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EXISTENCE OF SOLUTIONS TO NONLINEAR FRACTIONAL
SCHRODINGER EQUATIONS WITH SINGULAR POTENTIALS

QINGXUAN WANG, DUN ZHAO, KAI WANG

ABSTRACT. We study the eigenvalue problem
(—=A)*u(z) + V(2)u(z) — K(z)|uP~2u(z) = du(z) in RY,

where s € (0,1), N > 2s,2 < p < 2* = N%st’ V(z) is indefinite and allowed
to be unbounded from below, and K(z) is nonnegative and allowed to be
unbounded from above. When A < Ao = info((—A)* + V(z)) (the lowest
spectrum of the operator (—A)* + V(z)), we obtain a positive ground state
solution by using the constrained minimization method. Also we discuss the
regularity of solutions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we consider standing waves of the nonlinear fractional Schrodinger

equation

iy = (=AY + V() — K(z)[p[P*¢ in RY, (L.1)
where (z,t) € RY x (0,00), 0 < s < 1, V(z) and K (z) are some real functions. The
operator (—A)?® is the fractional Laplacian of order s.

This equation was introduced by Laskin [8, 9], and comes from fractional quan-
tum mechanics for the study of particles on stochastic fields modelled by Lévy
process. The Lévy process is widely used to model a variety of processes, such as
turbulence, financial dynamics, biology and physiology, see [7, 1T, [19]. When s = 1,
the Lévy process becomes the Brownian motion, and the equation reduces to
the classical Schrodinger equation

iy = =AY+ V() — K(@)[p[P~*¢ i RY. (1.2)

Standing wave solutions to this equation are solutions of the form 1 (z,t) = e~ u(x)
where u(z) satisfies the equation

—Au+ (V(z) = Nu— K@) 2u=0 inRY, (1.3)

which has been extensively studied in the past 20 years. We mention some earlier
work here. Oh [12] studied positive multi-lump bound states, and it was assumed
that K (x) = v for some v > 0, and V' (x) belongs to a class of potentials (V'), for
some a and A < a (V € (V), if either V(2) = a or V(x) > a for all z € RV and
(V(z)—a)~"? € Lip(RY)). Rabinowitz [I5] investigated the ground state solutions
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of the problem under the condition infgy V(z) > A and after this Byeon and
Wang [I] considered the case infgy V() = A which they call it critical frequency
case.

Our goal is to look for standing wave solutions of the form (x,t) = e~ u(x)
to equation for fractional order s € (0,1). Precisely, we will investigate the
problem.

(=A)su(z) + (V(z) — Nu(z) — K(z)|[ul/P"2u(z) =0 in RY,

u(x) € H*(RYN). (14

Where s € (0,1), 2 < p < 2* = 2 N > 25, A € R, V(2) and K(z) are real
functions satisfying the following conditions:
(A1) V(z) : RN =R, V(z) € L3 (RY) + L®(RY);
(A2) for any € > 0, the Lebesgue measure [{z : |V (z)| > €}| < oc.
(A3) K(x) > 0, K(x) 20, K(z) € L7 (RY) + L= (RY);
(A4) for any € > 0, the Lebesgue measure [{x : |[K(z)| > €}| < o0.
(A5)

V(x) € Li(RN) + L®(RY), K(z) € I'(RY) + L=(RN) for § > N

and

r > 2*7p

We remark that in [9], Laskin investigated the fractional Hydrogen-like atom
where V(z) = — ZI;\Q (for N =3 and 1/2 < s < 1), and evaluated the corresponding
energy spectrum. It is easy to check that such potential satisfies condition (Al).

In recent years, there have been a few results for nonlinear fractional Schrodinger
equations like (1.4). Teng [18] investigated multiple solutions of the equation

(=A)’u+V(x)u = f(z,u), (1.5)

for V(z) € C(RY), essinf V(z) > 0, and f € C(RY x R). Secchi [16] studied
the ground state solutions of for the case that V € CY(RY), inf, cpn V(2) =
Vo > 0, and f € CH(RYN x R) satisfying Ambrosetti-Rabinowitz condition. In [3],
ground states and bound states of are obtained by assuming that V(x) > 1
and lim,| 4« V(x) = +00, and the nonlinearity is f(t) = [¢[’~'¢. Chang [2] inves-
tigated the ground state solutions for asymptotically linear fractional Schrodinger
equations. In particular, Felmer [6] studied the existence of positive solutions of
for V(z) =1 and f(z, ) is superlinear and has subcritical growth with respect
to uw such that there exist 1 < p < (N + 2s)/(IN — 2s), so that

f(x,8) <COA+E))P forall £ € R and a.e. z € RY. (1.6)

Furthermore, they discuss the regularity, decay and symmetry properties of solu-
tions.

The nonlinearity K (x)|u|P~?u(z) in this paper is quite different from , since
K (z) may not be bounded by a constant C. For example, K(z) = for

lz—xo|™
0<a< (2*;*;;)1\/7 satisfies (A3), (A4), and has singular point zop € RY. On the
other hand, since V(z) is indefinite, it is hard to use usual mountain pass argu-
ments to obtain ground state solutions([6, [16] [2]), here we will use the constrained
minimization method to obtain the ground state solutions.

We say that u € H*(RY) is a weak solution of ([.4)), if for any ¢ € H*(RY),

—A) 27 (=AY 2% dr ) —ANu-¢pdr = o) |uP?T - ¢ dx
[Py Podot [ (Vi) =N ode = [ K@)upa- oda,
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where () is conjugation of u(z) in the complex space H*(RY).
Solutions of ([1.4)) correspond to the critical points of the energy functional

_1 —A)*2u)? dx x) — uQx—1 x)|ul? dx
Tw) = 50 [ 8 Pupdos [ (V@) =Nl e~ [ K@l de. (1)

And a ground state of (|1.4) is a solution that minimizes the energy functional on
the Nehari manifold

N = {ue H®Y)\ {0} : / AY2u2 4 (V(z) = M]uf? de = /RN K(@)[ul? de).
(1.8)

Now we state our main result.

Theorem 1.1. Let s € (0,1), 2 < p < 2* (2* = 2
(A1)—(A4) are satisfied. Let

Ao =info((—A)° 4+ V(z))

lnf{/ 5/21“2 + V( )|w|2 dzr - w c HS(RN), ||7/)||L2 _ 1}7

and assume that A < 0 and X < Ng. Then (1.4) admits at least one nonnegative
weak solution such that this solution is a ground state.

. Assume that

To prove the positive property of nonnegative weak solutions, we need to take
advantage of the representation formula

u=Ktsf= | K- &) de
for some p > 0, and that u satisfies the equation
(~AY’u+pu=f inRY,
where K is the Bessel kernel

K =FH( :

o+ €]

We have the following positive property.

Theorem 1.2. Under the assumptions of Theorem let w(z) be a nonnegative
ground state solution obtain in Theorem . If we further assume that V(x) is
bound from above, then w(x) can be chosen positive in RY.

The next step is to prove regularity of the weak solutions. Inspired by ideas in
[6], We also use the representation formula above to discuss the regularity. We have
the following result.

Theorem 1.3. Let u(z) € H*(RY) be a solution of (1.4), assume that A < 0 and
(A5) holds, i.e., V(z) € LYRN) 4+ L>°(RY), K(z) € L"(RY) + L>(R") for § > &£
"~ Then u € C%*(RN) for some a € (0,1). Moreover, u(z) — 0 as

|z| — oo.

We remark that having the regularities above, by the same arguments as in [6]
Theorem 1.5], it is easy to show that the positive ground state solutions u(x) behave
at infinity like B R — =

The rest of the artlcle is originated as follows. In section [2] we give some pre-
liminary and show some properties of the operator (—A)® + V(z). In section [3| we
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will show that weak convergence in H*(R") implies strong convergence on finite
measure sets, which is important to prove our result. In section 4| we prove that
weak continuity of the potential energies. In section [5] we prove the Theorem
In section [6] we give the proof of Theorem [I.2] and [I.3}

Notation. To coincide with the book [I0], the Banach spaces LP(RY), H*(RY)
used here are complex Banach spaces. And the inner product is defined by

(f(2),9(x)) = /RN f(x)g(w)dz, forany f(x),g(x) € L*(RY),  (1.9)
where f denotes conjugation of f(x).
@ denotes the Fourier transform of u € L?(RY).
LYRN) + L®RY) == {u = ug + u1 : up € LIYRY),u; € L=RN)}.
— denotes weakly converge. C%%(RY) denotes Holder continuous with exponent
€ (0,1).
2. PRELIMINARIES

The fractional Laplacian (—A)® of a rapidly decaying test function u is defined
as

(—A)*u(x) :cN,SP.V./W@d% (2.1)

where P.V. denotes the principal value of the singular integral, and Cy s is a con-
stant.

We recall that the fractional Sobolev space W*P(RY) (e.g., see [16]) is defined
for any p € [1,00) and s € (0,1) as

P
WeP(RY) = LP(RY) / / Add < ool
fue gy Jpy |r —y[sPtN zdy < o0}

endowed with the norm

)|P 1/p
full5? = / ulPda +/ / N| da:dy) .
RN JRN |$ —ylrt

|
When p = 2, these spaces are also denoted by H*(RY).
When p = 2, there is an equivalent definition of fractional Sobolev spaces based
on Fourier analysis that

HRY) = {ue ®Y): [ (L[ fa)Pd < oo,
(—/A?u: €%, for u € H*(RY),
and the norm can be equivalently written
R 1/2 . 1/2
e = (Jhull3= + / e a) = (s + 1(-2)ul2:)

Therefore, we see that H*(RY) is just L2(RY, du), where p is a measure defined
by
u(de) = (1+ |o*)da
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A sequence f7(z) converges weakly to f(z) (we write f7 — f) in H*(RY) in the
following sense (see [10, §7.18 ] or [4]): for any g(z) € H*(RY), when j — oo, one
has

o~

(%%N/z / [F3(6) - T(&)g©)(1 + ¢[>*) de —o. (2.2)

The following lemma is obvious. There are more details about H'/2(RY) in [10],
so the case for general s € (0,1) is just the same arguments to H'/2(RV).

Lemma 2.1. If a sequence f7 converges weakly to f in H*(R™). Then, there exists
a constant M independent of number j, such that

I f s <M, | fllas <M. (2.3)

Proof. Since H*(RY) is just L?(RY, du), thus by uniform boundedness principle
and Lower semicontinuity of LP-norm respectively, we obtain ([2.3)). O

Now we review the Sobolev inequality and Sobolev-Gagliardo-Nirenberg inequal-
ity for fractional Sobolev spaces, we only show the case for H*(RY).

