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ANALYTICITY OF THE GLOBAL ATTRACTOR FOR THE 3D
REGULARIZED MHD EQUATIONS

CAIDI ZHAO, BEI LI

ABSTRACT. We study the three-dimensional (3D) regularized magnetohydro-
dynamics (MHD) equations. Using the method of splitting of the asymptotic
approximate solutions into higher and lower Fourier components, we prove
that the global attractor of the 3D regularized MHD equations consists of real
analytic functions, whenever the forcing terms are analytic.

1. INTRODUCTION

In this article, we investigate the regularized magnetohydrodynamics (MHD)
equations

Or(u—a®Au) —vAu+ (u-V)u—(b-Vb+Vp=f, (r,t) e QxR, (1.1
Or(b— B2Ab) — pAb+ (u-V)b— (b-VIu=g, (2,t)€QxRy, (1.2)
V-u=V-b=0, (z,t)€ QxRy, (1.3)

u(z,0) = u™,  b(x,0)=b", z€Q, (1.4)

which are regularizations in both the velocity and the magnetic field of the following
large eddy simulation model for the turbulent flow of a magnetofluid (see [9]):

ou—vAu+ (u-Viu—(b-V)b+Vp=f, (z,t) € QA xRy, (1
O — puAb+ (u-V)b—(b-VIu=g, (z,t)eQxRy, (1.
V-u=V-b=0, (z,t)€ QxR (1
u(z,0) = u'™, b(z,0)=0b", zc€Q, (1

where the velocity field v = (ug,us,us), the magnetic field b = (by,be,b3) and
the total pressure p(z,t) are the unknown terms, v is the kinematic viscosity and
1 is the constant magnetic resistivity, f represents volume force applied to the
fluid, ¢ is usually zero when Maxwell’s displacement currents are ignored. We
will assume the constants v, u,« and [ are all positive. We consider the case
Q=10,L]® Cc R?® (L > 0) and assume space-periodic conditions on the initial data
so that the corresponding solutions are space-periodic.

Compared to equations (|1.5)) and (L.6), equations ([L.1) and (1.2)) contain the

extra regularizing terms (—a?d;Au) and (—3%0;Ab), respectively. These two terms
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have two main effects. On the one hand, they regularize the equations in a way
that the 3D equations — become now globally wellposed (see Lemma
in Section 2 or [9]). On the other hand, they change the parabolic character of the
MHD equations to the regularized one. For this reason, we call equations -
as regularized MHD equations.

We can view equations (L.I)-(L.4), also called MHD-Voight equations, as the
approximate equations for the MHD equations — as o, — 0. Equa-
tions — are the exact equations for a class of visco-elastic fluid known as
Kelvin-Voight fluids (the corresponding equations for nonmagnetic fluids were first
introduced by Oskolkov in [30]). Equations (L.5)-(L.8) (or the relevant equations)
have been widely studied, see e.g. [10l B6] for the existence and uniqueness of the
solutions and [7l 4T, [47], 48] for the regularity criteria. Also, equations —
have been deeply studied, see e.g., Catania and Secchi [§], [10], Catania [9], Larios
and Titi [21 22], Levant, Ramos and Titi [23]. Particularly, Catania [9] studied the
global attractor and determining modes for the solutions of equations - in
[0,27 L] (L > 0) with space-periodic conditions.

Attractor is an important concept in the study of infinite-dimensional dynamical
systems. There are some monographs concerning this subject, see, e.g., [12] 34} [35]
39]. At the same time, the theory and method within these monographs have
been extensively applied to many concrete partial differential equations arising in
mathematical physics. For instance, we can refer to [44], [45] [46]. We note that
Foias, Manley, Rosa and Temam in the monograph [16] researched the determining
modes and nodes, as well as the Gevrey regularity of the global attractor for the
Navier-Stokes equations. The Gevrey class regularity of the attractor reveals that
the solutions lying in the attractor are analytic with values in a Gevrey class of
analytic functions in space.

Nowadays, there are some papers investigating the Gevrey class regularity of
the solutions. For example, we can refer to [2, B, 6] 15, 25] for the Navier-Stokes
equations; to [42] [43] for the Navier-Stokes-a equations; to [31), B2] for the second-
grade fluid equations; to [4] for a class of dissipative equations; to [5] for a class of
hypoelliptic equations; to [I1] for the time-dependent Ginzburg-Landau equations;
to [14] for nonlinear analytic parabolic equations; to [I8] for a class of water-wave
models; to [20, 24] for the Euler equations; to [26] 29] for the Bénard equation;
to [27] for the laser equations; to [28] for the weakly damped driven nonlinear
Schrodinger equation; to [33] for the Kuramoto-Sivashinsky equation; to [37] for
the micropolar fluid equations, so on and so forth.

Recently, Levant and Titi proved in [I9] the Gevrey regularity for the attractor
of the 3D Navier-Stokes-Voight equations. The method of the proof in [I9] is the
splitting of the velocity into higher and lower Fourier components. The method of
splitting of the unknown functions into higher and lower Fourier components has
been used before in the context of the weakly damped driven nonlinear Schrédinger
equation in Oliver and Titi [28] and a model of Béard convection in a porous medium
in Oliver and Titi [29] (see also Goubet [17]). Recently, the authors of Chueshov
et al. [I3] followed the same methods to prove the Gevrey regularity of the global
attractor of the generalized Benjamin-Bona-Mahony equation.

