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EXISTENCE OF SOLITONS FOR DISCRETE NONLINEAR
SCHRODINGER EQUATIONS

HAIPING SHI, YUANBIAO ZHANG

ABSTRACT. By using the Mountain Pass Lemma, we establish sufficient condi-
tions for the existence of solitons for the discrete nonlinear Schrodinger equa-
tions.

1. INTRODUCTION

The discrete nonlinear Schrodinger (DNLS) equation is one of the most impor-
tant inherently discrete models. DNLS equations play a crucial role in the modeling
of a great variety of phenomena, ranging from solid state and condensed matter
physics to biology [7, [8, [9]. For example, they have been successfully applied to
the modeling of localized pulse propagation optical fibers and wave guides, to the
study of energy relaxation in solids, to the behavior of amorphous material, to the
modeling of self-trapping of vibrational energy in proteins or studies related to the
denaturation of the DNA double strand [9].

Below N, F and R denote the sets of all natural numbers, integers and real
numbers respectively. For a and b in f, define F (a,b) = {a,a + 1,...,b} when
a < b. This article concerns the DNLS equation

“/}n = _A¢n+5nwn_fn('¢)n)a necrl, (1'1)
where A, = ¥n11+1¥n_1—21, is discrete Laplacian operator, €, is real valued for
eachn € F, f, € C(R,R), f,(0) =0 and the nonlinearity f,(u) is gauge invariant,
that is,

fn(e®u) = e f(u), 6eR. (1.2)
Since solitons are spatially localized time-periodic solutions and decay to zero at
infinity. Thus, 1, has the form

—iwt
'(/}n = Upe€ ;
and
lim ), = 0,
[n|—o0

where 1, is real valued for each n € F and w € R is the temporal frequency. Then

(1.1) becomes
= Auy + eqty — WUy, = fn(un)7 ner, (13)
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and
‘ llim Up =0 (1.4)
holds.
Actually, our methods allow us to consider the following more general equation
- A(pn(Aunfl)(s) + Qnui = fn(un+T7Un; unfT)7 ner, (15)

with the same boundary condition . Here, A is the forward difference operator
Ay = Upi1 — Up, A%u, = A(Au,), p, and ¢, are real valued for each n € F,
§ > 0 is the ratio of odd positive integers, f,, € C(R* R), T is a given nonnegative
integer. When § = 1,p, = 1,9, =&, —w and T = 0, we obtain (1.3). Naturally,
if we look for solitons of , we just need to get the solutions o satisfying
(4.

When [, (tunt1, tUn, un—7) =0, n € F(0), reduces to the equation

A(pn(Aup—1)°) + goud, =0, (1.6)

which has been studied in [16] for results on oscillation, asymptotic behavior and
the existence of positive solutions.

In 2008, Cai and Yu [I] obtained some sufficient conditions for the existence of
periodic solutions of the nonlinear difference equation

A(pn(Au”*l)é) + qnufp = fo(un), neF. (1.7)

It is well known that critical point theory is an effective approach to study the
behavior of differential equations [10} 1], 12} 13| 24], 27]. Only since 2003, critical
point theory has been employed to establish sufficient conditions on the existence
of periodic solutions for second order difference equations [I4, [15]. Along this direc-
tion, Ma and Guo [20] (without periodicity assumption) and [2I] (with periodicity
assumption) applied variational methods to prove the existence of homoclinic orbits
for the special form of (with 6 =1 and T' = 0). Chen and Wang [6] studied
the existence infinitely many homoclinic orbits of the following nonlinear difference
equation

A(pn<Aun—1)5) - qnui + fn(un) = 07 ne Fa (18)

by using the Symmetric Mountain Pass Lemma.

In the past decade, the existence of solitons of the DNLS equations has drawn
a great deal of interest [I7), I8, 22] 23] 25, 26, 31, [32] 33], 34, B5]. The existence
for the periodic DNLS equations with superlinear nonlinearity [22] 23] 28] [26], and
with saturable nonlinearity [34] B5] has been studied. And the existence results of
solitons of the DNLS equations without periodicity assumptions were established
in [I7, 18, 31, B2 33]. As for the existence of the homoclinic orbits of nonlinear
Schrodinger equations, we refer to [5] 28] [29] [30].

Our main results are the following theorems.

Theorem 1.1. Suppose that the following hypotheses are satisfied:

(A1) for anyn € Z, p, > 0;
(A2) for anyn € Z, q = infrez ¢n > 0 and lim),| 4 o0 g = +00;
(A3) there exists a function F,(v1,v2) € C1(R3R) satisfies

OF,_7(va, v3) N OF,(v1,v2)
Ovg vy

= fn(v17v23v3)7
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=0 wuniformly forn € Z\ M, p; = (fu‘lerl + vg“)ﬁll,

lim fn(vl,gz,%)
B2—0 I6
(A4) for eachn € Z, F,(v1,v3) = Wy (v2) — Hy(v1,v2), W, H are continuously
differentiable in vo and v1, vy Tespectively. Moreover, there is a bounded set
M C Z such that Hy,(v1,v9) > 0;
(A5) there is a constant p > § + 1 such that
6Wn
0 < uW,(vg) < #1}2, V(n,v) € Z x (R\ {0});
2
(A6) H,(0,0) =0 and there is a constant o € (6 + 1, u) such that
H’n ) Hn )
0 (Ul Ug)vl + 1o} (Ul 7.)2)
ovy vy

(AT) there exists a constant ¢ such that

=0 wniformly forn € Z\ M, By = (0T + 03t + Ug‘*l)ﬁ;

vg < oHp(v1,v2);

H,(v1,v2) < c(ui™ + 0351 forn e Z, o7 + 00 > 1.

Then (1.5) has a nontrivial solution satisfying (1.4]).

Theorem 1.2. Suppose that (A1)—(A3), (A5)—(A8), and the following hypothesis
are satisfied:

(A4’) for each n € Z, F,(v1,v2) = Wy (v2) — Hy(v1,v2), W, H are continuously
differentiable in vo and vy, ve Tespectively;

or
F,(vi,v
lim 771(511 2)
B1—0 ,81

Then (1.5) has a nontrivial solution satisfying (L.4]).

Remark 1.3. Equations similar in structure to (L.5)) are discussed by Zhang et al
[31, 32] under the assumption that f satisfies:

0<(g—1Df(w)u< f(u)u® Yu#0

holds for some constant ¢ € (2,+00). This is a stronger condition than the classical
Ambrosetti- Rabinowitz superlinear condition, i.e., there exist constants ¢ > 2 and
r > 0 such that

=0 uniformly forn € Z, B = (0T + vg“)ﬁ,

0< q/u f(s)ds < uf(u), Y|u| >r.
0

Thus, our results improves the corresponding results in [31], 32].

As it is well known, critical point theory is a powerful tool to deal with the
homoclinic solutions of differential equations [I0, [IT], [12], 13] and is used to study
homoclinic solutions of discrete systems in recent years [2] 3] 4} [6l, 20} 211, [34]. Our
aim in this article is to obtain the existence results of solitons for the discrete
nonlinear Schrodinger equations by using the Mountain Pass Lemma. The main
idea is to transfer the problem of solutions in E (defined in Section 2) of
into that of critical points of the corresponding functional. The motivation for the
present work stems from the recent papers [3] [6] [11].
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2. PRELIMINARIES

In order to apply the critical point theory, we establish the variational frame-
work corresponding to and give some lemmas which will be of fundamental
importance in proving our main results. We start by some basic notation.

Let S be the vector space of all real sequences of the form

U= (s Uy ooy U, UQ, ULy e ey Uy e e ) = U I
namely
S={{un} :u, eR, ner}.
Define
“+oo
E = {u IS Z [pn(Aun_l)‘Hl + qnuffl] < +oo}.

The space is a Hilbert space with the inner product

+oo
(u,v) = Z [pn(Aun_l)‘sAvn_l + qnuivn], Yu,v € E, (2.1)

n—=—oo

and the corresponding norm

+oo 1
[[ull = { > [pn(Aun_1)* + guud™] } " VueE. (2.2)

On the other hand, we define the space of real sequences,
“+o0
P={ueS:lulls=(> [unl)"* <400}, 1<5<+o0,
with [|u|leo = sup,,cyz |tn| when s = 4o0.
For all u € F, define the functional J on E as follows:

+00 too
1
J(u) ::m Z [pn(Aun—1)5+1 + QnuiJrl] - Z Fn(un+Taun)
1 . (2.3)
:m”U”(Hl - Z Fy(Untr, tn).

Standard arguments show that the functional J is a well-defined C' functional
on F and is easily recognized as the corresponding Fuler-Lagrange equation
for J. Thus, to find nontrivial solutions to satisfying , we need only to
look for nonzero critical points of J in E.

For the derivative of J we have the following formula,

+oo
<J/(u)7 U> = Z |: n(Aun—l)EAvn—l + Qnuivn - f?L(un+T7 Unp, Un—T)Un}a (24)
for all u,v € E.

Let E be a real Banach space, J € C'(E,R), i.e., J is a continuously Fréchet-
differentiable functional defined on F. J is said to satisfy the Palais-Smale condition
((PS) condition for short) if any sequence {u,} C E for which {J(uy)} is bounded
and J'(un) — 0 (n — o0) possesses a convergent subsequence in F.
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Let B, denote the open ball in £ about 0 of radius p and let 0B, denote its
boundary.

Lemma 2.1 (Mountain Pass Lemma [27]). Let E be a real Banach space and
J € CH(E,R) satisfy the (PS) condition. If J(0) =0 and

(1) there exist constants p, a > 0 such that J]|pp, > «, and
(2) there exists e € E'\ B, such that J(e) <0.

Then J possesses a critical value ¢ > a given by

¢= inf Jnax, J(g(s)), (2.5)
where
I'={geC([0,1], E)|g(0) = 0, g(1) = e}. (2.6)
Lemma 2.2. Foru € FE,
allulli < gllullsty < flull®* (2.7)

Proof. Since u € E, it follows that limj,|_ [un| = 0. