Electronic Journal of Differential Equations, Vol. 2016 (2016), No. 223, pp. 1-14.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

EXISTENCE AND BEHAVIOR OF POSITIVE SOLUTIONS TO
ELLIPTIC SYSTEM WITH HARDY POTENTIAL

LEI WEI, XIYOU CHENG, ZHAOSHENG FENG

ABSTRACT. In this article, we study a class of elliptic systems with Hardy
potentials. We analyze the possible behavior of radial solutions to the system
when p,t > 1, ¢,5 > 0 and \,u > (N — 2)2/4, and obtain the existence of
positive solutions to the system with the Dirichlet boundary condition under
certain conditions. When A\, < 0, p,t > 1 and ¢,s > 0, we show that any
radial positive solution is decreasing in r.

1. INTRODUCTION
We consider the elliptic system with singular potentials

Ay — Akﬂ% —uPv?,  x € Bi(0)\{0},

v (1.1)

—Av = MW —u*v',  z € B1(0)\{0},
where p > 1, ¢t > 1, and B1(0) ¢ RY (N > 3) is a unit ball centered at origin.
The right hand side in contains singular terms, which are usually called the
singular inverse square potentials or Hardy potential in the literature. In this study,
we investigate system with the Dirichlet boundary condition

u(z) =v(z) =0, =z € IB1(0). (1.2)

Elliptic problems with Hardy potential have been an interesting topic in the field
of singular partial differential equation for a long time. Let us briefly review some
results with respect to the single equation with Hardy potential. Guerch and Véron
[8] studied the equation

— Au = V(z)u — h(u), (1.3)
where V(z) = A|z|~2 and h(u) has the property like u?. They considered the clas-

2
sification of positive solutions as A < M, and showed the behavior of positive

1
2
(N=2)" yinder some conditions. In a recent work [1], Cirstea studied

—Au= /\# —b(z)f(u), Ve {0}, (1.4)

solutions as \ >

where Q is a domain containing the origin, and the function b(z) is a continuous
positive function (may vanish at the origin) or a singular function with a singular
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origin. It is well-known that (N — 2)2/4 is the Hardy constant corresponding to
the Hardy potential. The function f(w) has similar behavior like u? (p > 1). When

A< (%)2, the qualitative properties of positive solutions at the origin were
presented and a complete classification was provided.
The supercritical case has recently been studied. In [14] the authors considered
the singular logistic equation
_y Y P
Ay )\|x|2 b(z)uP, x € Q\{0}, 5)
u=0, x€df,

(N—2)

where A > ““—°1p > 1 and b(x) is a nonnegative continuous function over Q. It
shows that (1.5) has a minimal positive solution and a maximal positive solution
if b(x) is a positive function. Suppose that b(z) has a vanishing set denoted as
Qo = {z € Q:blx) =0}. If Qy € Q, the boundary of © belongs to C*, Q is a
connected set and b(0) # 0, then problem (1.5 has a minimal positive solution and
a maximal positive solution. In [I4], the authors considered the problem
—Au= )\% —|zlfw?,  x e Q\{0}, (1.6)
x
where § > —2 and A > %. The asymptotic estimate of positive solutions to
(1.6) was
u(x 24+60/2+0 1/(p=1)
m——L%;:[A+4——(——7+2—N” :
p—1\p—1

|z|—0 |x|~»=T

The uniqueness of positive solutions to (1.6) with uw = 0 for all z € 92 was shown.
In fact, a direct calculation yields

240 ,2+0
/\+i(7+2—N) >0 when A > (N —2)%/4.

p—1p—1

This conclusion shows that any positive solution of (1.6 blows up at the origin
2

when 6 > —2 and A > (N%Q). When 6 = —2, positive solutions are uniformly
bounded near the origin. When 6 < —2, any positive solution vanishes at the
origin. So positive solutions of (|1.6) have no singularity when 6 < —2. In addition,
for problem (1.5)), we can prove the uniqueness of positive solutions and give the
exact behavior of the positive solution in a similar manner.

