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LEAST ENERGY SIGN-CHANGING SOLUTIONS FOR
NONLINEAR PROBLEMS INVOLVING FRACTIONAL
LAPLACIAN

ZU GAO, XIANHUA TANG, WEN ZHANG

ABSTRACT. In this article, we study the existence of least energy sign-changing
solutions for nonlinear problems involving fractional Laplacian. By introducing
some new ideas and combining constraint variational method with the quan-
titative deformation lemma, we prove that the problem possesses one least
energy sign-changing solution.

1. INTRODUCTION

This article concerns the nonlinear problem involving fractional Laplacian
(_A)au = f(I,U), S Q7

1.1
u=0, zecRV\Q, (1)

where Q C RY is a bounded domain with smooth boundary, 0 < a < 1, N > 2a,
(—A)® is the fractional Laplacian of order a, f € C(Q x R,R).

To prove our results, we use the following assumptions:
Al) limg_g f(x,s)/s = 0, uniformly in x € Q;
A2) limy o f(z, s)/s%~1 = 0, uniformly in z € Q, where 2/ =
A3) limg o f(z,5)/[s| = +oo for a.e. z € Q;
A4) f(z,s)/|s| is increasing in s on R\{0} for every = € Q.

In recent years, nonlinear problems involving fractional Laplacian have been in-
vestigated extensively. Indeed, they have impressive applications in many fields,
such as thin obstacle problem, optimization, finance, phase transitions, anomalous
diffusion and so on. For previous related results see [11, 6] [8 [9] [T, 14} [T5], 16}, 17 [I8],
201 27, 291 [40], 41] and the references therein. Precisely, under the assumption that
the nonlinearity satisfies the Ambrosetti-Rabinowitz condition or is indeed of per-
turbative type, the author proved some existence results of solutions for fractional
Schrodinger equations in [25]. Using mountain pass theorem, Raffaella and Servadei
studied the existence of solutions for equations driven by a non-local integrodiffer-
ential operator with homogeneous Dirichlet boundary conditions in [26]. In fact,
by the extension theorem in [7] Caffarelli and Silvestrein made greatest achieve-
ment in overcoming the difficulty, which is the nonlocality of fractional Laplacian
(—=A)* in the fractional Schrodinger equation. Moreover, a great deal of progress
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has been made to the fractional Laplacian equations after the work [7]. We refer to
[10, 12, [30L BT, 37, 43] for the existence results and multiplicity results of solutions,
and to [4, [5] for the regularity results, maximum principle, uniqueness result and
other properties.

As we know, a great attention has been devoted to the existence and multiplicity
of positive and nodal solutions of elliptic problems in recent years, see for example
[2, 3L 1322, [32], 33, [42] and the references therein. Actually, with the descended flow
method and harmonic extension techniques, Chang and Wang studied the existence
and multiplicity of sign-changing solutions in [12]. Via costrained minimization
method, Tang [34],35] [36] [19] 20] obtained the existence of Nehari-type ground state
positive solutions. By combing minimax method with invariant sets of descending
flow, some results about nodal solutions have been obtained in [21].

Motivated by papers above, and we especially borrow some ideas from [19]. What
is more, we are interested in Problem with constraint variational method and
quantitative deformation lemma, and study the existence of a least energy sign-
changing solution.

For any measurable function v : R — R with respect to the Gagliardo norm

W2, 12
/qu—Pde@>'

We introduce the fractional Sobolev space
HYRY) = {u € L*(RY) : [u]a < +o0},

which is a Hilbert space. A complete introduction to fractional Sobolev spaces can
be found in [24]. We also define a closed subspace

X(Q) ={uec H*(RY) :u =0 ae. in RN\Q}.

Then, by [25], X () is a Hilbert space with the inner product
(u,v) // (y))(;}(fz)v_ v(y))dxdy, Yu,v € X(Q),
axQ \33 —y[?
and the corresponding norm || - || x = []o. For u € X(Q), set
1
o) = 3k - [ Fla.wds, (12
Q

where F(z,u) = [ f(z,t)dt. Then ® € C*(X(Q),R) and
//QXQ (y))f;a(fz)v U(y))dxdy—/ f(z,u)vde, (1.3)

for all u,v € X(Q). ObVlously7 its critical points are weak solutlons of Problem
(L.1). Furthermore, if u € X(f) is a solution of (L.I)) with u® # 0, then u is a
sign-changing solution, where

ut(z) := max{u(z),0} and wu (x)=: min{u(z),0}.

