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EXISTENCE AND REGULARITY OF SOLUTIONS TO THE
LERAY-o MODEL WITH NAVIER SLIP BOUNDARY
CONDITIONS

HANI ALIL, PETR KAPLICKY

ABSTRACT. We establish the existence and regularity of a unique weak solution
to turbulent flows in a bounded domain 2 C R3 governed by the Leray-a model
with Navier slip boundary condition for the velocity. Furthermore, we show
that when the filter coefficient « tends to zero, these weak solutions converge to
a suitable weak solution to the incompressible Navier Stokes equations subject
to the Navier boundary conditions. Finally, we discuss the relation between the
Leray-a model and the Navier-Stokes equations with homogeneous Dirichlet
boundary condition.

1. INTRODUCTION

Let Q C R3 be a bounded domain with C* boundary, T € (0,00), and « > 0.
Our goal is to study properties of the Leray-o model (L(c))

divv =0, (1.1)
vi +div(vev) —2vdivD(v) = -Vp + 1, (1.2)
~a?divD(¥V)+v+Vr=v, divi=0 (1.3)

in (0,7) x 2. The unknown functions are the fluid velocity field v, the smoothed
velocity v and the pressure p. The external body force f and the viscosity v > 0 are
given. In the above system, D denotes the symmetric part of the velocity gradient,
that is 2D(v) = Vv + (Vv)T.

We complement the system — to the initial condition

v(0,z) = vo(x) in Q, (1.4)

and the boundary condition
v.n=0, Avy+(1-XNDWV)n)=0 on (0,7) x 09, (1.5)
v.n=0, MAW.+({1-XN)(DF)n)=0 on (0,7) x IN. (1.6)

Here, n = n(x) is the outer normal located at x € 99 to the boundary, w, :=
w — (w - n)n is the projection of a vector w = w(x) onto the tangent plane of the
boundary at x, and the parameter A € [0, 1] homotopically connects perfect slip
boundary condition when A = 0 with no-slip boundary conditions when A = 1. If
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0 < X <1, then is called the Navier slip boundary conditions. In this paper
we assume that A is any number from [0, 1).

We start our investigation by showing that the problem — has a unique
weak solution. Since existence and regularity theory of the problem (1.3) with
boundary condition is well known (see Lemma and Corollary [2.2) ¥ can
always be uniquely reconstructed from v. In this sense we understand v in the
whole article and we concentrate only on the properties of (v, p).

We use standard notation for Lebesgue, Sobolev and Besov spaces on a domain
O and their norms, e.g. L?(0), W'2(0), B3 ,(0) (= W2(0) if O is smooth). If
O = Q we drop (), e.g. L%2. We denote the inner product in L?(O) by (-,-)o,
while (,-) stands for a duality pairing. We do not distinguish between scalar and
vector spaces; the correct meaning is always clear from the context. Next we define
the relevant function spaces for the velocity field. Let k € N, p,q > 1, then

Wh? .= {v e WP :v.n =0 on 0Q},
Whe = {v e WFr . divv=0in Q},

n,div
Wk . (Wk,p)* wokp (Wk,p )*
n E n ’ n,div "7 n,div/
- I
n,div " n,div

Our first result is the following theorem.

Theorem 1.1. Let f € L?(0,T;W;%?), vo € L? Then there exists a unique

n,div"

solution (v,p) to the system (1.1)—(1.3) such that
v €C(0,T; L} 4) N L*(0, T Wy 3i,), (1.7)
v, € L?(0,T; W, b?), (1.8)
p e L*0,T; L% (1.9)
/ pdx =0 forae te(0,T) (1.10)

Q
and
T 2vA
/ (v, W) — (vRV, VW) + ﬁ(V7W)3Q +2v(D(v),D(w)) dt
0 _

. (1.11)
= / (p,divw) + (f,w) dt  for all w € L*(0,T;Wr?),
0
where the unique strong solution (v, ) to (L1.3)) with (1.6) satisfies

v e (0, T; W22 )N L0, T; W32, ),

n,div n,div

7 € C0,T;Wh?) N L0, T; W?2).
The initial conditions are attained in the following sense

. _ 2:
Jim [[v(t) = volF =0. (1.12)
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Moreover, the solution (v,p) satisfies the local energy equality

t
%/Q(|V|2¢)(t7x)dX+V/0 /Q|Vv|2¢dxdt

_1 2 Lo v|?
f/ Vol ¢(0,x)dx+/0 /97(¢t+m¢)dxdt (1.13)

t
/ —v—i—pv V(bdxdt—i—/(f,vqb}dt
0

for allt € (0,T) and for all non-negative functions ¢ € C°(Q x R) and spt¢ CC
R x €.