Garcia-Melidn and Rossi [7] considered the competitive type system
Au=uPve, x€Q,
Av =u'v', x€Q, (1.7)
u=v=o00, x€Oq,
where 2 is a bounded smooth domain, p,t > 1 and ¢,s > 0. The existence,
uniqueness, blow-up rate and nonexistence of positive solutions were established
under certain conditions. Li and Wang [9] considered an elliptic system in a smooth

bounded domain,
—Au=u(a; —bju™ — ;") z €Q,

—Av =wv(ag — bauP — cv?), x € 9, (1.8)
u=v=-4o00, x€JN,

where a; > 0, b;,¢; (i = 1,2) are positive constants, m,q > 0 and n,p > 0. Based
on the construction of certain sub-solution and upper-solution, some conditions on
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the parameters and the exponents to ensure the existence of positive solutions were
explored. Garcia-Melidn [6] extended the results in [7] to study the existence and
uniqueness of positive solutions of

Au = a(z)uPv?, =z €Q,

Av =b(x)u"v®, ze€Q, (1.9)

u=v=o00, x€OI,
where a(x) and b(z) satisfy

Cod(z, 0" < a(x) < Cid(z, Q)™ for x € Q,
Cod(z,00)" < b(z) < Crd(x,00)" for x € Q,

for y1 > =2, 72 > —2.

This article is mainly devoted to the behavior analysis of positive solutions to
with the boundary condition . In our discussions, we apply some ar-
guments and techniques with respect to boundary blow-up problems, which can
be found in [2] [3, 4, B, 10, 11l 12]. We also use the methods of subsolution and
supersolution [13].

Let us summarize our main results into the following three theorems. For any
radial positive solution (u(z),v(z)), the first theorem reveals the behavior of u(z)+
v(z) at the origin.

(N—2)?

Theorem 1.1. Suppose that \,u > , bt > 1, ¢,8 > 0 and (u,v) is an
arbitrary radial positive solution of (1.1)). Then

|911\I30{u(x) +v(z)} = 0.

When the positive solution (u,v) satisfies © — oo and v — oo as |z| — 0, (u,v)
is said to be a blow-up solution. The following theorem is regarding the existence
of blow-up solution and an estimate of blow-up solution near the origin.

Theorem 1.2. Suppose that \, u > (sz)Q, p—1>s>0andt—1>q>0. Then

the following two statements are true.

(i) Problem (L1.1) with condition (1.2) has at least one positive blow-up solution
(U,V).

(ii) Assume that X\ > max{4X;[B1(0)],(N — 2)?/4} and (@,0) is a blow-up so-
lution of the problem (1.1)) with condition (1.2). Then for any T > 0 there
exists 6 :== d(1) > 0 and C1,Cy > 0, such that

_ 2(t—1—gq) +r R _ 2(t—1—gq) —r
Cylz|” @D < () < Colz|” e-DED-= "7 Vz € B;0)\{0}, (1.10)
1050 ) N R __2p-i-s)
Cylz|” e 0ED=as 77 < g(x) < Colz|” @-DED-a "7 Vr e Bs(0)\{0}. (1.11)
For the parameters A\, u < 0, we may obtain the behavior of positive solutions.

Theorem 1.3. Suppose that A\, < 0, p,t > 1, ¢, > 0 and (u,v) is an arbitrary
positive radial solution of (L.1)) with condition (1.2)). Then we have

(i) v/ (r),v'(r) <0 forr € (0,1]. Moreover, u(r) and v(r) are convex functions;
and
(ii) u(r) — oo and v(r) — oo when r — 0.
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The rest of this article is organized as follows. In Section 2, we introduce some
preliminary results which will be used in the proofs of our main results. In Section
3, some rough estimates of positive solution of the problem are established.
Section 4 is dedicated to the existence of positive solution to problem with
boundary condition and the estimate of blow-up rate of positive solution at
the origin, i.e., the proof of Theorem [I.2] Finally, in Section 5 we show the proof
of Theorem

2. PRELIMINARY RESULTS

To make our discussions in a straightforward manner, we need the following three
technical lemmas. The first lemma is regarding the comparison principle which can
be found in [3} [5].

Lemma 2.1. Suppose that Q is a bounded domain in RN, a(x) and B(z) are con-
tinuous functions in Q with ||alle < 0o, and B(zx) is nonnegative and not identically
zero. Let uy,us € CY(Q) be positive in 0 and in the weak sense satisfy

Aug + a(z)u; — B(x)g(ur) <0 < Aug + a(x)ug — B(x)g(uz), € Q,

lim sup(ug — uy) <0,
r— 00

where g(u) is continuous and such that # 1s strictly increasing with respect to u

in the range of min{uy,us} < u < max{ui,us}. Then us < uy holds.

For the Hardy potential, it is well-known that the Hardy constant H = %
and the Hardy inequality
N —2 2 2
W=27 [0 4 < / Vo |2dz, Vo € WEH(Q).
4 a lzf? Q
In addition, (NZQ)Q can be expressed as
N —2)? Vo|*d
! = inf %’ (2.1)
4 deW, 2 (@)/{0} o rEde

but it is not attained. Let Ai[a(x), ] denote the first eigenvalue of
—Au = da(z)u, z€Q,
u=0, x¢€oN.

A close relation between the Hardy constant and the first eigenvalue of the Dirichlet
eigenvalue problem is given in [14].

Lemma 2.2. Suppose that Q) is a bounded smooth domain and 0 € Q). Then we

have
(N -2)?
lim A Qs| =
ln%) 1[|x|27 6] 4 )
) 1 (N —2)2
1 Q] =
E%)‘l[mz_,_e’ ] 4 7

where Qs = {zx € Q: |z| > d}.

By the uniqueness and blow-up rate of positive solutions for a single equation
with the Hardy potential [14], we can obtain the following conclusion.
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Lemma 2.3. Suppose thatp > 1, 0 > —2, A > (N —2)2/4, Q is a bounded smooth
domain and 0 € Q.
(i) Assume that u is any positive solution of
u

—Au=\
TP

— |z]7uP, = € Q\{0}.

Then u satisfies

2+J(2+0 +27N)}1/(p—1)'

240
lim |27 Fu(z) = [/\
im |z|7Tu(x) +p—1 P

|z]—0
(ii) Assume that ¢ is a nonnegative constant (¢ = 400 is also allowed). Then
the problem

—Au = )\# —|z|7uP, x €,

u=c, x€OaN

(2.2)

has a unique positive solution Up ..

Proof. Firstly, Part (i) is the direct result of [I4]. Now, we simply sketch the proof
2
of Part (ii). Suppose that ¢ = 0. Since A > (N%Z), for any sufficiently small § > 0,

by Lemma [2.2] and the standard arguments of logistic equations, it follows that

—Au= A |z|7uP, x € Qs,
|z[?
u=0, x€d

has a unique positive solution us. By the comparison principle and regularity
arguments of elliptic equations, w = lims_.g us is a positive solution of the problem
. Suppose that ¢ > 0 (= o0), then a similar argument shows that has a
positive solution w. Suppose that w is any positive solution of (2.2). By Part (i),

we have

- 2 2 1/(p—1)

tim [o]7F () = [A+ +"( +“+2_N)} .
|z|—0 p—1\p—1

If ¢ = oo, by the standard arguments of boundary blow-up problems, we can find

the exact behavior near boundary for positive solutions. By the standard method,

one can see the uniqueness of positive solutions. (I

3. BLOW-UP BEHAVIOR OF POSITIVE SOLUTIONS

In this section, we present some behavior analysis of positive solutions of (|1.1))
and prove Theorem |I.1

Lemma 3.1. Suppose that p,t > 1, q,s > 0, A\, > % and (u(x),v(z)) is an
arbitrary solution of (1.1). Then
lim sup{u(x) + v(z)} = oc.
|z]—0
That is,

limsupu(z) =00 or limsupv(z)= co.
|z]—0 |z]|—0
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Proof. By the way of contradiction, we suppose that lim sup,_o+{u(z) +v(z)} =
M, where M € [0,00). Then there is a § > 0 such that 0 < v(z) < M + 1 for all
x € Bs(0)\{0}.

Case 1: p > 1. From the first equation of , we have

— Au> A — (M + 1)%® in Bs(0)\{0}. (3.1)

|[?
Let w(z) = (M + 1)7 Tu, then we obtain

—Aw > A% — w? in Bs(0)\{0}.

Since A\ > %, by Lemma for any sufficiently small € > 0, the problem

u J—
—Au = )\W —uP, 1z € B;\B(0),

u=0, |z|=0dor|z]=c¢

has a unique positive solution w.. By the comparison principle, the function
ux(x) := lime_gue(x) is well defined in Bs(0)\{0}, and hence by the regularity
arguments, u, satisfies

U .
— A = Ay = in B5(0)\{0}

By the comparison principle,
w(z) > uc(z) for all z € Bs(0)\B(0).
Letting e — 0, we find
w(x) > u.(z) for all x € Bs(0)\{0}.
By Lemma lim|,| o+ u(z) = oo, which contradicts lim sup|, o+ {u(z)+v(z)} =
M.

Case 2: p=1. Since \ > % and using (3.1), there is 7 € (0,4) such that

1 (N—-2)2 u
For each n € (0,7), u is a positive supersolution of
1 (N-2)%2 ¢ —
—A¢ == SR U S B B
(b 2()‘+ 4 )|£L"27 S T(O)\ 77(0)7

¢(x) =0, € dB,(0)UIB,0).

So, we derive that

1 — 1 (N —2)?
Al[W7 B-(0\By(0)] > (A + =),
which contradicts Lemma [2.2] namely
. 1 — (N —2)2
%IE}) A [W’ BT(O)\BW(O)] = T

O

Remark 3.2. Suppose that p,t > 1, ¢,s > 0 and \,u > (N — 2)?/4. From the
proof of Lemma it follows that lim,|_ov(z) = oo if u is bounded near the
origin, and lim,|_o u(x) = oo if v is bounded near the origin.



EJDE-2016/223 EXISTENCE AND BEHAVIOR OF POSITIVE SOLUTIONS 7

Proof of Theorem[I-1. Suppose that (u(x),v(z)) is an arbitrary positive radial so-
lution of (1.1). By Lemma we have
lim sup{u(x) + v(z)} = oco.
|z]—0
It suffices to show that
liminf{u(z) + v(z)} = oo.

|z]—0

()} < oo. For

By the way of contradiction, we suppose liminf|,_o{u(z) + v
= v(z) when |z| =r.

convenience of our statement, we denote u(r) = u(x) and v(r)
In view of

lim inf{u(z) 4+ v(z)} < limsup{u(z) + v(z)},

|z|—0 |z|—0

there is {r,} with r,, — 0 such that
u'(rp) +0"(r) >0, u'(rn) +0'(r,) =0,
lim {u(r,) +v(r,)} = limir(ljf{u(x) +v(z)}.

|z —
Without loss of generality, we assume that A < p. It follows from (1.1]) that
A ulra)Po(ra)? + ulra)v(r)’

r2 u(ry) + v(ry)

; (3.2)

which implies

A _ s _

2 < u(rn)P " o(r,) T 4 u(r, ) v(r,)

So, we have
w(rp)P o ()T + u(r,)*v(r,) ! — 00 (n — o0).

This indicates that {u(r,) 4+ v(r,)} is an unbounded set. This contradicts the

assumption of lim,, e (u(ry) + v(ry)) < 0. O

We now show some analysis on the behavior of positive solutions to (1.1)) near
the origin.

Proposition 3.3. Suppose that \,u > (N —2)2/4,t—1>¢>0,p—1> s> 0,
and (u(z), v(x)) is an arbitrary positive solution of the system such that both
lim|, o u(x) and lim,_ov(z) exist. Then at least one of following statements
holds: (i) both u(x) and v(x) blow up at the origin; (ii) u(x) blows up and v(x)
vanishes at the origin; and (iii) u(x) vanishes and v(x) blows up at the origin.

Proof. We claim that either lim|,_u(z) = oo or lim; o u(x) = 0 holds. Oth-
erwise, we suppose lim,_ou(x) = m € (0,00). So there exists a § > 0 such
that

m/2 <u(x) <2m for x € Bs(0)\{0}.

Then, we see that

—Av < u# — (m/2)%v"  for z € Bs(0)\{0}.

Let wy = (m/2)™Tv. Then
~Awy < pros —wh i Bs(0)\{0}.
X
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By Lemma [2.3] and an analogous argument described in [14], it follows that
v(z) < Cla|~ 7T for z € Bs(0)\{0}.
From the first equation of (|1.1)), we have
—mgmé%—muh%w in B5(0)\{0}.
Let wy = C7Ty. Then

fm@zxﬁéfmr%mginmmﬂm}
T
Hence, by t — 1 > ¢ and Lemma 2.3 we deduce that
= _ 2(-1-q)
u(z) > Ci|z|” »-T = Ci|z|” DD on Bs(0)\{0},

which contradicts the assumption lim ;o u(x) = m € (0, 00).

Similarly, we can prove that either limj,_ov(z) = oo or limjg_ov(z) = 0
holds. ]

Proposition 3.4. Suppose that p,t > 1, ¢, > 0 and \,u > (N — 2)2/4 and
(u(z),v(z)) is an arbitrary positive solution of (L.1)). Then both uP~'v? and u*v'~!
are unbounded near the origin. In particular, when p =1 and t = 1, both u and v
are unbounded near the origin.

Proof. Suppose that u?~'v9 is bounded near the origin. Using the first equation in

(1.1), we have

wa+mVHﬂu:Aﬁ% in By (0)\{0}.

Since uP~!v? is bounded near the origin, there is a sufficiently small 5y > 0 such
that for any d € (0, dg],

1 (N-2)% u

A > = — i .
A> 2[)\4— 1 ] PE in Bs,(0)
This implies
1 1 N —2)2
AQ—G,B%mﬂBAm]sz+£———L}fm5e(&%%
|| 2 4

which is a contradiction to

. 1 (N —2)?

Lim A [WaBéo(O)\Ba(O)] =0

4. EXISTENCE AND ESTIMATES OF BLOW-UP SOLUTIONS

In this section, we deal with the existence of positive blow-up solutions of the
problem (|1.1)) with the boundary condition (|1.2]) and establish estimates of positive
blow-up solutions near the origin.

Suppose that A > 4X\;[B1(0)] and « € (0,1) satisfies ATtae
the case o > 0, let ug o denote the unique positive solution of

2
—Au = A(lj-lia)?u —a?(1+a)%uf, =€ B;1(0)

u(z) =0, xz € 0B1(0).

2

> )\1 [Bl (0)] For
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For convenience, for the case of —2 < o < 0, by ug o we denote the unique positive
solution of
2

—Auy = )\(1(—1)—4704)2“ —a?(1—a)%u?, =€ Bi(0)

u(x) =0, € dB1(0).
When o > 0, let ©o, o denote the unique positive solution of

2
Au=A—2 oy @*(1—a)uP, x € Bi(0)
a

u(z) =00, € 0B1(0).

For the case of —2 < ¢ < 0, let 1 o denote the unique positive solution of

2
—Au = A(lfia)?u —a?(1+a)%uf, =€ B;1(0)
u(x) =00, x € JdB;(0).
In fact, there is a relation between g, «, t%oo,o and . For our convenience, we denote
U0, ANd Uso,o DY Up and ue, respectively. In some places, we will write uso(x; A)
and wug(x; A) instead of us and wg, to clearly indicate the relation depending on
the parameter .
Lemma 4.1. Let p>1, 0 > —2, A > 4\ [B1(0)] and U be a positive solution of
U
—-AU = )\W — |z|°U?  on Bgr(0)\{0}.
x
Then we have
_ 240 _2+0
up(0)[z]” 7= < U(x) < uee(0)|z|” =T for x € Br/2(0)\{0}. (4.1)

Proof. Suppose that xo € Br/2(0)\{0} is an arbitrary point. Since A > 4X;[B;(0)],
we can choose a € (0,1) close to 1 such that /\ﬁ > A\1[B1(0)]. Let

U(x) = |2o| 71 U(z0 + alzolz), € By(0).
So, for all = € B1(0), we obtain
(1 = a)lzo| < |(zo + afzolz)| < (1 + a)|zol.

When o > 0, a straightforward calculation leads to
~AU < )\(1(11)2(7 —a?(1—-a)°UP inz e Bi(0),
—~AU > )\(1?_2&)20 —?(1+a)°UP inze B(0).
We find that if 0 > ¢ > —2, then
AT < A(laga)QU _o2(1+ )07z e Bi(0),
2

@
(1+a)?
By the comparison principle, we obtain

uo(x) < U(z) < uso(z) for all z € By(0).