The purpose of this paper is to establish the Gevrey regularity of the global
attractor for the 3D MHD equations —. Our result reveals that all solutions



EJDE-2016/179 3D REGULARIZED MHD EQUATIONS 3

within the global attractor are real analytic functions, whenever the forcing terms
are analytic.

We want to point that the idea of this paper originates from article [19]. Different
to the Navier-Stokes-Voight equations studied in [19], equations — contain
the coupled Maxwell’s equations which rule the magnetic field. Observing the
coupled structure of the addressed equations, we expect to extend the method of
the proof in [I9]-splitting both the velocity field w(z,t) and the magnetic field
b(x,t) into higher and lower Fourier components. In terms of these splitting, we
then construct the asymptotic approximations of the solutions in the Sobolev space
V,n and the Gevrey space G (see Section 2 for notations). When doing so, however,
we need give proper decomposition of the equations. At the same time, we find
that the coupled structure of the regularized MHD equations plays an important
role when we estimate the relevant nonlinear terms in the asymptotic approximate
solutions.

This article is organized as follows. In the next section, we introduce some
notations and operators, as well as some lemmas that will be used frequently in our
proof. In Section 3, we construct the asymptotic approximation of the solution of
the regularized MHD equations in the Sobolev space V,,, for m > 2. In Section 4,
we construct the asymptotic approximation of the solution in the Gevrey space G2
for some 7 > 0.

2. PRELIMINARIES

Throughout this article, we denoted by LP(Q2) = LP(Q) x LP(Q) x LP(Q), for
1 < p < oo, and H™(Q) = H™(Q) x H™(Q) x H™(Q) the 3D vector Lebesgue
and Sobolev spaces (see [I]) of the periodic functions on €, respectively. Let F be
the set of all 3D vector trigonometric polynomials on the periodic domain €2, and
denote

V:{QSEF:V-(;S:Oand/(b(x)dx:O},
Q

H = closure of V in the L?(2) topology,
V = closure of V in the H'(Q) topology.

Also, we let P, : L2(Q) — H be the Helmholtz-Leray projection operator and
A = —P,A be the stokes operator subject to the periodic boundary conditions
with domain D(A) = H?(2) N V. Notice that in the space-periodic case

Au = —P,Au= —Au, Yue€ D(A).

We know that the operator A~! is a positive definite, self-adjoint, compact operator
from H into H. Thus, for any s € R, we can define the Hilbert space V, = D(A*/?)
endowed with the inner product and norm as

() = D (- wyli*), ul? = (w,w),,
jezd
for any u,v € V, where uj,v; are the corresponding Fourier coefficients of u and

v, respectively. Obviously, we have V =V} and V) = H. We will denote the inner
product and norm in Vy = H as

(u,v) = Z(uj ), lull? = (u,u), Vu,v € V.
JEZ3
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To deal with the convective terms in equations (1.1]) and (|1.2), we introduce the
bilinear form

B(u,v) = Py((u-V)v), Vu,ve.
We see (e.g., [19,[40]) that B can be extended to a continuous map B : VXV +—— V|
where V' = V_; is the dual space of V', moreover,

[(Blu,v), whyrv| < e@A Yl Py * ol o, Vu,v,weV, (21)
where Ay is the first eigenvalue of A, (-,-)y- v is the dual product between V' and
V', and hereafter ¢(-) or ¢(-,-,--+,-) > 0 denotes the generic constant depending
only the quantities appearing in the bracket, which may take different values from
one line to the next. Furthermore, we have
Lemma 2.1. The bilinear form B(-,-) satisfies

(I) Ifu,b €V, then all B(u,u), B(b,b), B(u,b), B(b,u) belong to V_y 3, and
~3/4

|Bu,u)| 12 < (A Hul?,
1B(b,0)|_1/2 < (A7 |02,
|B(u,b)| 172 < (AT ul1 b,
B, u)| 172 < (AL Hul[b]1.
(IT) If u,b € V35, then all B(u,u), B(b,b), B(u,b), B(b,u) belong to H, and
1B (u, )| < ()N [uly[uls2,
1B(b, b)]| < c()A > [bly [bl3/2,
1B(u, b) || < c(2)A; > [ul1[b]32,

—3/4
1B, )| < (AT *[ulso]bl:.

(III) For any m > 1, if u,b € Viuy1, then all B(u,u), B(b,b), B(u,b), B(b,u)
belong to V,,, and

|B(u7u ‘u|m+17

M < c(m, QA
|muwm<dmﬂ>”“w“w¥%mﬁ,
M < c(m, Q)A]
<

1/4 3/4

—78 1/4 3/4
1 B(1,b)|m Bluh uly
—78 1/4 3/4
| B(b,w)]m < elmy AT [0 b5 ] 1

‘b|m,+17

Proof. The conclusions of this lemma can be obtained by the standard interpolation
estimates and the Gagliardo-Nirenberg inequity (see e.g., [40, [38]). Here we omit
the details. O

With the above notation and definitions, we can write equations (1.1)-(L.4) in
the equivalent functional form

uy + vAu + o Auy + B(u,u) — B(b,b) = f, (2.2)
by + pAb + 2 Abs + B(u,b) — B(b,u) = g, (2.3)
u(z,0) = u™,  b(x,0) = b (2.4)

For the global well-posedness of the solutions and existence of the global attractor

for equations (12.2)-(2.4]), we have
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Lemma 2.2 ([9]). Assume that the initial data and the forcing terms f and g are
space-periodic with zero-spatial-mean vector fields that satisfy f,g € L®(R4; H),
(W™ ™) € V xV, and V- u® = V- b = 0. Then equations — have a
unique global solution (u,b) such that, for each T' > 0, one has

u,be L2([0,T); V) N L*([0, T]; H* ().

If furthermore f and g are independent of time t, then the semigroup {S(t)}i>o0
generated by the solution operators possesses a unique global attractor A CV x V.

The motivation of this paper is to investigate the analyticity of the solutions
within the global attractor A. We will employ the concept of the Gevrey class
regularity. For some given 7 > 0 and r > 0, we define the Gevrey space as

G:_ _ D(Ar/QeTAl/Q) _ {u c H| ||Ar/2€TA1/2u||2 _ Z ‘uj|2‘j‘2r€2-r\j| < OO},
JEZ?

which is endowed with the inner product and norm as follows

2 TAY? 2 TAY? 20 275
(U, V) = (AT/ ™A T, AT 2eTA ) = E wj - vj)§ 7 e,
JEZ3

lul,» = ||Ar/2€7-Al/2u||7 u,v € G,

where u; and v; are the corresponding Fourier coefficients of u and v, respectively.
Note that Levermore and Oliver [24] proved that the space of real analyticity func-
tions C¥(€2) has the following characterization

C¥(Q) = Uy»oGT.

We end this section with some technique lemmas that will be used in the proof
of our main results. First, let A > 0 and denote by P, the H-orthogonal projection
onto the span of eigenfunctions of A corresponding to eigenvalues of the magnitude
less than or equal to A. Set @) = I — Py. The following Poincaré-type inequality
holds.

Lemma 2.3 ([19]). Let u € P\GT and u € Q\G"T1. Then

1/2, . _ .
A |u|r+1 and ‘u|1‘,'r < A 1/2|u‘r+1,'r~

|ﬂ‘r+1,'r < €
Lemma 2.4 ([19]). For any 7 > 0, u,w € G2, and v € GL, the following inequality
holds

|(B(u,v),w), | < (A ulyZluly/? v

\T

1,7 17T|w|277"

Lemma 2.5 ([19]). Let s € R. Assume that h(t) € L*°([0,T); Vs—2) for some
T € (0,00). Then the linear problem

2o +vAz + a® Az = h(t), 2(0)=0,
has a unique solution z(t) € C([0,T]; Vs). In addition, the following estimate holds

‘Z(t | < Hh(t)HLoo([O,T],Vs,g)

S avy/(I/M Fa?) T

(2.5)

for allt €10,T7.
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Lemma 2.6 ([19]). Consider a nonnegative function ¥(t) satisfying for all t > to,
for some tg, the following inequality

d
L <+ 4O, i) =0,
where the positive real coefficient a,d,C obey
dC? < (a)2)%/2. (2.6)

Then for all t > to, there holds ¥(t) < 2C/a.
Finally, we will use the following lemma from Foias et al. [I6].

Lemma 2.7 ([16]). Let ¥(t) and ¢(t) be locally integrable functions on (0,400)
which satisfy some T > 0 the conditions

t+T
alinigjf T/ (r)dr >0,
t+T
lim sup — P~ (T)dr < o0,
t——+o0 T t
1 [T
lim sup — / ¢t (1)dr =0,
t——+o0 T +

where ¢~ = max{—,0} and ¢+ = max{¢,0}. Suppose that p(t) is a nonnegative,
absolutely continuous function on [0, +00) that satisfies the following inequality a.e.
on [0, +00),

¢'(t) +U(t)p(t) < o(1).
Then p(t) — 0 as t — +oo.

3. ASYMPTOTIC APPROXIMATION IN V,,

The aim of this section is to construct an asymptotic approximation of the so-
lution of equations (2.2)-(2.4]) in the space V,,, for every m > 2. Note that

Nee_1 Vi, C C™(Q).
Theorem 3.1. Let m > 2 be an integer, and let (u(x,t),b(x,t)) be a solution of
equations (2.2)-(2.4) corresponding to the initial condition (u'™,b™) € V x V with
the forcing terms (f,g) € Vin—2 X Vi_a. Then there exist two functions
v (2,t) € Lo([0,4+00); Vin)  and € (x,t) € L>([0,400); Vi)
satisfying
i _pm) - 1 _glm) —
Jim[u(t) ~ o™ (0 = Tim_[b(e) ~ £ (1) =0,

Proof. Let us fixed m > 2, and let (u!™,b™) € V x V. Firstly, we can write the

solution as
u(t) = v(t) + w(t)

b(t) = &£(t) +n(b),
where (v(t), w(t)) and (£(¢),n(¢t)) satisfy the coupled equations
v +vAv + a?Av; = f — B(u,u) + B(b,b), v(0) =0, (3.2)
wy + vAw + o?Aw, =0, w(0) = u'", (3.3)

