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INFINITELY MANY SOLUTIONS FOR KIRCHHOFF TYPE
PROBLEMS WITH NONLINEAR NEUMANN BOUNDARY
CONDITIONS

WEI-BING WANG, WEI TANG

ABSTRACT. In this article, we study a Kirchhoff type problem with nonlinear
Neumann boundary conditions on a bounded domain. By using variational
methods, we prove the existence of infinitely many solutions.

1. INTRODUCTION

In this work, we study the multiplicity of solutions for the elliptic problem

— M(/ |Vu|de>r_1Apu:f(:c,u), in Q,
Q

0

(1.1)
VP =257 = Me(w) + pg(w), - on 0,

where M(t) =a+bt, p> N, a > 0,b> 0, Q is a nonempty bounded open subset
of RN with a boundary of class C', ‘9—“ is the outer unit normal derivative, Apu :=
div(|Vu[P=2Vu) is the p—Lap1a01an operator, A, p are positive real parameters, the
functions f, k, g satisfy hypotheses stated as follows:

(H1) k,g € C(R,R) and there exist two positive constants p, p* such that
IK(U)I +|G(u)] < p*(IUI” 1)
for all u € R, where K(u) = [ k(s)ds, G(u) = [;' g(
(H2) f € C(Q xR,R) and there exist two p051tlve constants a1, az such that
ar|ul? < —F(z,u) < ag|ul?
for all (z,u) € Q x R, where F(z,u) = [ f(z, s)ds.
(H3) f € C(Q x R,R) and there exist two positive constants g, o* such that
[F(z,u)] < 0™(Jul? +1)

for all (z,u) € Q x R.
(H4) there exist two positive constants by, by such that

by|ulP < —G(u) < balul?

for all ©w € R.
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Problem (1.1} is the nonlocal problem, which is related to the model introduced
by Kirchhoff [15],

2 2
oo = (g [ garan) 3 =0 (12
x

which extends the classical D’ Alembert s wave equation by considering the effects
of the changes in the length of the strings during the vibrations. Interest of the
mathematicians on the nonlocal problems has increased because they represent
a variety of relevant physical and engineering situations[4] [12]. Many interesting
results for Kirchhoff type problems were obtained and we refer to[I], 2, [3] 8] 9
1T] 18] [14], 17, 18, 9] and references therein for an overview on these subjects.
Relatively speaking, Kirchhoff type problems with nonlinear boundary conditions
have rarely been considered. In addition, when involving the existence of infinitely
many solutions, most results assume that nonlinear term is odd in order to apply
some variant of the classical Lusternik-Schnirelmann theory and only a few papers
deal with nonlinearities having no symmetry properties[5] [0, [16].

The main purpose of this article is to establish the existence of infinitely many
solutions for without the assumption of symmetry property, by adopting the
framework of Bonanno and Molica Bisci [6].

2. PRELIMINARIES
Let X be a reflexive real Banach space and Z) : X — R a functional satisfying
the structure hypothesis:

(H5) Zn(u) = U(u) — A®(u) for all u € X, where ¥, ® : X — R are two functions
of class C' on X with ¥ coercive, i.e. limj,— 4o ¥(u) = 400, and A is a
real parameter.

Provided that infx ¥ < r, put

(SupuG(W*l]—m r[) é(u)) - q)(u)

= inf | 7
o7, (1) ue\p—%ﬁfoo’r[) r—W(u)
Vi on, (), 0= lming 65,0,

When vy = 0( or § = 0) we agree to read = 5 (or 1) as +o0. Our main tool is a
smooth version of critical point theorem which are recalled below, see [6].

Theorem 2.1. Assume that (H5) holds. Then:

(a) For each r > infx ¥ and every X\ €]0,1/¢z, (r)[, the restriction of the
functional Iy to W=1(] — oo,7[) has a global minimum, which a s critical
point (local minimum) of Ty in X.

(b) Ify < +o0, then, for each X €]0,1/~[, the following alternative holds:either

(1) Zx possess a global minimum, or

(2) there is a sequence {u,} of critical points of T such that
lim,, 00 U(uy,) = 400.

(c) Ifé < 400, then, for each X €]0,1/4], the following alternative holds: either

(1) there is a global minimum of ® which is a local minimum of Iy, or

(2) there is a sequence {uyn} of pairwise distinct critical points of Ty such
that lim,, oo ¥ (uy,) = inf x ¥, which weakly converges to a global min-
imum of .
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Let W1P(Q) be the usual Sobolev space endowed with the norm

full o= ([ (vul + )

or

1/p

fulli= ([ (vupdo+ [ furis) .

Q o0
where do is the measure on the boundary. Clearly, || - || is equivalent to || - ||.. Let
k:= sup M%eeq W) ()l ;o k= sup M%en )] [u()] (2.1)
weWr(Q)\{0} [ weWLp (2)\ {0} [l «

Since p > N, the embedding W!?(Q) — C(Q) is compact, and thus 0 < k, k, < 0o,
(@) < Klfull, |u(@)] < kellull.  for u € WHP(Q). (2.2)

A weak solution of problem (1.1)), we mean that a function u € W1P(Q) satisfies

-1
[ /|vu|de ’ /|Vu|p_2Vqudx
Q

/ Fo u)oda —/ (Ne(w) + pg(u))vdo = 0

for every v € WLP(Q)
Define the functlonals on WhP(Q) by

0 a

o p — Jo |VulPdz, b=0,

() = T(u) - / Flz,u)dr, o(u) = / (K () + L)) do
Yo(u) =T(w)—p | Glu)do /K Vo + - / F(z, u)dz,

[5}9]
Ia(u) = () = Ap(u),  Ix(u) = Pu(u) = Ap.(u).

Conditions (H1) and (H2) (or (H1) and (H3)) and p > N guarantee that ¢, ¢
(or 1, ps) are well defined and of class C'. Moreover,

(Ja(w),v) = <I>\( )
-1
/ |Vu|pd:17 p / |Vu|P~2VuVude
Q
— / flz,u)vde — / (Ak(u) + pg(u))vdo.
Q oQ
Hence, the critical points of Jy or I are the weak solutions of (1.1]).

3. MAIN RESULTS

1, |Q|:/dx, |asz|:/ do.
Q o0

Kt Kt
A, := liminf %5()7 Ap := liminf M,
E—+o0 S;D £—0+ gp

Put

az = {ap

Moreover, let

—1
>a1}7 b3:
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K
By = limsup (©) ,  Bg:=limsup K(S) ,
g—too &P ¢—ot &P

max G(t max G(t
G := limsup M Gy := limsup L()

§—too g g0+ &

max F(x,t)dz
Fy := limsup fQ ltl=¢ (1) ,  Fo:=limsup
£ oo & £—0t 3

Jo maxy<¢ F(x,t)dx

We present our main results as follows.

Theorem 3.1. Assume that (H1), (H2) hold and there exist two real sequences
{an},{Bn} with lim,,_.« B, = +o0 and a positive constant p > 0 such that

1 1/p
janl < £ (5555) T8 G z0, vizp,

k a2|Q|
Ao := lim maxXis|<g, K(tzl_ K(an) a3B 7
n—co  Bh —kPasaz '|Q|ak kP|Qay
G(t) — Gloy,
G = lim PXItI<6n (21 (om) _ o
n—oo ﬂ’ig —kpa2a3 |Q\aﬁ
Then for each A € A :=|\1, A2, where
|Q|a2 as
)\ - A [
LT 00B. 2T k|00AL

there exists py > 0, where

iy = é(kp?gm a AA‘”)’

such that for all p € [0, ux[, (L.1) has an unbounded sequence of weak solutions.

Proof. First, we observe that owing to the condition As < a3Bs/(k?|Qas), the
interval A is non-empty. Moreover, for each fixed A € A and taking into account
that A\ < a3/kP|0€, one has 0 < py < oo. Our aim is to apply Theorem [2.1
For this end, we show v < 400, where 7 is defined in Theorem [2.1]

By Assumption (H2), we have
2q)P~1 2b)P~1 2
B e+ E . )

Put r, = fLas/kP for all n € N, by and (3.1, one has
P71 =00, 7)) € {u € WHP(Q) « [lufloo < Bn},

asull? < ¥(u) < max {

Y(ap) = —/ F(z,an)dr < az|Qad < 1y,
Q

Hence,
¢J (7" ) _ in (Supue(wfl]foo,rn[) (p(u)) - (p(u)
AV u€Pp—1(]—o0,ry[) Ty — ¢(u)
C o 1000mas, K + 560 - ()
= p(u)<rn 7o — P (u)

o 199 maxyy <, [K(2) + §G(#)] — ¢(an)
o Tn — 7/}(0%)
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o 109 maxjy<p, [K(t) — K(an)] | p |09 maxjy<p, [G(8) — Glan)]
A

rn — az|Qak, rn — az|Qak

< kpc\zm (AOO + %Qoo) < +o00.