—AU >\ U—-a*(1—a)°UP zc By(0).
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Particularly, choosing x = 0 and by the arbitrariness of xg, we arrive at (4.1). O
Lemma 4.2. Suppose that C >0, R > 0 and X\ > max{4\;[B1(0)], (N — 2)?/4}.
(i) IfU > 0 satisfies

—AU > A% — Clz|°U?, =z € Br(0)\{0},

|z
then
U(z) > C 7 Tug(0)|z| # T for & € Brja(0)\{0}. (4.2)
(il) IfU > 0 satisfies
U< Almup _ClaluP,  x € Br(0)\{0}, (4.3)
then
U(x) < C 7 Tug (0)|z] 51 for & € Br/»(0)\{0}. (4.4)

Proof. From the condition in case (i), it follows that C 77U is a supersolution of

—Au = )\% —|z|°uP, =z € Bgr(0)\{0},
|| (4.5)
u =0, JieaBR(O).
Let U be the unique positive solution of (4.5]), then

Uz) = %irr(l) Us(z),
where Us is the unique positive solution of

U _
—Au =\ A— — |z|7v?, x € Bgr(0)\Bs(0),
u=0, x¢€ dBgr(0)UAaB;s0).

So, the comparison principle yields
Us(z) < C7TU(z) for all z € Br(0)\Bs(0).
Further, letting § — 0, we have
U(z) < Cp%ll/{(x) for all x € Br(0).

In view of Lemma[L.1] we arrive at (£.2).
Now, we prove conclusion (ii). Suppose that U > 0 satisfies (4.3)). Let Vs be the

unique positive solution of
—Au = )‘Lz — |z|7uP,  x € Br(0)\Bs(0),
|| (4.7)
u=o00, x € 0BR(0)UOBs(0).

From [14], we know that
Ulzx) = girré Vs(z) for all x € Br(0)\{0} is well defined,

and that U satisfies

CAD — AIxUIQ —|a70”,  x € Br(0)\{0},

U=o00, x€dBr(0).
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So by the comparison principle, it is easy to see
Co1U(z) < U(z) for z € Br(0)\{0}.
Using Lemma again, we arrive at ((4.4]). O

Next, we give the proof of Theorem [1.2] i.e., we explore the existence of blow-
up solution of the problem (|I.1) with the boundary condition (1.2, and give the
estimate of positive solutions near the origin.

Proof of Theorem[I.3 Since s < p—1 and q <t — 1, we may choose 7,0 € (—2,0)

such that
7 _ 240

o 24~
= and — — = ——.

q t—1 s p—1
Denote by Up ., the unique positive solution of (4.5) with o being replaced by ~
and R = 1, and denote by Uy, the unique positive solution of (4.5) with p being
replaced by ¢ and R = 1. Choose n € (s/(t —1),(p —1)/q). A simple calculation

shows that for sufficiently small € > 0 and sufficiently large M > 0, we have

(4.8)

AU < f'z B (€U (V) in B0}
A ) 2 AT () () in B (0N,
—A(MU, ) > MBS = (MU, (M7, )" in By (0)\{0}

—AM "4 ,) < )\‘Mlzgt’g - (MUp,,Y)S(Mf”UtJ)t in B1(0)\{0}.

So, (eUp, M~ "U; ») and (MU, 4,e "U; ) are a pair of subsolution and superso-
lution of U -
—Au = AW —uPv!,  x € B1(0)\B1/,(0),
—Av:uéﬁ—u%ﬂ 2 € B1(0)\B1n(0),
u=v=0, x€dB1(0),
u=eUpy, v=M "My, x¢€0dBi,0).
By the supersolution and subsolution method, we know that (4.9 has at least one
solution (Up(z), V. (z)) satistying

€Upy < Un(z) < MUy (x) for z € By (0)\?1/n(0),
M7, o (x) < Vyp(x) <€ My p(z) foroe Bl(O)\El/n(O).

In view of the regularity arguments of elliptic equations, (U,,V,,) has a conver-
gent subsequence in CZ_(B1(0)\{0}) x C2_.(B1(0)\{0}). We by (u,v) denote the
limit functions, and hence (u,v) is a solution of the problem . Clearly, since
both U, , and U; , blow up at the origin, we can see that both u and v blow up at
the origin. The proof of (i) is complete.

Now, we prove the conclusion (ii). By hypothesis, both @(z) and ¢(z) have
positive bound from below in By/5(0). Denote mg = inf{d(z) : © € By/2(0)}, and
hence @ satisfies

(4.9)

. U N
—Au < )\W —mgaf, x € By /5(0)\{0}.
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In view of Lemma [£.2] we have
() <my P oo (0; )\)|m|_172f1 for x € By,4(0)\{0}.