(3.1)
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and
& + pAE + B2AG = g — B(u,b) + B(b,u), £(0)=0, (3.4)
m + pAn + B2 An, =0, n(0) =b", (3.5)

respectively. By using that both u(x,t) and b(z,t) belong to L ([0, +00); V), and
applying Lemma (I) and Lemma we see that
v(t) € L*([0, +00); V3/2)

€(1) € ([0, +00); Vo). 30
Now, by and , we conclude that
lw@)|? + a?lwl} < e (Ju™]? + o®[u™ D),
()1 + B%nlF < et ([o™ 1% + 52b™[3),
where[ 81 := (1/\; +a?)7L, 65 := (1/A1 + 3%) L. Therefore,
Jim_ ) = o0l = lim_ (0l = 0, (3.7
Jim [b(e) — () = lim_|(6) = 0. (3.8)
At the next step, we consider 0(2)(96, t), the solution of the equations
vgz) +vAv® + onAvt(z) = f — B(v,v) + B(&, ), (3.9)
v (0) = 0. (3.10)

By Lemma (IT) and (3.6), we see that the right-hand side of equality (3.9) lies
in L*°([0, +00); H). Hence, applying Lemma we find that the unique solution

of (3.9)-(3.10) satisfies

v (t) € L>([0, +00); Va). (3.11)
Similarly, we consider & (2)(30, t), the solution of the equations
& + pAg® + B2 AgY = g — B(v,€) + B(€,v), (3.12)
£@(0) =o. (3.13)
We also can conclude that the unique solution of (3.12))-(3.13)) satisfies
¢®)(t) € L2([0,+00); V7). (3.14)
Now, we set 2(?)(z,t) = v®(z,t) — v(z,t), which satisfies
L 40 As® | a2gef? -
= B(u,u—v) + B(u=v,v) = Bb,b~€) = B(b - &,9), '
22(0) = 0. (3.16)
At the same time, we set 7 (z,t) = €3 (z,t) — &(z,t), which satisfies
)+ pAn® + 3% Ag? (3.17)

:B(u_v7£)+B(uab_£) —B(b—f,U) _B(bau_v)v
n®(0) = 0. (3.18)

Since u,b € L*([0,4+00); V), and v and ¢ satisfy (3.6)), we conclude from Lemma
that equations (3.15)-(3-16) have a unique solution 22 € L*([0,+00); V3/2).
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Similarly, equations (3.17)-(3.18) have a unique solution n(® € L>=([0, +00); V3 2).
Then taking an inner product of { with 2®) and using ( ., we obtain

1d
55 (12212 + 0222 >+u|z<2>|%

= B(u,u—v,2?) + Bu—v,v,22) = Bb,b—£,22) — B(b - ¢,¢,29)

< @l [ — vl |2® s + (@l — ol [ols 122y
+e(QBl1 b= €l 2P+ ()b — €€l 2P

< e(Qv)(lu—vfi(Julf + o) + b — &[T (|§|f+|b\§))+g|z(2)|i

which gives

d 1/61
CUOI +a?l2R) + L1 (1|2 + a=OR) 10)
c(Q, ) (Ju = ol (luff + [v]F) + [b— €I + [BIT)).
Analogous to the derivation of (3.19), we can obtain
@2 4 g2 M2 @12 4 g2y 2
(IITI 1P+ 82 13) + == (@) + 620 @)3) (3.20)

< c(Q,v) (lu —vlF(b]F + |£|1) + 16— €R (Julf + [vlD).

By (3.7)-(3.8) and the fact that all w(t),v(t),b(t),&(t) are bounded uniformly in
time in the V norm, we conclude from (3.19))-(3.20) and Lemma [2.7| that

i (2) — 1 _ (2 _
Jim 220 = T fo(t) = (0 =0,
i @)y = i _ @ =
t_1}+moo|77 (t)|1—ti15rnoo|§(t) ¥ =o0.

We next continue by induction. Fix 2 < n < m, and suppose that we have
constructed v\ (t) € L*([0,+00);V;) and €W (t) € L>®([0,+o0);V;), for j =
1,2,--- ,n — 1, such that for any j

lim (09 V(@) — oD @)y = lim |ut) — oD (#)], =0, (3.21)
t——+oo t——+oo

lim [¢U7D () = €D (1)1 = lim [b(t) — 9 () = 0. (3.22)
t——+oo t——+oo

Let us consider the equations

o 4 vAu™ a2 A" = f — B, o) 4 BEMD, D), (3.23)

o™ (0) =0, (3.24)

and
€M 4 pAg™ 4 B2AE™ = g — B™ ) D) 4 B(eD o1y (3.25)
€™ (0) = 0. (3.26)