We set
M= {u € X(Q):u* #0, (®(u),u’) = (®'(u),u”) = 0},
and define
m:ulélf/lfﬁ(u).

Throughout this paper, || - ||, denotes the usual norm in LP(2).
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Theorem 1.1. Assume that conditions (A1)—(A4) hold. Then (L.1)) possesses one
least energy sign-changing solution u € M such that inf,ep @(u) =m > 0.

The rest of this article is organized as follows. In Section 2, we prove several
lemmas, which are crucial to investigate our main result. The proof of Theorem
[[1]is given in Section 3.

2. PRELIMINARY RESULTS

Lemma 2.1 (|38, Lemma 2.1]). For any a,b € R, we have
(i) (ka)* = ka™, for all k >0, |a* — b*| < |a — b|;
(i) (a—0b)(a™ —b") > (a™ —b")2 and (a —b)(a™ —b") > (a= —b)?;

(iii) (a™ —=b")(a™ —b7) > 0.

By simple computations from the above lemma, we obtain the following lemma.
Lemma 2.2. Under assumptions (Al) and (A2), for any u € X (), the following
facts hold:

(1) lu*lx < Jlullx;

(i)

+ - - +
+ + 4 u' (z)u”(y) / / u” (z)u’ (y)
u,u™) = (ut,ur) — ————2dxdy — dzd
( )= ) //QXQ |z — y[2otN Y axq |z —y[2tN Y

+ —
+ o+ ut(z)u” (y)
= (uF,u —2// 7 qady;
( ) axq |z —y[2tN Y
(y)

P (u),ut) = // dsr:dy // —— = dxdy
(@), ) = (@ QxQ \35 *y|2a+N axa |2 *y|2a+N

' (u -2 )d d

= 2[R

In what follows, we denote
+ —_
- / / W) gy
axa |z —y[*®
It is obvious that B(u) > 0.

Lemma 2.3. Assume (Al) and (A2), and let {u,} be a bounded sequence in X (2).
Then up to a subsequence, still denoted by {u,}, there exists u € X () such that

(i)

n—oo

lim |ui|pdx —/ lut[Pdz, Vp e [2,28);
Q

lim | w,f(x,u,)de = / uf(x,u)dx;
(i)

lim [ F(x,u,)de = / F(x,u)dx;
(iv)

lim inf (@' (uy, ), ul) > (' (u), u™).

n—oo
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Proof. (1)—(iii) are easily proved; so we omit their proofs.
(iv)From (ii), Fatou’s Lemma and (iii) of Lemma it follows that

(@' (u), ui>

= (®'(u _2//Q><Q T |2a+]\2d dy
//QxQ |33— |2a+(N) dedy _2//Q><Q |z — |20‘J(rl\2d dy — / u* f (@, u™)de

< limi f u (@) —ur W U (@)U (V) 4
- lnnilg axQ |$—y\2a+N e QxQ |93—?J|2a+N v y}

— lim | ulf(z,ul)dz

= liminf(®’ (uy, ), ul).

) n

This shows that (iv) holds. O

Lemma 2.4. Under assumptions (Al) and (A2), if {un} is a bounded sequence in
M and q € (2,27), we have

n—oo

1iminf/ lut|%dx > 0.
Q

Proof. From (A1) and (A2), for any € > 0 and fixed 7 € [2,2%), there exists C; > 0
such that

sf(x,s)] <els \2+C| |” +¢ls|?, VzeQseR. (2.1)
For u,, € M, we have (®'(uy),u;) = 0. From (111) of Lemma[2.2] we have

()
' ( n,n—2// —————=dzdy = 0,
< QxQ |$—y\2a+N
which, together with Sobolev embedding and -, for ¢ € (2,2%), yields

o < | w s
§5/ |u,ﬂ2dx+CE/ |u§|qu+5/ luF| e da (22)
Q

— —2% 2
< ey flu ik + Ceng Mz 15 Ny 1872 + 72~ lluiy 15

where 7, := inf)j,, =1 [Jul|x, 2 < s < 2},. From the boundedness of {u,}, there is
M such that

25 —2
IIUin“ <M.