Since 1 € [0, 5],
k2|99

as

15 1 ,

(A + B0 ) = 5 < +oo:
that is, 0 < A\; < A < 1/7. The condition (b) of Theorem can be applied and
either J5 has a global minimum or there exists a sequence {u,} of weak solutions
of the problem such that ||u,| — oo as n — oo.

Now, we verify that J5 is unbounded from below. First, assume that B, = +00.
Accordingly, fixed C' with C' > ay|Q|/A|0| and {c,} be a sequence of positive
numbers with ¢,, — +00 as n — oo such that

v < lim_&nf ¢, (1rn) <

K(c,) > CcP,  n sufficiently large.

Taking the sequence {v,} C W1P(Q) such that v,(z) = c,,z € Q, for the suffi-
ciently large n, one has

J5(vp) = —/ F(z,v,)dr — A K(vy)do — p G(vp)do
Q i) a9

< alQe? — x/ K(v,)do < (as]Q] — CXOQ)e?
oQ

that is, J5; — —oo as n — oo. ~
Next, assume that Bo, < 4+00. Since A > A\ = a2|Q|/|00Q|Boo, we fix 0 < £ <

Bo — 5\2;‘)8'\ . Let {c,} be a sequence of positive numbers with ¢,, — +00 as n — oo
such that

(Bss —€)ch < K(cp) < (Boo +€)cb,  n sufficiently large
Arguing as before and by choosing v,, = ¢,,, for the sufficiently large n, one has
J5(vp) = —/ F(z,v,)dr — A K(vy)do — p G(vp)do
Q Joo o0
< as|Q|cl — (Boo — €)A|0Q|cE — —c0  as n — oo.

Hence, J5 is unbounded from blew and the proof is complete. O

Corollary 3.2. Assume that (H1), (H2) hold. Further suppose that G < +00,
Aco < a3Boso/(kP|Qaz) and there exists p > 0 such that G(t) > 0 for all t > p.
Then for each A €]A3, A\4[, where

|Q|a2 as

)\:: =
P00 B’ T kP AL|09Q|

there exists fiy > 0, where

fin = é(kﬁ?@gm M),

such that for all p € [0, ax[, (1.1) has an unbounded sequence of weak solutions.
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Proof. Let {3,} be a sequence of positive numbers which approaches infinity such

that
A — fim M¥uss K
£—+o0 G
Taking «,, = 0 for every n € N and noting that

maxj<g, G(t)

e ngrfoo ﬁg - GOO’
from Theorem we obtain the conclusion. O

Applying part (c) of Theorem we get the following theorem.

Theorem 3.3. Assume that (H1), (H2) hold and there exist two real sequences
{an}, {Bn} with lim,, . B, = 0 and positive constant p > 0 such that

1 1/
ol < ¢ (o) B CBZ0. Wo<t<p,

€2
Ao = lim max¢|<g, K(t)_K(an) a3 By
T on— gh — kPagaz '|Qfah k2 |Qfas’
G(t) — Glam
Go := lim maxis<gs, () (a ) < 400

n—oo  Bh — kPasaz Q|ah
Then for each A €]y, As[, where

|Q|a2 as

A= ——o—
09Q|By" 7° T kr|oQ| Ay’

fix = gio(kp?agm - AAO)’

such that for all p € [0, mx[, (L.1) has a sequence of weak solutions, which converges
strongly to zero.

Ay =

there exists fiy > 0, where

Corollary 3.4. Assume that (H1), (H2) hold. Further suppose that Gy < +0o0,
Ap < azBy/(kP|Qaz) and there exists p > 0 such that G(t) > 0 for all 0 < t < p.
Then for each X €Az, Ag[, where

|Q|a2 - as

p e B
TT09By YT krA|09Q]

there exists fiy > 0, where
1 as
= (),
=G (kp|8§2| 0

such that for all u € [0, fix], (1.1) has a sequence of weak solutions, which converges
strongly to zero.