Let a1 =my " oo (0;\) and o = ]%. Then we find that
a(z) < ar]z|”*  for 2 € By/4(0)\{0}.
By the second equation in (1.1]), it follows that

0

—00 > p— — afle] T, @ € Buya(0)\{0).

||

Since s < p — 1, we have fp2_31 > —2. Take ay = al_m. In view of Lemma
again, we obtain

o(x) > a2|x|_2:?O for x € By-3(0)\{0}.
Choose 3; = 259 and hence we see that

-1
o(z) > ag|z|~"* for z € By-3(0)\{0}.

—_a_
Let ag = ay "' and ap = 2;‘151. Using the first equation in (1.1)) and Lemma

-1
again, we have
2-qp
@< aslz|” 7T in By-1(0)\{0}.
Proceeding in this way inductively, we obtain
2—qBp—
() < azps o]

x € By-2n(0)\{0},
2—qoa,
0(x) > agpla|” 1 : ;T € By—2n+1)(0)\{0},
where n > 1, and

2 2 —qf 2 — SQu,_1
aozﬁa Bo=0, ap,= p—ln’ ﬂn:ﬁa

q

—_9q __s
-1 X _ T—1 _ —1
ar =mgy " U (05 A),  azn = a9, 1, Gopg1 = g, .

From the relation between a,, and (3,, we can deduce that {a,} is a decreasing
sequence and {f,} is an increasing sequence. By letting n — oo, it follows that
2(t—1-— 2(p—1—
lim a, = ( 9) and lim (3, = (p 5) .
n—o0 (p—1)(t—1)—gs n—o0 (p—1(t—1)—gs
From the relation between a,, and a,y1, we can deduce that

aznt1 =a; T
In view of (p — 1)(t — 1) > ¢s and min{aq,1} < agp41 < max{ay, 1} for all n, we
have L L

min{a,a; '} < a, <max{ay,a; '} for all n.

Thus, for any 7 > 0 there are ¢ := d(7) and Cy, C3 > 0 such that
Cila|” T B0 t7 < §(x) for € Bs(0)\{0},
i(x) < Colz| T IETE " for z € Bs(0)\{0}.

Consequently, the second inequality of ((1.10)) and the first inequality of (1.11)) hold.
By a similar argument, we can prove the remaining cases of (1.10) and (1.11)). O
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Remark 4.3. From the proof of (i) in Theorem it follows that (1.1)) has a
positive solution (u,v) satisfying
Chle| 7 <u(z) < Colz| "7t for x € Q\{0},
Cﬂxf% <w(x) < Cg|x\7% for x € Q\{0},
where v and o satisfies (4.8]). In fact, a simple calculation shows that
2+ 2(t—-1—-4q) and 240  2(p—1-5)
p—1 (p-1(—-1)—gs t=1  (p-1(-1)—qs

5. PROOF OoF THEOREM [L.3]

Proof. Suppose that (u(z),v(z)) is a positive radial solution of (1.1)) with condition
(1.2)). For convenience, we denote u(r) = u(z) and v(r) = v(z) as |z| = r. Define
to = inf{ro € (0,1) : v/(r) < 0 and v'(r) < 0 for r € (rg,1)}.
By Hopf’s lemma, when r < 1 is close to 1, we have «/(r) < 0 and v’(r) < 0. So,
this leads to tg < 1. We claim tg = 0. Otherwise, we will see that
Case (1) u/(tg) =0, v/(r) < 0 and v'(r) < 0 for r € (to,1), and
Case (2) v'(tg) =0, v'(r) < 0 and u/(r) < 0 for r € (o, 1).
Without loss of generality, we assume that Case (1) occurs. Denote
u=u(ty) —u(z) fority<|z| <1

Then, @(x) > 0 when to < |z| < 1 and @/(tp) = u(to) = 0. A simple calculation
gives

a__yult)
]2 |z[?
By Hopf’s lemma, there holds @'(¢p) > 0, which contradicts @'(tgp) = 0. The
conclusion tg = 0 implies that

u'(r) < 0 and v'(r) <0 for r € (0,1).
Since v/(r) < 0in (0,1) and A < 0, we have v’ > wPv? in (0, 1), which implies
that w(r) is a convex function in (0,1). Analogously, we may show that v is a

convex function. So, the conclusion (i) is proved.
Now we prove the conclusion (ii). From (|1.1)), we see that

—(’rNil”U,/)/ — )([’Nig'll, _ rN*lup,Uq forr € (O,T)-

—AT— A

+uPv? >0 when ¢y < |z| < 1.