Lemma 2.2 (Sobolev inequality [17]). Let s € (0,1) be such that N > 2s. Then
lull e < Svsll(=2)*2ull 2

for every u € H*(RYN), where Sy s is sharp constants depending only on N,s, and

is the factional critical exponent.

Lemma 2.3 (Sobolev-Gagliardo-Nirenberg inequality [16]). Let g € (2,2*). Then
there exists a constant C' > 0 such that

q (‘ZEQ)N q— (QEZ)N
[ullze < Cllullg Nullp. =

for every u € H*(RYN).

Next we show some properties of fractional Schrédinger operator (—A)® +V(z).
For any ¢(z) € H*(RY), let Ao be defined in Theorem define

&) = I(=8) s + [ Vil da. (2.4
then \g = inf{E(v) : v € H*(RN), ||¥b||> = 1}. We have the following theorem.

Theorem 2.4. For s € (0,1), N > 2s, if V(z) € L2 (RN) + L®(RYN), then
(i) Ao is finite.
(i) [[(=A)2|2. < CEW) + D)2, fory € H¥(RYN) and suitable constants
C and D.

Proof. Since V(z) € L2+ (RY) + L®(RY), we can write V() = v(z) + w(z) with
v(z) € Lzs (RY) and w(z) € L®(RY).

First we claim that we can choose v(z) satisfying Hv(x)HLzﬂ < 1(Sns)7% In
fact, for M > 0, define S, (M) by

Sy(M) = {z € RY : ju(z)| > M},
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then by Chebyshev inequality (see [5])

el gy e
i .
Let x4 be the characteristic function on subset A C RY. Decompose v(z) into

Su(0) = ( (2.5)

v(z) = xs,n0() + (1 = xs,00))0(2).

Let v1 = xs,anv(x), v2 = (1 = x5, (an))v(2), then vy € L2 (RNY), vy € L®(RN),
and by we have ||v1\|L% < 2(Sn,s) 72 for large enough M. Replace v(z) by
v1, then the claim holds.

For any function ¢ € H*(RY), combing with ||v(x)||L% < 1(Sn,s)7? and using
Hélder inequality and Sobolev inequality (Lemma , we have

| [, vt da] < ota)l, g 1012
< SRsllv@)Il, x I(=A)*2|13.
1 S
< S8y,
it follows that

E(W) = [(=A)**¢| 7 +/ v(w)lwl2dx+/ w(x)[|? de
) RN RN (2.6)
> SI(=2)2¢l[Z: = llw@)ll= )72 > —llw@)]le= ],

and we see that —||w(z)||L~ is a lower bound to Ag, i.e., (i) holds. Furthermore,
the first inequality of (2.6) implies

I(=2)"20 122 < 2(EW) + [lw(z)l| = [¥]72),
i.e., (ii) holds. O

V

3. WEAK CONVERGENCE IMPLIES STRONG CONVERGENCE ON SMALL SETS

Consider the semigroup {e~(=2)"*},_ ;. We know that, for any function f(z) €
H*(RY),
em(CArLf(E) = e ().
Now we define the heat kernel for s € (0,1), ¢t > 0, and z € RY as

1 ) 25
— iz-E—t[¢] 1
H(z,t) )2 /RN e dg, (3.1)
and we know that

e A f(z) = - H(z —y, 1) f(y) dy. (32)
It is well known that H(z,t) has the following properties, see [6, Appendix A] and
references therein.

Lemma 3.1. H(z,t) is radially symmetric in x, and there exists two constants c;
and co such that

cimin {73 |z "NV} < H(z,t) < comin {¢75 x| V) (3.3)
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Now we use the properties of semigroup with respect to (—A)® to prove that
weak convergence in H*(R™) implies strong convergence on any finite measure set
(not just on a bounded domain Q € R¥, see compact embeddings in [13| [14] ).
This result can also be found in [4], here we give a different proof along the ideas
in [I0l Theorems.6].

Theorem 3.2. Let {7} C H*(RY) such that f7 converges weakly to f in H*(RY).
Let A C RN be any set of finite Lebesque measure, i.e., |A| < oo, and let x4 be its
characteristic function. Then

xaf? — xaf strongly in L9(RY)

forl<g<2*= N2iv25, when N > 2s.

Proof. We take three steps to prove the theorem.
Step 1. We claim that, for any f € H*(RY),

1f—e TR flle < (=) fll2 Ve (3.4)
In fact, we know that
1 — exp[—(|€))**] < min {1, (|€))*t} < [€]° V4,
and it follows that

If—e A f)7e = / IFE)1P(1 — exp[—(I¢€])*1])° d¢
RN

< [ VORIl VaR s = 1=y,

this proves .
Step 2. We first prove that xaf’ — xaf strongly in L?(RV). Let ¢/ :=
e~ (=)t fi by Lemma we note that

(=222 < || |ms < M, (3.5)

(=22 f e < £l < M, (3.6)
where M is a constant independent of j. Then by we have

17 = @l = 1f7 — e TR )2 < MV,
I1f=gllie = 1f —e O f)ls < MVE
Simply note that
IxaCf? = Pllee < Ixa(F? = g)lee + lIxale’ = 9lizz + lIxalg = fllz2
<2MVE+ |xalg’ = 9)llLe-

For € > 0 given, first choose ¢ > 0 (depending on €) such that 2M+/t < ¢/2 and if for
j (depending on €) we have || xa(g? —g)||L2 < €/2, then we have ||xa(f? —f)||z2 < e
Therefore, it remains to prove that xy 49’ — xag strongly in LZ(RY).