Now, we consider the case when (H1), (H3), (H4) hold.
Theorem 3.5. Assume that (H1), (H3), (H4) hold and F(x,u) > 0 for x € Q,u >
r > 0. If there exists the positive constant A such that

_ b _
ABoo > by, Fy < k% — M09Q| Ao,

then (L)) has an unbounded sequence of weak solutions for A = X, p = 1.
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Proof. Let A = A\, u = 1 and {3,} be a sequence of positive numbers with 3, — 400

as n — oo such that
max|y<g, K(t)

A= T
By Assumption (H4), we have
2q)P~1 2b)P~1 2
bl < v < max { E0— b+ B, )

Put r, = BPb3 /KL for all n € N, by (2.2)) and (3.2)), one has
1/1;1(] - OO,Tn]) - {U S Wl’p(Q) : Hu”oo < ﬂn}

Hence,
Sup,, o, [) PxU)) — Px(U
b1, (rm) = o (SUPwe (1) o0,y P (1) — 02 (u)
ueYy H(J—o0,rn[) rn — Y (u)
su — «(u
< Puc(pr!]—o0,m]) P (W)
Tn
< MAX{ueXfullw<pn) P+ (W)
< .
< ﬁ(\aﬁ\mwmsm K(t) 1 Jomaxy<g, F(m,t)dac)
"~ b o A I3
K? 1 1
< = (10Q|As + =F ) -
= by (‘ ‘ o+ N < Y

The rest proof is similar to that of Theorem and we omit it.

O

Theorem 3.6. Assume that (H1), (H3), (H4) hold and F(x,u) >0 for z € Q,0 <
u <r(r>0). If there exists the positive constant A such that

_ b

By > by, Fy < ki;, — 2|69 Ay,

*

then (T.1) has a sequence of weak solutions for X = X\, u = 1, which converges
strongly to zero.

4. EXAMPLES

In this section, we present the two examples which provide the problems that
admit infinitely many solutions.

Example 4.1. Consider the differential equation
1
- {1 + b/ |u'|2dx}u”(x) +u(ucosu+2sinu+4) =0, ze€(0,1),
0

—u'(0) = Ak (u(0)) + pg(u(0)), u'(1) = Ak(u(1)) + pg(u(1)),
where b > 0,

(4.1)

g(u) = u —sinwu.

{u2 sin(lnw), u >0,
0, u <0,
Then

f(u) = —u(ucosu +2sinu +4), —F(u) =u?(2+sinu),
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3
L-3sin(lnwu) — cos(Inw)], u >0,
mu):{os[ hu=0
1

1
G(U)=§u2+cosu—1, Q=109 =1, ay=1, ay=3, a5 = 5.

According to [7, Remark 1], one has the estimate k < v/2. Taking a,, = e(Znth)m
B = 2"tV e easily obtain that

e?m —1
Ao =0, By = +o00, gw=m~
By Theorem (4.1) has an unbounded sequence of weak solutions for
e?™ — 6k?
A>0, 0< —_—.
>0 DSBS EeEm

Example 4.2. Consider the differential equation

- [M(/ |Vu|pd:c)}p_1Apu = c(2)|ul"tu, inQ,
Q

|Vu|p_2% = Me(u) — |u[P"%u, on 09,

(4.2)

where M(t) =a+bt,p>N,a>0,b>0,1<p<p,ceC(Q) and c(z) >0, Qis
a nonempty bounded open subset of RY with a boundary of class C?,

kl = 27 kn+1 = k;,Z; lﬂ = kylLO7n € N7

(Ip=05 — fp+05) (1 — |1, — t]), l,—1<t<l,+1,n>1,
k(t) = (K20% —12705) (1 — |kpsr — t]), hnp1 — 1<t <kpp1 +1,n>1,
0, otherwise.

Noting that
K(ky +1) = EPFHO5 205 0 R (1, 1) = 2705 — 05y > 9,

we have h ) 0 )
K +1 K, +1
lim —2 = 7 lim —"™ "~/ _
A e T I T
Hence, Ao = 0, Bso = +o00. It is easy to check that F,, = 0. By Theorem
(4.2) has an unbounded sequence of weak solutions for all A > 0.
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