From (2.2)), taking ¢ = min{~3/4, 72* JAM Y}, Cy > Cg, it follows that

1
< Covg *lluz 132
Then
Vg \72
liminf [ |uf|?dz > ( d ) > 0.
n—oo Q 200
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Lemma 2.5. Under assumptions (A1), (A2), (A4), for any u € X (Q) with u* #0,
5,6 >0 and (s —1)% + (t — 1)2 # 0, we have

®(u) > B(sut +tu”) + L= (@ (u),u™) + ! ;tz (@ (u),u”) + B(u)(s — )%
Proof. For 7 # 0, (A4) yields
o) < Lol 1ol <
s> LD sl ol >
It follows that
1_2 27'f(x,7') > GT (z,8)ds, VreQ, 7#0,0>0 and 0 # 1.

Thus, we deduce that
O(u) — ®(su™ +tu)
1—s2 1— ¢t
28 (@' (u),u’) +
— g2

+ /Q [ /@, u)u’ = (Fa,u") = Fz, su™)) Jdo

42

+/ [1 2t flz,uu™ — (F(:ﬂ,u*)fF(:E,ttf))]dachB(u)(sft)2
Q

=L@t + SR + [ 5

Q

flz,ut)u®

—¢2

_ f(x,g)dg]dx+/ [1 f(x,u)u—/t: f(a:,f)dg}da:

sut Q
+ B(u)(s — t)?
1—s? 1—t2
= (@' (u),ut) + ——

for all s,t >0, (s —1)2+ (t —1)2 #0. 0

> (@' (u),u™) + B(u)(s —t)*,

From Lemma [2.5] we have the following two corollaries.

Corollary 2.6. Under assumptions (Al), (A2), (A4), we have
1—t?

B(u) > B(tu) + (@ (u),u), Yue X(Q), t>0. (2.3)

Corollary 2.7. Under assumptions (Al),(A2), (A4), we have

O(u) > ®(sut +tu), YueM, s t>0. (2.4)
Lemma 2.8. Assume (A1)-(A4) hold; if u € X(Q) with u* # 0, then there exists
a unique pair (sy,t,) of positive numbers such that s,u™ + t,u™ € M.
Proof. Let

g1(s,t) = (®'(su™ +tu~),su™)

2.5
= s%|Ju™ | - / f(z,su™)sudx + 2B(u)st, (2:5)
Q



6 Z. GAO, X. TANG, W. ZHANG EJDE-2016/77

ga(s,t) = (@ (sut +tu”), tu”)
= t?|ju"||? — / f(z,tu™ Ytu~dx + 2B(u)st. (26)
Q

From (A1), (A2) and (A3), a straightforward computation yields that there are
r > 0 small enough and R > 0 large enough such that

91(7", T) > 07 92(r7 T) > 07
gl(R, R) <0, gg(R, R) < 0.
Notice that for any fixed s > 0, g1(s,t) is increasing in ¢ on [0, 4+00), then
gl(T7t) 291(7",7") > 07 vVt € [T,R],
9g1(R,t) <g1(R,R) <0, Vte][rR]
Analogously, for ga(s,t), one has
gQ(Sa T) > gg(?", T) > 07 Vs € [T7 R]a
g2(s, R) < g2(R,R) <0, Vse€|[r,R].
The above inequalities and the Miranda theorem [23] imply that there is a pair
(Sustu) € (1,R) X (r, R) such that g1(sy,ty) = g2(su,t,) = 0, and then, s,u™ +
tyu~ € M.
Next, we prove the uniqueness. Let (§;,%1) and (8o, %2) such that d;u™ +tu~ €
M, i =1,2. We assume that (£ — 1) + (% —1)2 # 0, then Lemma implies
D(51ut +tum) > O(ut +lu”),
O(sout +tpu™) > ®(5ut +Hu).

This contradiction shows (81,%1) = (2, %2), this completes the proof. O

Corollary 2.9. Under assumptions (Al)—-(A4),

m:= inf ®(u)= inf max ®(sut +tu”).
ueM uEX (Q),ut#0s,t>0

Lemma 2.10. Assume that (A1)—(A4) hold. If up € M, and ®(up) = m, then ugy

is a critical point of P.