By Lemma@ and the estimates on the nonlinear terms of Lemma [2.1] the unique
solution v ”) ) of - -, and & (”) ) of - -, satisfy, respectively
v (t) € L=([0, +00); Vi),
M (t) € L=([0, +00); Var).
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Furthermore, we denote z(™) (t) = v(™ (t) — v(»~1(t), which satisfies
zgn) +vAz™ 4 azAzt(n)
= B(v"™2 (=D _ (=) 4 B(p(n=2) — (=l (1)) (3.27)
— B(em=2 =2 _ci=1)y _ pen=2) _ gn=1) eln=1)y
=M (0) = 0. (3.28)
We also set 7™ (z,t) = £ (2, ) — €™~ D(x,t), which satisfies
" + pAn™ + B2 An™

— B(,U(n—2) _ U(n—l)’g(n—l)) + B(,U(n—Q)’g(n—Z) _ g(n—l)) (329)
_ B(E®=) _ gn=1) y(n=1)) _ peln=2) y(n=2) _ ,(n=1)y
M (0) = 0. (3.30)

Taking the inner product of equation ([3.27) with z(")(¢) and using Lemma [2.1| and
(13.21)-(3.22), we get by Lemma that

Jim 2O = tim [0 = oD@k = lim () = o (@)l =0,

t——+oo
(3.31)
Similarly, taking the inner product of equation with £ (t) and using Lemma
and —, we get by Lemma that

Jim (0= lim [ ()" TV @)k = Tim [b()—£" (1)1 =0. (3.32)

The proof of Theorem [3.1] is complete. O

4. ASYMPTOTIC APPROXIMATION IN THE GEVREY SPACE

The result of Section 3 shows that the global attractor of equation -
lies in C*° whenever the forcing terms f and g are C*°. The aim of this section
is to show that the global attractor is real analytic, whenever the forcing terms f
and g are analytic. To this end, we will borrow the idea of Oliver and Titi [28] [29]
and Kalantarov, Levant and Titi [19], to construct the asymptotic approximation
of the solution of equations - in the Gevrey space G2, for some 7 > 0.

Firstly, it can be proved (see Catania[d]) that the solution of the regularized
MHD equations satisfies for all ¢ > 0,

lu@I* + o?[u(®)[F + 1@ + B2 [b()

. . . ) 0 0
< efést(HumHQ _’_a2|um‘% 4 ||bm||2 +ﬂ2|bm|% _ j) + £7
05 05
where
2 2
2 2 ) 11
5y 1= ‘fly LONR gL Lo 6y :=min{p, v}, &= gmin{g, ?,)\1}.

Therefore, there exists some t, depending on [[ui™||, [u™|1, [|B™|, |6™|1, |f]|-1, |9]-1,
u, v, a, B and A1, such that for all t > ¢,

lu(t)]1 < My/a, (4.1)
1b(t)|1 < My/B,
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where M, := /2d3/95. Analogously, there exist two positive constants M @) and
M® | which depend only on |Ju™||, [u™[1, [|[6™], 6™, |f|-1, |9]|-1, & v, @, B and
A1, such that the solutions of (3.9)-(3.10) and (3.12)-(3.13) satisfy

W@ <MY, Vi,
€@ < MP, v,

Lemma 4.1. Let f and g belong to V,,,—o. Consider t. > 0, such that the solution
of the regularized MHD equations (2.2)-(2.4) satisfies the relations (4.1]) and (4.2)

for allt > t.. Then the following statements are true
(1) The functions v(x,t), {(z,t) € L>([0,+00); V3/2), constructed in Theorem
satisfy for all t > t.,

_3
)l e M (o + 52)

1 a
|’U(t)|3/2 < Mgg/g = )

ov ()\fl +a2)-1
(

-3 1 1
9 l9l—1/2 + () M3 -+ 32)
€0l < M) = o 4
By (AL + 6271
(2) The functions v (x,t), €2 (x,t) € L=([0,+00); Va), constructed in Theo-
rem satisfy for all t > t,,
[CONYE)

£+ (AT T My (T2 4 Mz
_ 1 T 8

avy/ (AT 4 a2)-1

_3 M2 M)
gl el T (e 4 M

Buyf AT+ 62)71

(3) Letm be an integer. The functions v™ (z,t), €™ (z,t) € L>®([0, +00); Vin),
constructed in Theorem [31] satisfy for all t > t.,

0™ Ol < ME, 1€ (Ol < M,

@ (t)]2 < MY

€@ (1)) < M5 -

where

_7
) o ez elm DA D)0, + ()3 (Mg 3]

)

avy/ (AT 4 a?)-1

m‘i

_z N N - (1
@ Mlmma + elm QAT (A3 () ) |+ (
My =

Buy/ (AL + 5271
Proof. Recall that v(z,t) and &(x,t) satisfy (3.2) and (3.4), respectively. In gen-
eral, v(™ (z,t) and €™ (x,t), for m > 2, satisfy 13.23: and (3.25)), respectively.

Therefore, the proof of this lemma is an immediate application of Lemma [2.5] in
particular relation (2.5)), and the inequalities of Lemma O

D (MM ]

Theorem 4.2. Let (u(x,t),b(x,t)) be a solution of the reqularized MHD equations
[2.2)-([2.4), corresponding to the initial condition (u'™,b™) € V x V with forcing
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terms (f,g) € G}, x Gy, for some 7o > 0. Let t, >0 be as in Lemma then
there exist two functions

v9(t) € L™ ([t., +00); G2), (4.3)
€°(t) € L% ([ts, +00); G7), 4.4

for some T > 0, depending only on |f|1 1, |9l1,70, 4, V, @, B and A1, satisfying

i fu(t) = v(0)]1 =0, (4.5)
Jlim[b(t) — €)1 =0. (4.6)

Proof. Let A > 0 to be chosen later. First, consider (v (z,t),£3) (z,t)) the as-
ymptotic approximation of (u(x,t),b(x,t)), which is constructed in the proof of
Theorem Bl Denote

o(t) = Pao(t), &) = PP (1),
Consider #(t) and £(t) for all t > t, -the solution of the following equations

Ty + vAD + 02 ATy + QABT + 0,7 +0) — QuBE+E,E+E) = f, (4.7)
o(ts) =0, (4.8)
and

€ + PAE + F2AG + QuB(U + 0,6+ &) — QBE+ET+10) =4, (4.9)
g(t*) =0, (4'10)

respectively, where f = Qxf and § = Qxg. Let us put
v (t) =o(t) +o(t), t=>ts, (4.11)
() = (1) +&(1), t>t. (4.12)

Our goal is to show first that there exists some 7 > 0 such that
(1), €(t) € G2

Since ©(t) and £(t) are just trigonometric polynomials, and in particular, are ana-
lytic, we need to show that we can choose A large enough, such that o(t) and £(t)
belong to G2 for some 7 > 0. Finally, we will show that (v (z,t),£%(x,t)) is indeed
the asymptotic approximation of (u(x,t),b(x,t)).

We want to point out that in order to prove that the solutions of —
and — belong to a Gevrey class of real analytic functions, we consider the
Galerkin procedure to and , respectively. However, we omit this standard
procedure, and obtain formal a priori estimates on the solutions in relevant Gevrey
space norm. Taking formally the inner product of with 0, and with £ in
G1, respectively, we obtain the following inequalities

1
Q(V
<I(F. 01|+ [(B@,9), 5)1.0] +

Wt - +a?[ol3 ;) + v]of3

(B 0,000l +1(BE5)01el 415
1B, 017+ [(BED. D1l + |(BEH. 91
(B9, 9)1r ] + [(BEE), o)1
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and
SUER+ B1ER.) + nlél,
< |(g 5)1 T|+|( (7 7) v)l ‘r|+ |(B(§>€)7g)1,7'| + |(B(qvjag)a§v)1,‘r| (414)
+1(B(©,£),8)1,7] + [(B(E,0), )1,-| + [(B(E,9), )1,
+|(B(£,0), )1,-| + [(B(E,0), 01+

accordingly. We next estimate the terms on the right-hand side of above (4.13)) and
(4.14).

Firstly, using subsequently the Cauchy-Schwarz and Young inequalities, as well
as Lemma [2.3] we obtain assuming 7 < 79 that

‘(fvv’[})lﬂ'l

V ~
|f|17’ §|U|§7T’ (415)

: - Hiz2
< — - . 4.16
L M|g|1,T + L1883, (4.16)

(3. )17 < 1gl1.r

Secondly, using Lemma Young inequality and the Poincaré-type inequalities of
Lemma we obtain the following series of estimates for all t > t,:

— =N\~ 3/4 3/2 2
(B@,0),0)1,+] < (@A *[ol3 2 [0]3/2 6],

A2 1 1
- C(Q)€4 A (Ml( ))3M2( ) N Z|,D|2 (417)
- A gl
— . - —-3/4,_,1/2 1/2 -
(B(@,9),9)1,7] < (Aol 210132 6]1,+10]o.
c(Q)e“l/z(Ml(l)MQ(I))l/Q ;. (4.18)
< )\1/2/\3/4 |v|2,‘r’
1
TAV/2 2 p(1)
Lo . —3/4,.11/2,.3/2 c(Q)e A My o
(B(5,0),0)1,+] < (@A oy 2163 2 o), < WII (4.19)
(B(5,5), 01,7 < (@A o[22 005/7 < (AN 0f3
() 12 212 \3/2 (4.20)
= )\3/4)\:1))/4 3(|U|1,T+a |v|2,'r) ’
= =\~ —-3/4 3/21=1/2
(B(€,),0)1,-] < (A 12 (€L 2 o,
FAL/2 2
_ 6(9)64 A (Ml( ))3M2( ) N Z‘{)F (4.21)
3/2 8 2,7
v
[(B(€,€),0)1.-] < (AP IEN2IE21EN - 0]2,r
rAL/2 2 2
< A (M i RRL R T
X )\1/2)\3/4 \T \, T/
(B(,€), )1+ < QA HEN2I1ER2 1)1 r 620
3/4 _1/4 -
<
< e(QA] 1€]2.r |1 2102+ (423)

c(Q)e” Al/zM(Q)

)\3/4)\1/4 (| |2‘r+|§|2‘r)
1
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(BE.€),)1.1|

QAL ERZIE R 012, < (@A AT HER 10
(A AT —3<|v|“+a2|v|2 )2

+ (AN B3R |+ BYIER )%

c

(
(

<
<

< (9,0, AT 3/4<|@|“ + a3, + |3, + 62113/,
(B@,€),6)1.-] < e [511 72013 2 1€, |E]2.-
_ @ Q)erm™ 11 D (1122 e
M)\3/2 g I812,m
(B@.€),6)1.-] < e [B11 72013 2 1€l 1. |E]2.-

C(Q)€TA1/2 (MI(I)MQ(U)UQ .
/\1/2/\3/4

(B(5,€),)1.-] < (AL 012101/ 2 €] - 1€,
_ _ A2 e

<A AP e (1012, + (€12,),

<

(B(#,€), €)1+
< A2 1015 21 1o
< QAN o2, €12,

< e, AN (62 L+ P03, + 11, + B2IER),
(B(€,7),€)1,-] < (A €N EL 2 017 €2, r
FAL/2 2 1
o AN MM ALY

= )\3/2 8| ‘2,7-7

(B(E,9),€)1.-] < c(A €L 21E152 1011 1€l
cer,\1/2(M1( )MQ(Z))1/2
)\1/2)\3/4
(BE,),)1.+] < (NI 21EL 21011, 1€ 2.
_ c(Q)e™ "
)\1/4)\?/4

(1913~ + 1137,

€13,
|(B(,), )1,

< A ENZIEL 2 91,7 1€ 2.

< ATVINTYER o),
<

c(Q o, BN (02 L+ I3, + €2, + B2IERL )2,

13

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)
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—1/2

Let us set 7 := min{\ ,70}. Then we select A large enough satisfying

ax{dﬂﬂmﬁ”M§5“2+Aﬁ”M§5“ﬂ dQXMf”+MfU}

3/4 ) 3/4
)\1/2)\1/ )\1/4)\1/ (4.33)
< min{81/,,u}.
Taking (4.13)-(4.33)) into account, we obtain
1d . B . . vV Wz
5&(‘”&,7‘ + Oé2|’l)‘§77_ + |£‘%,T + ﬁ2|§|g,‘r) + g‘vgﬂ' + §|§|g,‘r
6(970576) 1 ~ ~ & &
< W(l + g)(lvﬁﬂ' +a?ol, + €7, + ﬂ2|§|§,7')3/2
1
1 1 2 2
L2 p oy 2 C@OR M ao)or?yag? 43
pAT BT AT 1/)\‘;'/2 V/\?/Z
1) 5 (1 2 2) 1 7(2 1
MM (M) (@M Mg ()
Ay’ Ay

Using Lemma [2.3] and setting
56 = min{él, 52} = HllIl{(l/)\l + 042)71, (1/)\1 + ﬂ2)71},

we can write

|20 I/56 1. . V66 . .
glvlﬁ,T > §(A Hols , + ®lof3,) = ?(\vlif +a?lo]3,), (4.35)
o B\ 1,z : 16 | = :
glél%,T > ATHES . + Bl ) = 3 (€13 - + B%I€]3.,)- (4.36)

Substituting (4.35))-(4.36) into (4.34) gives
1d ] .
5&(‘” g,'r + |§ %,T + 62|§|§,T)

0406 .
s
c(, a,

+ (3/4 ?ﬁl)

A3/ANT

1r+a’o

<

1r+a’o

5 T IER - + %1150
(4.37)

1 . . . .
(1 + 5)(‘”%,7‘ + Oé2|’l)‘§77. + |£‘%,T + ﬁ2|£|377)3/2

2 a5 2

— —|g K
+I/)\|f 1,T+M)\|g|1,‘r+ ’
where the constant

K =

o) [ QLD + (M)
A

v

+

A A e
I
is independent of A.

To apply Lemmato the function (0|7 . +a?|0]3 , + |€|%T +ﬂ2|g|§’T) satisfying
inequality 7 we need check the condition . In fact, we can choose \ large
enough, such that

Q0,81+ %) 2| fl3, + g3, 1/2
c(Q,a ﬂ)(3 L as)( (wIflf, +plali ;) —|—K) <
)\3/4/\1/ A

9406 13/
(3. (4.38)
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For such choice of A, we conclude from Lemma [2.5/that (|5]3 . + o2(0[3 . +[¢
ﬁ2|é\§77) is bounded for all ¢ > t., and hence

2
1,7 +

v?(t) € L ([ts; +00); G2

that is (4.3)) and (4.4)) are proved.

We now are left to show that (v¥(x,t),&¥(z,t)) is the asymptotic approximation
of the solution (u(z,t),b(x,t)) of the regularized MHD equations. Put

) and £7(t) € L% ([ts; +00); G7),

z=u—1*, zZ=P(u—v?)=Pu-T1,
(=b-¢, (=P0b-®)=Pb-¢

and denote

Relations (4.11))-(4.12)) and (4.39))-(4.40) give

Z+i=u—v" =z,

- ; (4.41)
C+i=b-g'=¢.
Obviously, by the construction and Theorem we have
Jim [Pu(t) = 5(0) = lim [ = 0, (1.42)
i [Pyb() ~ (D) = lim_[Cly = 0. (4.43)
Therefore, to prove (4.5) and (4.6)), we need to show
Jim[Quu(t) — o0 = Tim_|2(1)}s = 0, (4.44)
i (Qub(t) — ()l = tim_[E(0)] = 0. (4.45)
By the property of the operator B(-,-) and relation (4.41)), we have
B(u,u) — B(v“,v*) = B(u —v*,u) + B(v*,u) — B(v*,v*)
= B(z,u) + B(v*,u—o*
(2,u) + B( ) o
= B(z,u)+ B(u— z,2)
= B(z,u) + B(u, z) — B(z,2)
Similarly,
B(”v b) - B(Uw7 gw) = B(Z’ b) + B(u7 C) - B(Za C)a (448)
B(b,u) — B(§¥,v") = B(C,u) + B(b, 2) — B(, 2). (4.49)
From (2.2)), (4.7) and (4.46)-(4.47)), we find that Z(t) satisfies
% +VvAZ+ a? Az + Qa(B(u, 2) + B(z,u) — B(z, 2)) (4.50)

