, Kyla)=a, M,=)\,
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Proof. Condition (3.4) is obtained as

R3(a, p) exp ()\p /tT b(g)dg) = {Z}fp (/\p I b(f)df)7 i :\\Z i 1;2

exp (é /tT b(f)df) <e b,

IN

Condition (3.5]) follows from

if A, <1
|R3(a,p) — 1] = . ?Ap_ fe
1, ifx,>1/a

S Oé)\p = KQ(O[)MP .

Proposition 3.7. Let
T
Ritap) =exp (- ax} [ b)),
0

Then Ry satisfies (3.4) and (3.5)) with a(e) =,

T
Ki(a) =exp (%), Ky(a)=a, M,=\2.

Proof. Conditions and follow from
T
Ritapep (3, [ 0€)dE) = exp (0 —ad) [ o))
t t

< exp (IOTZf)dg) — K (o),

where we used that A, — a)\f, < i. Using the inequality 1 —e™* < z for z > 0, we
obtain

T T
Ry(a,p) — 1] =1—exp( —aX2 [ b(&)dE) <aXd [ b(&)dE < Kay(a)M,,,
Ritop) =1 = 1=exp (a2 [ b(9)de) < st [ ()it < Kafo)
whereMp:)\Z. O

4. NUMERICAL EXPERIMENTS

Since numerical experiments were implemented for filter R; in [19], we implement
experiments only for Ry and Rs. The efficiency of the methods is observed by
comparing the errors between numerical and exact solutions. In both examples, we
choose the exponent k& = 1, and consider in a two-dimensional region. Let
Q = (0,a) x (0,b) be an open rectangle in R?, and T > 0. Let us consider

up — b(t) (um + uyy) = f(z,y,t), (z,y) €Q, t€][0,T]
u(z,y,t) =0, (z,y) €0, tel0,T]
U’(x’va) = g(x7y)7 (a:,y) € Q.

The eigenfunctions and eigenvalues of the Laplacian are

™ . nmy
) S11 (T),

b= "
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FiGURE 1. Exact solution at t =0, and ¢t = 1
TABLE 1. Absolute error estimate for mesh resolution M = N =
127, Az = 2.7559F — 02, Ay = 3.1496 E — 02.
’ | e=10""1 e=10"2 e=10"2 e=10"1%
’ t ‘ 01,2 01,3 01,2 01,3 01,2 01,3 01,2 01,3
0.00 | 5.616B-01 7.045E-01 | 7.263E-02 1.338E-01 | 2.878E-02 7.796E-02 | 3.954E-02 6.457E-02
0.11 | 2.034E-01 3.487E-01 | 2.678E-02 3.911E-02 | 9.921E-03 2.116E-02 | 2.078E-02 1.995E-02
0.22 | 1.432B-01 4.184E-01 | 1.976E-02 1.085E-01 | 6.500E-03 2.284E-02 | 1.299E-02 1.356E-02
0.33 | 1.120E-01 3.563E-01 | 1.635E-02 1.512E-01 | 4.972E-03 4.830E-02 | 8.450E-03 1.552E-02
0.44 | 9.195B-02 2.867E-01 | 1.418E-02 1.584E-01 | 4.096E-03 6.950E-02 | 5.649E-03 2.551E-02
0.55 | 7.775B-02 2.307E-01 | 1.263E-02 1.494E-01 | 3.540E-03 8.006E-02 | 3.905E-03 3.573E-02
0.66 | 6.709E-02 1.882E-01 | 1.144E-02 1.352E-01 | 3.167E-03 8.281E-02 | 2.855E-03 4.296E-02
0.77 | 5.875B-02 1.559E-01 | 1.047E-02 1.203E-01 | 2.907E-03 8.104E-02 | 2.279E-03  4.704E-02
0.88 | 5.205E-02 1.311E-01 | 9.669E-03 1.066E-01 | 2.718E-03 7.696E-02 | 2.011E-03 4.866E-02
0.99 | 4.654E-02 1.118E-01 | 8.978E-03 9.441E-02 | 2.575E-03 7.189E-02 | 1.917E-03  4.860E-02
mm. 2 nw. 2
Ao = (— ) + (—
= () 4 (M2,
for (m,n) € N°. When
1
bt T e
®) 100 + exp(t?)

this problem has exact solution

(22 2y ., xry
u(z,y,t) =e t(z"+y )sm(a—_i_t)(afx)(bfy).

For the numerical computations we use a = 7, b = 8, and T' = 1. The source
function f and the final datum g(x,y) = u(x,y,T) are such that w is the exact
solution of the problem.
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25 25
20 20
- -
20 4 10 10
5 5
15
o 0

FIGURE 2. Numerical solutions at ¢ = 0 for filters Ry (left) and
R3 (right) with e = 1071, e = 1072, ¢ = 10~* (from top to bottom)

For the measured data f€ and ¢¢, we use a random number generator rand() in
(_la 1)7

g (e,y) = gla.y) + “rand(), =
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At a given € and ¢, the absolute error between the exact solution and the regularized
solutions is estimated by

S S b (i g, 1) — u(z, gy, )]\ 12
‘5“:( : 1 (M)(N) ) :

Regularized solutions by filter Ry correspond to [ = 2, and by filter R3 to [ = 3. We
choose a calculation grid of 127 x 127 interior points, with x; = in /I, y; = jm/J,
and ub¢(x,vy,t). See Table

Figure [1| shows the exact solution while Figure [2| shows the regularized solutions
at t = 0. From Table [I| we see that overall filter Ry gives a better approximation
than filter R3. Both regularized solutions converge to the exact solution at ¢t = 0.
However, when ¢ close to 1 (¢ = 0.99) the solution from filter R3 is strongly oscil-
lating and slowly converges to the exact solution. In comparison the convergence
rate of filter Ry is significant better than the convergence rate of the filter Rs.
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