To prove x4g’ — xag strongly in L2(RY), first we note that, if |y — z| > tas,
we have t|z — y|~N~2% < ¢~ 2: and then by Lemma we have
t

Hiz —y,t) < cotle —y| N2 =2cp—
(I Yy )_C2 ‘I y| C22|$_y|N-§—25

(3.7)

t
<2 .
- CQtNJfS + | — y|N+2s
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Then, for every fix 2, we have H(z—y,t) € L2 (RN), where (2*)' = 2N/(N +2s),

is dual index to 2*. In fact, let B(x, tTls) denote a ball center at  and has radius
1

t2e,

/ (H(z —y,1)®) dy

RN

B /B( L)(H(w—y,t))(ﬂ dy*/ . (M@ —y,1)*) dy
x,t2s

RN\B(z,t25)

< / (et ) gy / | (eatlr —y| N2 gy
B(z,t2s) RN\B(z,t2s)

t “y/
<M +/ 2¢ . 2" d
>~ 1 RN( QtN;SL +|x—y‘N+2S) Y

<M +/ 20 )2y < M,
1 ]RN( 2t1\7;;2 +|y|N+25) Y 2
where M> is a constant independent of x.
Since for every x, we have H(z — y,t) € L&) (RY), by Holder inequality

xalg’ (@) < [H(@ =y, )| @y L F 2= xa(2)-

Using Lemma 2.2 and (B8), | f]l2- < Swsll(—A)*/2f3]12 < Sy .M. Hence xag?
is dominated by a constant multiple of the square integrable function x4(x). On
the other hand, if g/(x) converges pointwise to g(z) for every € RY, Then by
general dominated convergence theorem, we have y 49’ — yag strongly in L2(RY).

Next we shall prove g7 () converges pointwise for every x € RY. We note that, for
fixed x,

—

H(z —y,1)(§) = (e‘iﬂ’f'é)e—qus7
and

Pla)=e (g / Hx —y,t) () dy
_ / H(z — g, 0)(€)f1(6) dé = / (e €)eE fi(¢) de

—iz) o€
= [ e o i dg

N i€y —tlEl®S
Let h(y) be a function satisfying h(§) = %, it is easy to see that h(y) €
H*(RYN). Since f7 converges weakly to f in H*(RY), by (2.2), then we have g’ ()
converges pointwise to g(z) for every 2 € RY. Hence we complete the proof of Step
2.

Step 3. The inequality

Ixa(f? = Pliee < lIxallerlixalf = f7)l 2

for 1/¢ = 1/r 4+ 1/2 proves the theorem for 1 < ¢ < 2. Again by Hélder inequality,
Lemma [2.2]

Ixa(f? = Hllze < IxalF? = HIgallxalf = )l
< lxa(f” = HlIg=If = £l
< Ixalf? = DlIE=(Sns) = AV = )5
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< lxa(f? = N2 (2M Sns)' =,

where o« = (1/q — 1/2*)(1/2 — 1/2*), and this proves the theorem for 2 < ¢ < 2*.
The proof is complete. [

4. WEAK CONTINUITY OF THE POTENTIAL ENERGIES

Lemma 4.1. Let 2 < q < 2%, Fy := [pn F(2)|¢|?dx, F(x) be a real function on

RN such that F(z) € L7 (RN) + L®(RY) and |{z : |F(z)| > €}| < oo for any

€ > 0. Then Fy is weakly continuous in H*(RY), i.e., if 7 — 1 as j — oo in
H*RN), then Fyi — Fy as j — oo.

Proof. Note that by assumption, |[1?| g+ is uniformly bounded, i.e., there is a

constant M > 0 independent of j such that ||¢)7||zs < M for all j. For any § > 0,
define

. 1

First we claim that F — F? € L%(RN). Indeed, let Q@ = {z : [F(z)| > 3},

by assumption above we know Q] < oco. Writing F'(z) = fi(z) + fa(z) with

fi€ L%(RN) and fo(x) € L (RY), then we have
F = F’ = xoF(2) = xafi(z) + xaf2(2),

where yq be the characteristic function on 2. Since || < oo, by Hélder inequality,

we have xq f2(x) € L7 (Q). It follows that xqfa(x) € L7 (R™), thus the claim
holds. N

Moreover, F' — F° — 0 in L2*27—<1(RN) as 0 — 0(by dominated convergence).
Since ||17]| = < M, by Sobolev inequality (Lemma

[97]] 2 < Sn,sll(=A)*"2¢ || L2 < Swsll9? | e < Ci. (4.1)
By Holder inequality, we have
[ o <|r - F)

with Cs independent of j, moreover, Cs — 0 as 6 — 0. Thus, our goal of showing
that Fy; — Fy as j — oo would be achieved if we can prove that Fo, — Fi as
j — oo for each 6 > 0.

To prove that F?, — Fi as j — oo, now fix § and define the set

2 W13 < CUIF = F°|| 5= =Gy,

2% —¢q

A= {x: |F°(z)| > €}
for € > 0. By assumption, |A.| < co. Then

Fo= [ Pt [ P (12)

€

Since 2 < ¢ < 2%, ||[¢7 ]2 < |97 ||gs < M, by Lemma we have

(k—2)N (g—2)N

. L B—2)V L 1—
[ [Le < ClP g™ 971l ™ < OM, (4.3)
by weak lower semicontinuity of the norm, we also have

[¢llee < lminf |42 10 < CM. (4.9)
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Then
/F5|wj|qs6/ [7]7 < e(C M),
Ac RN

i.e., the last term of tend to zero as e — 0, and hence it suffices to show that
the first term of converges to [, Fo|apa.

This is accomplished as follows. By Theorem ﬂ (in the Appendix below), on
any finite measure set (that we take to be A.) ¢’/ — 1 strongly in L"(A,), for
r € [1,2*). Here we can choose r = ¢. Since ¢ > 2, using the inequality

|17 |7 = 19p]7] < Cq(1? 1771 + [~ w7 — v,

where Cj, is a constant only dependent of ¢, and by (4.3)), (4.4)) and Hélder inequality,
we have

/ ||wj\q—|¢|q|s/ Ca1 17+ [l —
A A
R 91, g 97 = Bllzncay

L7 (A,
< C3l[Y? = Yl|aca.),

so [9]9 — || strongly in L'(A.). Since F° € L>=(R") (see the definition above),
we conclude that

<c,

/FW%/ FOllt, as j — oo.
Ac

This completes the proof. O

5. PROOF oF THEOREM [L.1]

We will give the proof by a series of lemmas. Firstly, for any g > 0, we set
Yg:={ue H*R"): / K(z)|uP dv = B}.
RN

Lemma 5.1. Assume that K(x) satisfies (A3), then L3 is not empty.

Proof. Since K(z) > 0 and K(z) # 0, for any fixed u € H*(RY) \ {0}, we have
K(x)|ul? dx > 0.
RN

Write K (z) = K1 + Ky with K € L%(RN) and Ky € L>®(R"). For any fixed
u € H*(RM)\{0}, Since 2 < p < 2*, by Hélder inequality, Lemma Lemma
we have

K@)l do < [|[K1ll o= [Jull]r + [ Kzl llull,
RN L2*—p

5/2 p (P—zi)N p— (P—Qi)N
< Cill(=A)" ullpe + Collull g lullz. > <oo,

where Cy and Cy are some constants. Then we can choose ¢ > 0 such that tu(z) €
Y, where

; ( Ié] )1/P
-\ fon K(@)|updz/
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Let Z(u) be the energy functional defined by (1.7]), we want to consider the
minimizing problem

1 1
: _ L. CANS/2,12 _ 2 _ 1
fZ(u) = 3 gf{AN(\( Al + (V@) = A)lu| )dl“} P
Let
JI(u) = / (1(=2)*2ul* + (V () = A)|ul?) de, (5.1)
RN
with mg = infyex,; J(u), so we have
. 1 1
ulenzfﬂ Z(u) = 3Mms — ;;ﬂ

Thus minimizing 7Z(u) on Xz is equivalent to considering just mg.
Lemma 5.2. With the assumptions of Theorem let {ux}r C X be a minimiz-
ing sequence for mg. Then {uy} is bounded in H*(RYN).
Proof. Since {uy}r is a minimizer sequence for mg, it follows that
lim J(ux) = mg.
k—o0
Then, J(uy) is bounded by a constant independent of k, i.e., J(ux) < M. Since

V(z) € L2 (RY) + L=(RY) by Theorem we know that Ag is finite. By the
assumption A < \g in Theorem we have

T(ur) > Xo / g ? de — X / g2 dz = (Ao — N Jug 3.
RN RN

it follows that |jug|l2 < M/(Ag — A). i.e., {ug}z is bounded in L*(RY).
Since A < 0, by (ii) of Theorem we have
I(=2)*ugl|Zs < CE(ur) + Dlurlf3
< C(E(ur) = MlurllZ2) + Dlurlz:
= CJ (uk) + Dl|ug]|7-
< OM+DM/(N\ — ).

Therefore, {uz}), is bounded in H*(RY). O

Lemma 5.3. With the assumptions of Theorem for every B > 0, mg is attained
by a nonnegative function, namely there exists ug € g, ug(x) > 0 a.e. in RN, such
that

mg = J (up).

Moreover, mg > 0.

Proof. Let {ur}r C ¥ be a minimizing sequence for mg. In Section [2| we know
that ||(—A)%/2uy |2, is equivalent to

Jui () — ug ()]
// |m— Sy

it follows that ||(—A)%2|ugl|[|2. < [[(—A)%/2uk|/2., hence the sequence {|uy|}) is
still a minimizing sequence and we can assume from the beginning that ux > 0 a.e.
in RY for all k. By Lemma this minimizing sequence is bounded in H*(R"),
so up to subsequences,

up — ug  in H¥(RN),
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by Lemma 1] we have
/ K (@)|usl? dz — / K (@) |uo|? dz,
RN RN

and then
/ K(a:)|u0|pda:=/ K(z)|uglP de = 3,
RN RN

thus ug € Xg.
Applying Lemma [4.1] for p = 2, we have

/V(m)\uk|2dx—>/ V(x)|u0|2dx.
RN RN

Since A < 0, by weak lower semicontinuity of the norm, it follows that
/ [(=A)*2uo|? da +/ V(2)|uo|? dz — )\/ uo|? da
RN RN RN
= [(=2)*"2uo| 72 + (=Muol 72 + /RN V ()|uo|? dz