In the next theorem we focus our attention on the regularity of the unique weak
solution of (1.1)-(1.6). First, we define the spaces of initial conditions. We follow
[29]. For ¢ > 2 we set

={pe€ Bq,q 'n L] 4iv ¢ (L.5) holds if ¢ > 3}.
Here the spaces B;"p are the standard Besov spaces, see |29 Section 2.2]. Note that
Dy = W2

n,div’
Now we can formulate the maximal regularity result.

Theorem 1.2. Assume q > 2, ¢ # 3, £ € L9(0,T;L}. 4,) and vo € Dy. Then
the unique weak solution to the problem L(a) with initial boundary condition (L.4)
and boundary condition (LH), (L.6) is reqular, i.e. v € L0, T; W29 ), v, €

n,div
L0, T; L 4,) and p € LU0, T; wha),

Further we are interested in the behavior of the unique weak solution to (L.1))-
(1.6) as « — 0+, see Theorem as A — 1—, see Theorem and as A — 1—
and a — 0+ simultaneously in Theorem

Leray [22] was the first who regularized the Navier Stokes equations by smoothing
the convective velocity with regularization made by convolution. The o models are
based on a smoothing obtained by applying with the application of the inverse of
the Helmholtz operator I — a?A. There exists a large family of o models, see for
example [2] [4, [T4], [T0, 12| [15] 16 20} 21].

One of the first @ models is the Lagrangian averaged Navier Stokes equations
(LANS-«) [11] that was introduced as a sub-grid scale turbulence model. In [I5]
the authors suggest the LANS-« as a closure model for the Reynolds averaged
equations. The Leray-o model [12], as the other family of o models, enjoys the
same results of existence and uniqueness of solutions and was also used as a closure
model for the Reynolds averaged equations. The Leray-a was tested numerically
n [12 [I8]. In this numerical simulation the authors showed that large scales of
motion bigger than « in flow are captured. It was shown also that for scales of
motion smaller than «, the energy spectra decays faster in comparison to that
of the Navier Stokes equations. In [I2], the convergence of a weak solution of the
Leray-a to a weak solution of the Navier-Stokes equations as &« — 0 was established.
It is shown in [2] that the Leray-a« equations give rise to a suitable weak solution to
the Navier-Stokes equations. All previously mentioned results were derived under
periodic boundary conditions.

The existence and uniqueness of global weak solutions to the LANS-a on bounded
domain with no-slip boundary condition is given in [I3]. The fact that we are able



4 H. ALI, P. KAPLICKY EJDE-2016/235

to establish such results of existence, uniqueness and convergence with Navier slip
boundary conditions to the £(«) model is a novel feature of the present study.

Finally, one may ask questions about other closure models of turbulence on
bounded domains with usual boundary conditions, such as the Navier slip condi-
tions. This is a crucial problem, because the filter in this case does not commute
with the differential operators [3], [6], 14}, [I'7, 21].

This article is organized as follows. In Sect. 2 we recall some preliminary results
concerning solutions of elliptic equations with Navier boundary conditions. Then,
in Sect. 3, inspired by the result in [7], we give the proofs of Theorems and
In Sect. 4 we concentrate on an analysis of the behavior of the solutions (v®, p®) as
a — 0+, where we show that « regularization gives rise to a suitable weak solution
to the Navier-Stokes equations. In Sect. 5 we take care of the dependence of the
solution of the parameter A in order to pass to the limit as A — 1— and in the last
section we pass to the limit as a — 0+ and A — 1— simultaneously.

2. AUXILIARY RESULTS

2.1. Stokes problem. In this subsection we collect some known results concerning
properties of solutions to the Stokes problem with Navier boundary condition (1.5).
Let us first consider the stationary Stokes problem for some fixed function v.

—a?divD(¥)+v+Vr=v, divVi=0 on, (2.1)
v.n=0, MANW,.+({1-X)(DF)n) =0 on 0, (2.2)

/Q rdx = 0. (2.3)

We have the following lemma about existence and regularity of solutions.

Lemma 2.1. Assume that ag > 0, « € (0,p), g > 1, v € L9. Then the unique
solution (V,7) of system (2.1)-(2.3) is in W29 x Wha gnd satisfies the estimates

n,div
[Vll2,q + I7ll1q < Cla)lIvilg,  [I¥llq < Clao)[Ivllg-

The constant C(a)) > 0 depends on «, while C(ap) > 0 may depend on « only
through «y.

If moreover k € N, k > 1 and v € W* then (V,7) € erf'gi;q x WktL4 gnd the
following estimate holds 7

Vllxt2,q + I7llt1,a < C@)([[Vl[k,g + [Vllg + lI7llq)-

Proof. The first part of the lemma is proved in [24, Theorem 1.3, (1)]. The second
part follows from the result [I, Theorem 10.5], since the Stokes operator satisfies
the ellipticity condition [II Section I.1] and the Navier boundary condition is a
complementary one, see [I, Section 1.2]. O

Corollary 2.2. Let k € NU{0}, 7 € [1,+00), ¢ > 1. Assume v € L"(0,T; Wk:9).
Then the unique solution (V,m) to problem (1.3) with boundary conditions (1.6)
and (2.3)) satisfies v e L™(0,T; Wf;?v’q), 7€ L"(0,T; Whtla),

Now we turn our attention to the evolutionary variant of the problem (2.1)).
divv=0, v;—2vdivD(v)=-Vp+f. (2.4)
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Lemma 2.3. Let2 < g < 400, ¢ # 3. Ifvg € Dy andf € L1(0,T; LY) then problem
(2.4) with (1.10), boundary condition (1.5) and initial condition (1.4]) admits a

unique solution (v,p) such that

v e LI0,T; W29 ynWhe(0,T; L), pe LI(0,T;Wha).

n,div
The above theorem is proved in [25] Theorem 1.2]. We finish this section with
the following interpolation lemma.

Lemma 2.4. Let Q C R"™ be a bounded Lipschitz domain, v > 1 and f belong to
L0, T; L") N L™ (0, T; W2"). Then Vf € L*(Q) for s=r+1*/(n+7r).

Proof. First we realize that the inequality

IV £l < CUAPNAIS,

with 8 = (n+r)/(n+ 2r) holds as a consequence of [30, 4.2.1/3], [30, 2.4.2/11 and
4.3.2/Theorem 2], [30, Theorem 4.6.2a]. Taking the s power of this inequality the
statement of the lemma then follows since fs = . O

3. PROOF OF MAIN THEOREMS

Proof of Theorem[I.1. We prove the theorem using the Schauder fixed point theo-
rem. To this end we fix r > 1, ¢ > 1 (the exact values of r and ¢ will be determined
later) and study properties of the mapping

My : L*(0, T Wy '5,) N L7(0,T5 L) — L2(0 T;Wy'he) N L0, T L),
Ms(v) =

where u € L2(0,T; W2 )N L>(0,T; L?) is the unique solution to the problem

n,div
divu=0, u;+div(lu®v)—-2vdivD(u)=-Vp+f,
with the initial condition
u(0,z) = vo(z) in Q,
and boundary condition
un=0, Au.+(1-XN)(D(n)=0 on (0,T) x IN.

Our first goal is to determine the constants r, ¢ such that the mapping M is well
defined and continuous. Since for any v > 2,

L°°(0,T; L) N L2(0, T; Wh2) < LY(0, T; L5 9) (3.1)
it is enough to assume for some v > 2 that
2y 3y
> — > —. 3.2
"=LTy 17 (3.2)

Under these assumptions, |u|[a| € L?(0,T; L?). The correctness of the definition of
M> and its continuity follow by standard technique. Moreover, it is also seen that
there exists C' > 0 independent of ¥ such that

[[u
Condition (3.2)) also assures that
u € L(0,7: (W,3)")

+ [l Lo o,7522) + [0l L2(0,75wr2) < C. (3.3)

6~y
Lv(0,T;L37—4)
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and the Aubin-Lions compactness lemma provides that

My : L2(0, T; WhA YN L7(0,T; L) — L7(0,T; L*) (3.4)
is compact for any v > 2 and s € (1,6v/(3y —4)). Compare (3.1).
For s € (1,3/2) we introduce a mapping

My : LY(0,T; L) < LY(0, T; W**), M,(v) =7,

where ¥ is the unique solution to the problem (2.1)-(2.3]). Its existence and regu-
larity is assured by Corollary Here v, s, r and ¢ are sought such that

L7(0,T; W2%) < L"(0,T; L9) N L*(0, T; W'2). (3.5)

We need v > r, v > 2 and 3s/(3 — 2s) > ¢, 3s/(3 —s) > 2.