—Q\(B(b,() + B((,b) — B((,¢)) =0, t>t,
2(t) = Qrult). (4.51)
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Also, by (2.3), and (4:48)-(£.49), we see that {(t) satisfies
{e + BAC + B2AL + QA(B(u, ¢) + B(z,b) — B(2,())

(4.52)
—Qx(B(b,2) + B(¢,u) — B((,2)) =0, t>t,,
E(ta) = Qubita). (4.53)
Taking the inner product of equation with Z in H, we obtain
Sl + a?20) + )21
<I(B(z,u), 2] + [(Qa(B(w,) + B(z,u) - B(2,2),2) e

+1(Q(B(b,€) + B(¢,0) = B(C.¢) = B(¢,€) = B((,¢)), )]
—(@B(b,€),2) + [(B(C,b), 2)] + (QxB(C, ), 2).

At the same time, taking the inner product of equation (4.52) with ¢ in H gives

2 2 £l
L e + B +

<(@a(B(u.Q) + Bz, b) — B(z.0)), %)
+(Q(=B(b,7) + B(C,u) = B(C,2)),0)| + |(B(2,0),0)]
+1(B(%,€), 01 = (@xB(b,2),€) + [(B(C, ), £)| + (QxB(C, 2), 0).

By the Poincaré inequality, we have

(4.55)

2001 + a?)
plC|F = %(MIIZIIQHCI?) 7(IICII2+BQICI ). (4.57)

200" +?)
It then follows from (4.54)-(4.57) that

1d
5 g (AP + 20T + 1K) + #7111

5456

~ V ~ ~ ~ ~
vIEft = Sallzl® + 121D > (1217 + o?[2F3), (4.56)

5 (1217 + 21201 + <17 + B2ICIT) (4.58)

<\(B( Z,u), 2)| + [(B(,0), 2)| +[(B(2,0), O] + [(B(2,0), Q)
+I(B(C,u), 2)| + 9(1),
where
U(t) = [(Qa(B(u,z
+ [(@QA(B(b,
+ [(@x(B(u,¢)
+ [(@x(=B(b, )+B(C, u) = B((, 2)),Q)l-
Now the first five terms on the right-hand side of can be estimated as follows.
Using , Lemma and .—., we obtain for ¢t > t,,

(B@“%“”%ﬁﬂﬂ<;;bw>|n<>”ﬂ<>?2<;§2ﬁ;

)+ B(z )
C,H (C )_B(C’S ) i (4.59)
,()+ B ¢

[Z(D)[F,  (4.60)
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(B0, 60), ) < SSRIMORIEO 01 0
1
C(Q)Ml
= ﬁ/\?/4/\1/4
)My oo Z0|2
< W(Mt”l +[CH),
C(Q)Ml
= ﬂ)\i’/‘l)\l/zi

LGOI (4.61)

(IZOF +IC@)ID), (4.62)

(820,01 < RO 0120 20,
. 2 .
m“@ﬁijﬁ? Dol (163
¢ 1 2(2) 2 0N (2
o = =0 + K,
(BE0, ). 20)] < O L IEOI O (0,
1
< O%wa)mé(tm (164)
C(Q)Ml

< W(V’(t) T+ 1K)

Inequalities — yield
(B(2,u), 2)| + [(B(,0), 2)| + [(B(2,0), Ol + [(B(2,0), | + [(B(C, ), 2)]

Q M M(z) x
e I + (0 + GO + 3

Inserting (4.65|) into (4.58]) gives

1d

5 g (17 + 220 + 1IK1% + B2IKIR)

a0 (o B, My, MEP)N o s s e (4.66)
(O - T Yl ol + I + 57D

(4.65)

< U().
Note that we can choose A large enough such that

840 Q My, M
406 i C( 7avﬂ7 1 2 ) <> 0. (467)
2 )\3/4)\1/4

At the same time, employing the relations ( - 4.43) and the fact that w and b
are bounded in the V' norm, we can conclude from l-) that

lim P(¢) =0. (4.68)

t——+oo
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It then follows from (4.66)-(4.68) and the Gronwall inequality that

Jim (122 + a2 + I + 8213 = o,

for A large enough, satisfying

C(Q,O{,ﬁ7 Mla M2(2))

A>( 5406

YAINTE (4.69)

Therefore, (#.44) and (4.45) are proved for X\ large enough, satisfying relations

(4.33), (4.38) and (4.69). The proof of Theorem is complete. O
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