Integrating on [r, 1] gives
1 1
PN () — /(1) = )\/ N =3u(r)dr — / N =tu(r)Pu(r)idr  for r € (0,1).
That is,

1
o' (r) == Nu/ (1) + )\TlfN/ TN =3u(r)dr

1
Y S

Integrating on [r, 1] yields

1 1 1
u(r):—/ sl_Nu’(l)ds—)\/ sl_N/ N =3u(r)drds
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1 1
+/ sl_N/ TN_lu(T)pv(T)dads
T S
1
> 7/ slfNu/(l)ds.
T

This inequality implies that u(r) — oo as » — 0. In a similar manner, one can see
that v(r) — oo as r — 0. O

Acknowledgements. This work is supported by NSF of China, No. 11471148.

REFERENCES

[1] F. Cirstea; A complete classification of the isolated singularities for nonlinear elliptic equations
with inverse square potentials, Memoirs of AMS, Vol. 227 Number 1068, 2014.

[2] F. Cirstea, V. D. Radulescu; Existence and uniqueness of blow-up solutions for a class of
logistic equations, Commun. Contemp. Math., 4 (2002), 559-586.

[3] Y. Du; Order structure and topological methods in nonlinear partial differential equations,
Vol I Maximum Principle and Applications, World Scientific Publishing, 2006.

[4] Y. Du, Q. Huang; Blow-up solutions for a class of semilinear elliptic and parabolic equations,
SIAM J. Math. Anal. 31 (1999), 1-18.

[5] Y. Du, L. Ma; Logistic type equations on RY by a squeezing method involving boundary
blow-up solutions, J. London Math. Soc. 64 (2001), 107-124.

[6] J. Garcia-Melidn; A remark on uniqueness of large solutions for elliptic systems of competitive
type, J. Math. Anal. Appl., 331 (2007) 608-616.

[7] J. Garcia-Melidn, J. D. Rossi; Boundary blow-up solutions to elliptic systems of competitive
type, J. Differential Equations, 206 (2004) 156-181.

[8] B. Guerch, L. Véron; Local properties of stationary solutions of some nonlinear singular
Schrodinger equations, Revista Matématica Iberoamericana, 7 (1991), 65-114.

[9] H. Li, M. Wang; Existence and uniqueness of positive solutions to the boundary blow-up
problem for an elliptic system, J. Differential Equations, 234 (2007) 246-266.

[10] J. Lépez-Gémez; The boundary blow-up rate of large solutions, J. Differential Equations,
195 (2003), 25-45.

[11] J. Lépez-Gémez; Uniqueness of large soluions for a class of radially symmetric elliptic equa-
tions, in: S. Cano-Casanova, J. Lépez-Gémez, C. Mora-Corral (Eds.), Spectral Theory and
Nonlinear Analysis with Applications to Spatial Ecology, World Scientific, (2005) 75-110.

[12] M. Marcus, L. Véron; Existence and uniqueness results for large solutions of general nonlinear
elliptic equations, J. Evol. Equ., 3 (2003), 637-652.

[13] C. Pao; Nonlinear parabolic and elliptic equations, Plenum, New York, 1992.

[14] L. Wei, Z. Feng; Isolated singularity for semilinear elliptic equations, Discrete Contin. Dyn.
Syst., 35 (2015), 3239-3252.

LEI WEI
SCHOOL OF MATHEMATICS AND STATISTICS, JIANGSU NORMAL UNIVERSITY, XUZHOU 221116, CHINA
E-mail address: wlxznu@163.com

X1you CHENG
SCHOOL OF MATHEMATICS AND STATISTICS, LANZHOU UNIVERSITY, LANZHOU 730000, CHINA
E-mail address: chengxy@lzu.edu.cn

ZHAOSHENG FENG
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TEXAS-RIO GRANDE VALLEY, EDINBURG, TX
78539, USA

E-mail address: zhaosheng.feng@utrgv.edu



	1. Introduction
	2. Preliminary results
	3. Blow-up behavior of positive solutions
	4. Existence and estimates of blow-up solutions
	5. Proof of Theorem 1.3
	Acknowledgements

	References