Finally we want to apply the Schauder fixed point theorem to M = My o M;.
To this end we set v = r = ¢ = 5. In order to have M well defined we need
which is verified if s > 6/5. The compactness of M follows from provided
s < 30/11. Tt is seen that we can fix s € (6/5,3/2). Altogether we obtain that

M : L*(0,T; L%) — L°(0,T; L*)

is a continuous, compact mapping that maps a certain ball into itself, see (3.3]). The
Schauder fixed point theorem gives a fixed point of M which solves — (1.6) in the
weak sense and satisfies , and . It remains to reconstruct pressure.
This can be done as in [8, Section 3.2] since in W2 the Helmholtz decomposition
holds, compare [8, Section 2.3]. The procedure gives (1.9)-(1.11). Properties of v
and 7 follow from Lemma [2.] and Corollary [2.2]

Up to now we have proved the existence of the solution. Now we concentrate on
its uniqueness. Let (v1,p1) and (va, p2) be any two solutions to £(«) on the interval
[0,T], with initial values v1(0) and v2(0). Let w = vi — vy and W = v1 — V5. We
subtract the equation for vo from the equation for v; and test it with w. Using
Korn’s inequality, the embedding theorem and Lemma [2.1] successively we obtain

d g, _
S IWIE + 4 ID(w)|5 < —[lviw]3 + v([wl)3 + [D(w)||2)

c,_
< Wz 2lvallte + v(Iwliz + [D(w)[[2) (3.6)

C
< wls(— vz +2) + vID(W)3,

Using Gronwall’s inequality we prove the continuous dependence of the solutions
on the initial data in the L*°(0,T, Li’div) norm. In particular, if wy = 0 then
w = 0 and the solution v is unique. Since the pressure part of the solution is
uniquely determined by the velocity part and the condition , the proof of the
uniqueness is complete.

It remains to prove that the unique solution (v,p) satisfies the local energy
equality . To this end let us take ¢v as the test function in . We note

that the regularity of ¥ ensure that all the terms are well defined. In particular the

integral
T
/ / veV-V(ve)dxdt
0 Jo



EJDE-2016/235 LERAY-o MODEL WITH NAVIER BOUNDARY CONDITION 7

is finite by using the fact that v @ v € L2?(0,T;L?) and ¢v € L?(0,T;W2).
Integration by parts combined with the identity

/V®V~V(v¢)dx:%/v|v|2~v¢dx (3.7
Q Q

yields that for all ¢ € (0,7T) and for all non-negative functions ¢ € C* and spt ¢ CC
Q2 x (0,7), (v,p) satisfies

1 t
5/Q|v(t)|2¢(t,x)dx+u/0 /Q|Vv|2¢dxdt

t 2
:%/Q|v0|2<b(0,x)dx+/ /Q|V2| + dxdt (3.8)
0
L . t
+/O /Q( 5 VDV v[Vv]v) V¢dxdt+/0 (f,ve) dt.

Integrating by parts once more in the above equality, we obtain (1.13]) and the proof
of Theorem is complete. O

Remark 3.1. Since T' > 0 was arbitrary the solution constructed in Theorem
may be uniquely extended for all time.

Proof of Theorem[I.3 First we realize that by Theorem [I.I] we know the existence
of a solution v to the problem £(a) such that v € C(0,T; L2 4., )N L2(0, T; W22 ).

n,div n,div

By Corollary ﬁ we obtain that ¥ € L(0,T;Wa3,) N L2(0,T;W23,). The
embedding theorem gives v € L*(Q). We know that Vv € L?(Q). From the
regularity of ¥ it follows that div(veV) = [Vv]v € L*(Q). Applying Lemmal2.3|we
obtain v € W'(0,T; L2 4,) N L*(0,T; Wi’giv) and by LemmaH Vv e L*?)(Q)
with function s(r) :=r +72/(3 +r).

Let us assume Vv € L"(Q) with r € [2,¢]. Then div(v®¥v) € L"(Q) and
by Lemma v e WY (0,T; LT 4..) N L7(0,T; W2" ). Lemma gives Vv €

n,div ’ n,div
L*)(Q). Since for all r > 2 it holds that s(r) > r. The statement of the theorem
follows by iterating this procedure. O

4. PASSAGE TO THE LIMIT AS o — O+

If we set & = 0 and 7 constant in £(«) we obtain the Navier Stokes system NS

divv =0, (4.1)
v, +div(vev) —2vdivD(v) = —=Vp +f,
v(0,z) = vo(x).

Our aim here is to show that the solutions of £(a) from Theorem [L.1] with o > 0
converge to a suitable weak solution to N'S. The notion of a suitable weak solution
of NS was introduced by Scheffer [23]. It is related to the notion of the weak
solution. However, in addition, a local energy inequality is required (see (4.10))
below). First we examine the connection between v and v.
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Lemma 4.1. Assume that v € Wrﬁiv and ¥V is a solution to (1.3|) with boundary
conditions (1.6)). Then

2 —\ 112 a?\ —2 — 2
DV =9z + IV = Vll2 00 + 21V = V2 w
4.4
A
< ?(|ID(v)|3 + ﬁ(V,V)aQ)-

Proof. Testing the weak formulation of (1.3) with v — ¥ yields

a?|D(v) = DF)|I + o (v—V,v—¥)oa + v 7|3

1-A
=a*(D(v),D(v —¥))q + a?

TV (V=)o

< 3 (a?IDW)J + 0*ID(v) - D)3

(v,v)aq +a? (V—V,V—V)ag)

A
1-A 1-A
and the result follows. O

+a?

Theorem 4.2. Let a; — 0+ as j — +oo, v € L? fe L20,T; W, t2). Let

n,div’
v be the unique solution to L(a) with (L.4)-(1.6) and o = ;. Then there is
a subsequence of {c;}, which we denote again by {a;}, v € Cyear(0,T5 L2 4,) N

n,div
L2(0,T; W3 ), p € L/3(Qx (0,T)) with v, € (L5/2(0,T; Wa'™?))* and v(0) = vo
such that as j — 400,

v v weakly in L*(0,T; Wh?), (4.5)

vy = v, weakly in (L5/2(0,T; erl’sm))*v (4.6)

ve — v strongly in LY(0,T; LY), for all 1 < q < 10/3 (4.7)
P —p  weakly in L3/3(0,T; L¥/3). (4.8)

Consequently, (v,p) is a weak dissipative solution of NS with Navier boundary
condition (1.5) and the initial condition (1.4), i.e.

T 2vA
/0 (v, w)—(vev,Vw) + (v,w)aq + 2v(D(v),D(w)) dt

1—\

. 5 (4.9)

:/ (p,divw) + (£, w)dt  for all w e L3(0,T; Wa'?).
0

Moreover, the solution (v,p) satisfies the following local energy inequality

t
%/Q(\VI%)(t,x) dx+u/0 /Q|Vv|2¢)dxdt
1 2 v
<5 [ noPoxix+ [ [ B+ van) (4.10)

+/Ot/Q(V2|2v+pv) -V¢dxdt+/0t<f,V¢>dt

for a.e. t € (0,T) and for all non-negative functions ¢ € C* and supp ¢ CC
Qx (0,7).
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Proof. We need to find estimates that are independent of «. In this proof, the
constant C' > 0 is independent of «.

First we obtain, testing (1.11) by v, the existence of C' > 0 such that for all «
we have

22U\
VollL2(0,1;L2(0%)) VollLee(0,T,L2) v L20,r,wi2) < C. .
TV + vl + [vel <C (4.11)
By standard interpolation we obtain
[V L1os3 (0,1 010r8y < C. (4.12)
Lemma [2.] gives
||Va||L10/3(O,T;L10/3) <C. (4.13)

Since we are considering Navier boundary conditions and in W&’S/ % there holds
Helmholtz decomposition (compare [8, Section 2.3]) we can conclude from (4.11)),

(4.12) and (4.13) a uniform bound

||V,OZ||(L5/2(0,T;W’;15/2))
From [7, Remark 3.1] we know that for all h € L*° and a.e. t € (0,T)

(5 (0),3) = ~(v*(6) © 7" (), V2H) + 225 (v (1), V)

+ 2v(D(v*(t)), V2H) — (f(t), VH),

holds, where H is a solution of —AH = h in , 0H/0n = 0 on 99, fQ H=0.Itis
seen that integrability of the pressure follows from the integrability of v ®@¥, D(v),
f and v. Tt is standard to show from (4.11), (4.12)) and (4.13)) that

Hpa”m/S o.1;L5/3) < C. (4.15)

It follows from (4.11)), (4.14) and 1-) that we can find a subsequence of {a/}
and (v,p) such th, ld and v € L°°(O T L?). Another sub-
sequence can be extracted such that . holds due to ) and - 4.14) by the
Aubin-Lions lemma.

To show that (v,p) solves and (@.10) it is necessary to pass to the limit
ol — 0as j — +oo in (1.11)) and (1.13). This is standard if we realize that by

Lemma [4.1] and (4.11)) we know that there exists C' > 0 such that
V% = v Il72 0,112y < Ca?, (4.16)

and that this fact implies (together with (4.7]) and (4.13 - ) that, up to a subsequence,
v — v in L9(0,T; L?) for all ¢ € [2, 10) as j — +oo.

It remains to show weak contimuty of v, which however follows from the fact
that v € C(0, T; (Wa™?)*) by (5.2) and v € L*=(0,T; L?). O

e (4.14)

5. PASSAGE TO THE LIMIT AS A — 1—

Now we want to take care of dependence of the solution on the parameter A from
and . We will denote this dependence by superscript A.

When A — 1—in we obtain the homogeneous Dirichlet boundary condition
(i.e. the condition v = 0 on (0,7) x 92). In this case the problem L(a) with
homogeneous Dirichlet boundary condition can be obtained as a limit from L£(«)
with Navier slip boundary conditions for any a > 0 by letting A in and .
tend to 1—.
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Theorem 5.1. Let \; — 1— as j — 400, v € L3 fe L?0,T;W,b2?). Let

n,div’
v be the unique solution to L(a) with (L4)-(1.6) and X = ;.
Then there is a subsequence of {\;}, which we denote again by {\;}, v €
C(0,T; L2 4,) N L*0,T; Wolﬁiv) with v, € (L*(0,T; Wolﬁiv)* and v(0) = vqo such

n,div

that as j — +o0,

v v weakly in L?(0,T; Wh?), (5.1)
vff — v, weakly in (L*(0,T; W()lﬁiv))*’ (5.2)
vN — v strongly in L(0,T; L9), for all 1 < g < 10/3, (5.3)

v is the unique weak solution to L(a) with homogeneous Dirichlet boundary condi-
tion and initial condition (1.4), i.e.

T T
| ew) = (v, 9w + (D). D) de = [ (ew) i (54)
0 0

for all w € L2(0,T; Wy'§,,).
Moreover let f € L9(0,T; L% .. ) for some q > 2, vo € W?2=2/0:9 with vy = 0 on

n,div
00 and divvg =0 is Q. Then
v E Lq (Oa T’ W()Q,giv) N Wl,q(o’ T’ Llrll,div) (55)

and the pressure can be reconstructed in such a way that p € LI(0,T; W) and

(1.10) holds.

Proof. Testing (1.11)) with v* we know that

T

T
A
sup [[vA(t)]3 + V/ VA3 2t + Vﬁ/ (v v < C(vo, f) < oo.
t€(0,T) 0 —AJo

(5.6)
Testing (1.3) by v* we obtain using (5.6) the estimate
||v)\HLOO(O,T;W1,2) + HVA”LDO(O’T;LG) < C(Vo,f). (57)
From (5.6)) and (5.7) we obtain that
IV 20 < C(vo, £),
and consequently
Vil ze.rawz, )y < C(vo.f). (5.8)

Using and it is standard to find a subsequence {);} and v such that
— and hold. The equation is obtained letting MV — 1— in .
The boundary terms disappear since the test functions vanish on the boundary and
the term with pressure is not present because the test functions are divergence free.

Now we show that the trace of v is zero. It follows from since

T e 1— A\
/ v ”2,89§CT_’0 as A — 0 +.
0

Last, we need that v(0) = vo. This follows from the initial condition for v*s (0) =
v(0) since v,v* € Cuear(0,T; L2 4,). (The last statement follows from the fact

n,div

that v,v» € C(0,T; (W2/2)) 0 L=(0, T; L2) < Cuear(0, T; L2 4.)).

n,div n,div
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In the situation where f € (L?(0,T; W&,ﬁiv))* only it is not known how to con-
struct pressure as a function p € L?((0,7) x ), compare [28, Section IV.2.6]. A
different situation occurs if £ € L(Q), ¢ > 2. Then the regularity of the
solution v can be shown as in Theorem [[2] since Lemmas [2.1] and 2.3 hold also
under homogeneous Dirichlet boundary conditions, compare [5], [19]. Having
the pressure can be reconstructed on a.e. time level by de Rham’s theorem and its
regularity can be read from the equation. O

6. PASSAGE TO THE LIMIT AS A — 1— AND o — 0+

When A — 1— and a — 0+ a theorem similar to Theorem [5.1] can be proved.

Theorem 6.1. Let \; — 1—, a; — 0+, vo € L2 4, £ € L*0,T; W, 1?).

Let v*°i be the unique solution to L(c) with (L4)-(LE), \; = X and a = «;.
Then there is a subsequence of {)\],aj}, whzch we denote again by {\j,a;}, v €

Cuear(0,T5 L2 4i,) N L2(0, T; Wyt ), with vy € (L*(0,T; Wy'gi,))* and v(0) = vo
such that as j — 400

vA sy weakly in L2(0,T; W), (6.1)

Vf;j’aj — v, weakly in (L*(0,T; Wol”j’iv))*, (6.2)

vNY v strongly in L9(0,T; LY), for all 1 < q < 10/3 (6.3)

Consequently, the velocity part v is a weak dissipative solution to the Navier Stokes
equations with homogeneous Dirichlet boundary condition and the initial condition
Vo, i.€.

/ (v, W) — (vev,Vw) +2v(D(v),D(w)) dt = / (f,w) dt (6.4)
0 0

for all w € L*(0,T; Wol,ffiv)'

Proof. The proof of this theorem follows the lines of the proof of Theorem [£.2] and

Theorem. First we obtain uniform estimates (4.11)) and (4.12)). Now we need to
reconstruct a uniform estimate for ¥4 Slnce in Lemma - the dependence of
GO

constants on A is not addressed we cannot use it. Instead we test (| with v
and get a uniform estimate

||V’\J"°‘J' ||Loo(07T;L2) < C. (65)
It follows that

“VAJ,O‘JHV)\JK’QHLQ OTL2 < C and ||V))%J’OZJH(L2(O)T WoldS, )) < C
Consequently we can extract a subsequence (\;, a;) such that , and by
the Aubin—LionS lemma also hold. Combining Lemma with the estimate
we obtain that ¥ — v in L?(Q) and by also in L*(0,T; L?) for all
5> 2 as j — +o00. The limit function v must be traceless due to . With this
information it is standard to pass to the limit as j — 400 in to get . ([

Remark 6.2. Generally, with homogeneous Dirichlet boundary condition, the ex-
istence and regularity of the pressure term p of the Navier-Stokes equations is not
obvious, compare [9], 26| 27].



12

H. ALI, P. KAPLICKY EJDE-2016/235

Acknowledgments. This work was conducted during Hani Ali’s Ph. D. studies
at the University of Rennes 1, France. Petr Kaplicky was partially supported by
grant GACR 201/09/0917, and by the research project MSM 0021620839.

(1

(8]

[9]
(10]
(11]

(12]

(13]

14]

[15]

(16]
(17)
(18]
(19]
20]

(21]

(22]

REFERENCES

S. Agmon, A. Douglis, L. Nirenberg; Estimates near the boundary for solutions of elliptic
partial differential equations satisfying general boundary conditions. II. Comm. Pure Appl.
Math., 17:35-92, 1964.

H. Ali; On a critical Leray-a model of turbulence. Nonlinear Analysis: Real World Applica-
tions, 14(3):1563-1584, 2013.

H. Ali; Approximate Deconvolution Model in a bounded domain with vertical regularization.
Journal of Mathematical Analysis and Applications, 408(1):355-363,2013.

H. Ali’ Theory for the Rotational Deconvolution model of Turbulence with Fractional regu-
larization. Applicable Analysis, 93(2):339-355,2014.

C. Amrouche, V. Girault; Decomposition of vector spaces and application to the Stokes
problem in arbitrary dimension. Czechoslovak Math. J., 44(119)(1):109-140, 1994.

L. C. Berselli, T. Iliescu, W.J. Layton; Mathematics of Large Eddy Simulation of Turbulent
Flows. Springer-Verlag, Berlin, 2006.

M. Bulicek, E. Feireisl, J. Mélek; Navier-Stokes-Fourier system for incompressible fluids with
temperature dependent material coefficients. Nonlinear Analysis: Real World Applications,
10(2):992-1015, 2009.

M. Bulicek, J. Malek, K. R. Rajagopal; Mathematical analysis of unsteady flows of fluids
with pressure, shear-rate and temperature dependent material moduli, that slip at solid
boundaries. SIAM J. Math. Anal., 41(2):665-707, 2009.

L. Caffarelli, R. Kohn, L. Nirenberg; Partial Regularity of Suitable Weak Solutions of the
Navier-Stokes Equations. Comm. Pure Appl. Math., 35:771-831, 1982.

Y. Cao, E.M. Lunasin, E.S. Titi; Global well-posedness of the three dimensional viscous and
inviscid simplified Bardina turbulence models. Commun. Math. Sci., 4:823-848, 2006.

S. Chen, C. Foias, D. Holm, E. Olson, E.S. Titi, S. Wynne; The Camassa-Holm equations
and turbulence. Physica D, D133:49-65, 1999.

A. Cheskidov, D.D. Holm, E. Olson, E.S. Titi; On a Leray-a model of turbulence. Royal
Society London, Proceedings, Series A, Mathematical, Physical and Engineering Sciences,
461:629-649, 2005.

D. Coutand, J. Peirce, S. Shkoller; Global well-posedness of weak solutions for the Lagrangian
averaged Navier-Stokes equations on bounded domains. Communications on pure and applied
analysis, 1(1):35-50, 2002.

A. Dunca, Y. Epshteyn; On the Stolz-Adams deconvolution model for the large-eddy simu-
lation of turbulent flows. SIAM J. Math. Anal., 37(6):1890-1902, 2006.

C. Foias, D. Holm, E.S. Titi; The three dimensional viscous Camassa-Holm equations and
their relation to the Navier-Stokes equations and turbulence theory. Journal of Dynamics
and Differential Equations, 14:1-35, 2002.

C. Foias, D. D. Holm, E.S. Titi; The Navier-Stokes-alpha model of fluid turbulence. Physica
D, 152:505-519, 2001.

G. P. Galdi, W. J. Layton; Approximation of the larger eddies in fluid motions. ii. a model
for space-filtered flow. Math. Models Methods Appl. Sci., 10(3):343-350, 2000.

B. J. Geurts, D. D. Holm; Leray and LANS-alpha modeling of turbulent mixing. Journal of
Turbulence, 00:1-42, 2005.

Y. Giga, H. Sohr; Abstract LP estimates for the Cauchy problem with applications to the
Navier-Stokes equations in exterior domains. J. Funct. Anal., 102(1):72-94, 1991.

A. A. Ilyin, E. M. Lunasin, E.S. Titi; A modified Leray-alpha subgrid-scale model of turbu-
lence. Nonlinearity, 19:879-897, 2006.

W. Layton, R. Lewandowski; A simple and stable scale similarity model for large eddy simu-
lation: energy balance and existence of weak solutions. Applied Math. letters, 16:1205—1209,
2003.

J. Leray; Sur le mouvement d’un liquide visquex emplissant I’espace. Acta Math., 63:193—248,
1934.



EJDE-2016/235 LERAY-o MODEL WITH NAVIER BOUNDARY CONDITION 13

(23] V. Scheffer; Hausdorff measure and the Navier-Stokes equations. Communication in Mathe-
matical Physics, 55(2):97-112, 1977.

[24] Y. Shibata, R. Shimada; On a generalized resolvent estimate for the Stokes system with
Robin boundary condition. J. Math. Soc. Japan, 59(2):469-519, 2007.

[25] R. Shimada; On the L,-L; maximal regularity for Stokes equations with Robin boundary
condition in a bounded domain. Math. Methods Appl. Sci., 30(3):257-289, 2007.

[26] J. Simon; On the existence of the pressure for the solutions of the variational Navier-Stokes
equations. J. Math. Fluid Mech., 1(3):225-234, 1999.

[27] H. Sohr, W.V. Wahl; On the regularity of the pressure of weak solutions of Navier-Stokes
equations. Arch. Math., 46:428-439, 1986.

[28] H. Sohr; The Navier-Stokes equations. Birkhduser Advanced Texts: Basler Lehrbiicher.
[Birkhduser Advanced Texts: Basel Textbooks]. Birkhduser Verlag, Basel, 2001. An elemen-
tary functional analytic approach.

[29] O. Steiger; Navier-Stokes equations with first order boundary conditions. J. Math. Fluid
Mech., 8(4):456-481, 2006.

[30] H. Triebel; Interpolation theory, function spaces, differential operators. VEB Deutscher Ver-
lag der Wissenschaften, Berlin, 1978.

HANI ALI
AXA GLoBAL P & C, PARIs, FRANCE
E-mail address: hani.ali@axa.com

PETR KAPLICKY
CHARLES UNIVERSITY, FACULTY OF MATHEMATICS AND PHYSICS, SOKOLOVSKA 83, 186 75 PRAGUE
8, CZECH REPUBLIC

E-mail address: kaplicky@karlin.mff.cuni.cz



	1. Introduction
	2. Auxiliary results
	2.1. Stokes problem

	3. Proof of main theorems
	4. Passage to the limit as 0+
	5. Passage to the limit as 1-
	6. Passage to the limit as 1- and 0+ 
	Acknowledgments

	References