Proof. Arguing by contradiction, ®(ug) = m and ®'(ug) # 0. Therefore, there exist
60 > 0 and p > 0 such that

v € X(Q), [lv—uol <30 =[®(v)]| = p.
Let D = (%, %) X (%, %) It follows from Lemmathat

n = O(sud + tuy .
m (s%aeuacD (sug +tug) <m
For ¢ := min{(m — m)/3,1,p0/8}, S := B(ug,9), [39, Lemma 2.3] yields a
deformation n € C([0,1] x X (£2), X(€)) such that
(i) n(1,u) = u if ®(u) < m — 2 or P(u) > m + 2¢;
(i) 71"+ 1 Bluo,5)) C B
(iil) ®(n(l,u)) < ®(u), for all u € X(Q).
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By Corollary ®(sug +tuy ) < ®(ug) = m, for s,t > 0, then from (ii) it follows
that
2

)
d(n(1,suf +tuy)) <m—g, Vs,t>0,|s—1>+[t—1> < 5
2[|uoll%

(2.7)

On the other hand, by (iii) and Lemma one has
d(n(1, sud +tugy)) < <I>(su6Ir +tuy) < <I>(u0) =m, (2.8)
for all s, >0, [s— 1>+t — 1> > W Combining (2.7) and (28], we have

max_ ®(n(1, sud +tugy)) < m.
(s,t)eD

By the similar method in [28], we can prove that (1, sug + tug ) N M #  for some
(s,t) € D, which contradicts the definition of m . O

3. PROOF OF MAIN RESULT
Proof of Theorem[I1.1. We shall show that m > 0 can be achieved to get a critical
point of ®. Let u, be a sequence in M such that
lim ®(u,) =m.

First of all, we claim that {u,} is bounded in X (). To this end, suppose by
contradiction that |ju,|x — oo, and set v, = Tuy - Since |lvn||x =1, passing to a
subsequence, there exists v € X () such that v, — v in X(Q), v, — v in LP(Q),
for 2 < p < 2%, and v,(z) — v(z) a.e. on Q. If v = 0, then we have v,, — 0 in
LP(Q), for 2 < p < 2%. Fix 7 € [2,2%) and R = 1/2(m +1). By (Al) and (A2),
given € > 0, there exists C. > 0, such that

|F(z,5)] <el|s|® + Cels|” +¢|s|?, VzeQ,seR. (3.1)
By (3.1]), Corollary [2.6] and Lebesgue’s dominated convergence theorem, it follows
that

m = ®(u,) + o(1)
R2

2junll?

R2
=— - / F(x, Ruy)dx 4 o(1)
2 Q

> ®(Run) + (5~ gz ) (), ) + 0(1)

Y

—/ |F(z, Ru,)|dz + o(1)

Q

R2 2 T 2

> 5 = [e| Rvy|? + Ce|Rup|™ + €| Rup |2 ]dz + o(1)
Q

=m+1— {e[R*||v,]2 + R*

Zm+1—01€+0(1),

3] + C-R7lva|IT} + (1)

Un

the contradiction is obvious due to the arbitrariness of €. Thus, v # 0. Denote
A={zr e Q:v(x)#0}. Then for z € A, we have lim,,_. |u,(z)| = co. By (A3),
(A4) and Fatou’s Lemma
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= lim F—/ Mvzdx}

n—oo L2 2 n
F(
<= —hmlnf/ (=, u” vide
n—oo
1 F
< - — lim inf Mzﬂdx = —00.
2 A Moo U,% n

The contradiction shows that {u,} is bounded in X (€2). Passing to a subsequence,
there exists u € X () such that u, — u in X(Q), u, — win LP(Q), for 2 < p < 2%,
and u,(z) — u(x) a.e. on Q.

Next, we show that m > 0 is attained. From Lemma it follows that u* # 0.
Then by Lemma there are s,t > 0 such that su™ +tu~ € M. By Lemmas
and we have

m < ®(sut +tu”)

<o) - @) - @)
= ) — (@ (w0 + 5 (@), + @), 0)
< Jm [ [% F (@) — Fo,uy)]da
+hnnlloréf{ ' (un), uy) + §<@'<un>,ug>}
= T [B(un) — 5 (@ (), un)] = m,

which implies ®(su™ +tu~) = m. From Lemma &' (su™ +tu~) =0, and then
su™ + tu~ is a sign-changing solution of (1.1]). O
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