< liminf| I(=2)*"2ug |72 + (=) k|7 +/ V() |uy|* da] = mg,
—00 RN
together with ug € X3, this shows that

me :/ |(—A)S/2u0|2dx+/ V(@)|uo2 da — /\/ luo|2 dz = T (o).
RN RN RN
Note that uy € X3 implies that uy # 0, then from the definition of Ay given in
Theorem [[.1] it follows that
ms = T (o) = (o — Mlluoll3 > 0.
This completes the proof. 0

Lemma 5.4. With the assumptions of Theorem let ug be a minimizer for mg.
Then ug satisfies

/ (—A)* g - (=A)* v dx —|—/ (V(z) — Nug - vdx
RY RY (5.2)
-z /RN K () |uolP 05 - v da

for all v € H*(RY).

Proof. Let J(ug) be energy functional defined by (5.1). Fix v(x) € H*(RY), for
¢ € R small enough, when r € (—¢, ¢), the function ug + rv is not identically zero.
Therefore there exists a function t(r) : (—e,e) — (0, 00) such that

/RN | K (2)t(r)(up + rv)|P dx = B.

Precisely,

) = ( 0 )"
"= S~ 1K (x)(ug + o) [P da ’
Note that the map r — ¢(r)(uo + rv) defines a curve on ¥g that passes through ug

when r = 0. The function ¢(r) is differentiable on (—¢,¢),
1

#(r) = —ﬁl/p(/RN K () (uo + rv)|P dm) " Re(K (@)|uo + rv[P~2(uo + 1v), v),
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where Re denotes real part of inner product (-, -) (defined in (1.9))), and

Re(|ug + rv|P~%(ug + rv),v) = Re K (2)|(uo + 70) [P~ 2 (up + rv) - v da.
RN

Then we have

t(0)=1 and t(0)=—B8"'Re(K(x)|uo|” ug,v). (5.3)

t
+£2(r)((V () — N (uo + 70), (ug + 10)).

Since t(r)(up + rv) € L for every r € (—¢,¢), the point » = 0 is a local minimum
for v, such that

Y(0) = T (uo) = mg. (5.4)
The function ~ is differentiable and
v (r) =2t(r)t' (r) T (up + rv)
+26%(r) Re[((=A)*(ug + rv), (=A)*?0) + ((V(x) = M) (uo + rv),0)].
by , , then
0 =+'(0) = 2(0)t'(0)T (uo) + 2¢*(0) Re [((=A)**ug, (=A)*/?v)
+ ((V(x) = Nuo,v)]
= 2471 Re(K(x)|u0|p*2u0, v)mg
+2Re[((=A)"2ug, (=A)*2v) + ((V(z) = Nuo, v)).

(5.5)

Since v is an arbitrary complex function in H*(RY), it follows that
—B7HE (@) uol"~uo, v)mg + [((—A)*Puo, (=2)*%0) + ((V (z) = A)uo, v)] = 0,
i.e. (5.2) holds. O

Let up be a minimizer for mg. Set ug(z) = cw(x), where ¢ € R will be deter-
mined later. By Lemmal[5.4] w(z) satisfies

el((=03)" 2w, (=A)20) 4+ ((V(w) = Nw,0)] = =2 & (K (@) wl? ", v)
for all v € H*(RY). Choosing ¢ = (miﬁ)plj, we see that w(z) is nonnegative by
Lemma [5.3] and satisfies
((—A)S/Qw, (—A)S/Qv) + ((V(2) = Nw,v) = (K(2)|w/’>w,v) Yve H3(RY),
namely w(z) is a weak (nonzero) solution of (|1.4)), such that

uo(z) = (L) 7= w(a). (5.6)
mp

Thus we obtain the existence of the solution.
Let A/ be the Nehari manifold defined by (1.8]), note that w(x) € M. We mention
in Section 1 that a ground state of (1.4) is a solution that minimizes the energy
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functional Z(u) on the Nehari manifold A, next we will prove that w(z) is a ground
state, that is, we need to prove that

I(w) <ZI(¢p), forany ¢p € N. (5.7)
For any function ¢ € N, then by the definition of A/ we have
1 1
I(¢) = (5 - 5)«7(@7 (5.8)

where J(¢) is energy functional defined in .

Fix any ¢ € N and let 0 := [ x K(2)|¢[? dz, then ¢ € 5. Let vg = cw(z) with
¢ = (mig)v%?7 we claim that vy is a minimizer for my. Indeed, for any u € Xz, the
scaling v = (%)1/pu € Xy, then J(v) = (%)2/pj(u), it follows that

mg me

v = Gl for any 6 > 0 such that 6 #£ (. (5.9)

Note that, by (5.6) we know w(x) = (%)ﬁuo, then by (5.9) we have

’ )7 () P = <%>1/Puo~ (5.10)

Since ug is the minimizer for mg, it follows that ug € Yg, and that that vy € 3.
Moreover, using ([5.9) again,

J(vo) = (

vg = cw(x) = (—
mg

v
g

thus v is the minimizer for my.
Since w € N, vy, ¢ € Xy and vy is the minimizer for my, by (5.8) we have

12/ 7 (ug) = (%)2/%5 — o,

Tw) = (3 = )T W) = (5= )T w)
= (5= )T () = (5= DT ()
3 - I0) = (FHT0),

hence to prove Z(w) < Z(¢), it is sufficient to show that %% < 1. Since ¢ € N Ny,
we obtain

7@ = [ N-ayPoPdss [ (V) - NiePds= [ K)ol d=o.

RN RN RN

Thus
mg = inf J(u) < J(¢) =80,
uEly
ie, % < 1. Thus w(z) is a ground state of (.4). This completes the proof of
Theorem [L.1]
6. PROOF OF THEOREMS AND [[3]

In this section we prove that weak solutions of (1.4) are of class CO*(RY) for
some « € (0,1). First we give some properties of LI(R") + L>(RY) which will be
used below.

Proposition 6.1. The space LY(RN) 4+ L®°(RN) has following properties.
(i) L"(RY) Cc LY9(RN) + L=(RY) for any 1 < g <r < c0.
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(i) L™(RN) 4+ L>®(RY) C LI(RN) + L2(RY) for any 1 < q <1 < c0.
Proof. (i) Let f(z) € L"(RY), for a given constant M > 0 we have f(z) = fo + f1,
where
Jo = Xzl f@)>Mm f(®),  f1 = X{a) )<y f(2).
by the Chebyshev inequality [5]

o (@) > M}| < (ﬂ{}”) <o

Since ¢ < 7, then L"({z : |f(x)| > M}) C Li({x : |f(z)| > M}), then fy € LI(RY).
It is obvious to see that f; € L>(RY). Then f(x) € LY(R"Y)+ L>(RY). Therefore,
the case (i) holds.

The case (ii) is easy to obtain from case (i). O

Recall that the definition of fractional Sobolev spaces (e.g. see [6]) for p > 1 and
B> 0:
£57 = fue DPEVF A+ € /RY)),
and associated to the fractional Laplacian, the space
WP = {e LPRY)|F (1 + [¢]%)a) € LP(RY)}.
The following two theorems are basic results for these spaces which can be found
in [6].
Theorem 6.2 ([6]). Assume thatp > 1 and 8 > 0. The following hold:
(i) L£PP = WPP and L™P = W™P(RYN) for alln € N, where W™P is the usual
Sobolev space.
(ii) For a € (0,1) and 2a < 3, we have (—A)* : WP — Wh=2p,
(iii) For a,y € (0,1) and 0 < p < v — 2, we have
(—A)*: COV(RY) — CO(RY) if2a <,
and, for 0 < p <1+~ —2aq,
(=A)* : CYYRY) — COMRY) if 20 > .

Theorem 6.3 ([]). (i) If 0 < «, and either 1 <p < q¢< Np/(N —ap) < o0
orp=1and1<q< N/(N —«), then L*P is continuously embedded in
Li(RN).

(ii) Assume that 0 < o < 2 and « > N/p. If o = N/p > 1 and 0 < p <
a—N/p—1, then L>P is continuously embedded in C1*(RN). Ifa—N/p < 1
and 0 < < a — N/p, then LYP is continuously embedded in CO*(RYN).

Let H(z,t) be defined in (in the Appendix below), then we define the kernel
K, KF with > 0 as
oo oS]
K(z) = / e " H(w,t)dt, K'(z) = / e M H(z, t) dt. (6.1)
0 0

By the rescaling property of H(z,t),
t

we have

Kt () = p T K (s ). (6.2)
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On the other hand, In the Appendix of [6], we know that K(z) = F~1(
then in the same way, we have

e )

1

IC“(.I) — }"1 (W

). (6.3)
The following theorem can be found in [6].

Theorem 6.4 ([0]). Let N > 2 and s € (0,1). Then we have the following:
(i) K is positive, radically symmetric and smooth in RN \ {0}. Moreover, it is
nonincreasing as a function of r = |x|.
(ii) For appropriate constants Cy and Cs,

C

K(z) < W—; if 2] > 1,
o (6.4)
K(z) < o[V 2 if |z < 1.

Corollary 6.5. For N > 2 and s € (0,1), we have u > 0 and K satisfies Theorem
(i)-(ii).
Since (6.2)) holds, then it is easy to verify the above corollary.

Proof of Theorem[I.3. Since V (z) is bound from above, then there exists a constant
M > 0 such that V(z) < M. Note that u(z) € H*(RY) is a nonnegative solution

of satisfying
(=A)su(z) + V(z)u(z) — K(x)|uP?u(x) = \u(z),
then
(=A)*u(@) + (M = Nu(w) = (M = V(2))u(@) + K (2)|ul""u().
Let po = M — A, since A < 0, we have pyo > 0. Let h(z) = (M — V(z))u(z) +
K (x)|u|P~2u(z), then we have
u(z) = ICH° « h(z).
Note that u(x) is nonnegative and nontrivial, V(z) < M, K(z) # 0, we have

h(z) > 0 such that h(x) # 0. By the corollary we know that K#° is positive,
it follows that u(z) is positive in RY. The proof is complete. O

To discuss the regularity of the weak solution (|1.4]), first we discuss the following
result about liner equations.

Theorem 6.6. Let s € (0,1), assume that u € H*(RY), N > 2s such that
(=A)*u(z) + pu(z) = V(z)u(z) in RY, (6.5)
for p >0, V(z) € LYRN) + L=(RN) with ¢ > . Then u € CO(RYN) for some
a € (0,1). Moreover, u(xz) — 0 as || — oo.
Proof. First we know that u € H5(RN) = W2, Let 1 =1y > 11 >ry > -+, and
consider B; = B(0,r;), the ball of radius r; and centered at the origin. We define
h(z) = V(z)u(x), since V(z) € LY(RYN) + L>=(RY), we have V(z) = V; + V4 such
that V; € LY(RN) and Vo € L2(RY), then h(z) = hy + hy with h; = Viu(z) and
hy = Vau(z). Since u € H*(RY), by Sobolev inequality we have u € L? (RV) with
2* = 2N/(N — 2s). Since V; € LY(RY), by Hélder inequality, then we have hy €
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LFo(RYN) with kg = (1/q + 1/2*)~L. Therefore, h(z) = hy + hy with hy € L¥(RY)
and hy € L¥ (RY).

Now let 1 € C°° with 0 <, < 1, with support in By and such that n; =1 in
Bi /o, where By = B(0,71/2) with 1 < 119 <79. Let u; be the solution of the
equation

(=A)*uy + puy = mh(z) in RY, (6.6)
then
(=A)*(u —uy) + p(u —u1) = (1 —n)h(z) in RV, (6.7)
so that
u—wuy =K'« {(1—mn)h}. (6.8)

Using the Holder inequality and (6.4]) we have
() = ua ()]
< O{HKH”LZO(Bf/Q)H(l —m)ha|lLro + ||’C#||L11(Bg/2)||(1 —m)ha Le- }a

for all © € By, where lg = ko/(ko — 1), ko is given above, and [; = 2*/(2* — 1). In
view of this inequality we have to concentrate our attention in uq(z).

Since By is bound and V(x) € LI(RN) + L>(RY), we obtain that 0,V (z) €
L(By). With the assumption ¢ > £, we have n,V(z) € L%(By) for & < gy <
min{gq, %} Since u € L* (RN), by Holder inequality, we have n,V (z)u € L' (RY),
for k; = (1/qo + 1/2*)~! such that k; > 1. Since n; has support in By, we have
mV(z)u € LP1(RV), for any 1 < p; < min{k;, N/(2s)}. Note that u; satisfies
, thus by the definition of the space W21, we have u; € W2P1. Then, using
Sobolev embedding of the Theorem [6.3] (i) and (6.9), we have u € L9 (By) for
q1 =p1N/(N —2sp1).

Now we repeat the procedure, but consider a smooth function 7 such that
0 <y <1, with support in By and 7y = 1 in Bg/s, where B3y = B(0,73/5) with
ra < 1379 < r1. We also have n,V(z) € L%(By) for any &£ < go < min{q, ¥},
we can set qio = 2—]\‘; — e with 0 < e < §. By Hdlder inequality again, we have
N2V (x)u € LP?(By) for any

1<py<pi/(1—¢€) wherepy=(1/qo+1/q1)"".
Proceeding as above, with the obvious changes we obtain that
uy = K" x (n2h(x)),

satisfying ug € W?$P2. Then we have u € L9 (By) for gy = paN/(N — 2sp2).
Repeating the argument, for sequences n;, p; and ¢; = p; N/(N —2sp;), we have
n;V (z)u € LPi(B;) for any

1<pj <pj-1/(1—¢€) wherep; =(1/q0+ 1/qj)_1.

It follows that for some finite j, n;V(z)u € LPi(B;) such that p; > N/(2s). Then
by Theorem ii), we have u; € C%*(RY) for some a € (0,1). Since u; satisfies
the inequality that similar to (6.9), we have u € C%*(Bj1).

The ball B; is centered at the origin, but we may arbitrarily move it around
RY. Covering RY with these balls, we obtain that v € C%*(R¥). Finally, the fact
that u € L2 (RY) N C%*(RY) implies that u(x) — 0 as |x| — oo, completing the
proof. O

(6.9)
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Proof of Theorem[I.3 Note that u(x) satisfies
(—A)u(z) + V(@)u(z) - K(@)lul?u(z) = Au(x),
for 2 < p < 2*. Let V(z) = =V (z) + K (z)|u/P~2, then the equation becomes
(=A)*u(z) — Mu(z) = V(z)u(z).

We claim that V(z) € LY(RY) + L (RYN) for some [ > N

Since the condition (A5) holds, K(z) € L™(RY) + L*(RY) for 7 > %, then
K(z) = K + Ko with K; € L(RN) and Ky € L>(RY). Then Since u € L?" (RV),
we have Kplu[P=2 € L™ (RY) for ry = pQ—:Q > 23i2 = & By Hélder inequality,
we have Ki|u[P=2 € L™ (RY) with r; = (1 + 2-2)~1 such that r; > . Then by
Proposition (i), we have K (z)|u[P~2 € L' (RN)+ L>°(RY) with I; = min{rg, 1}
such that {; > ££. Then by Proposition |6.1{ (ii), we have V(z) € LNRN) 4 L (RN)
with | = min{q, [ }(where § given in (A5)), such that I > &. Then by Theorem
[6-6, we obtain the regular result of Theorem [I.3] O
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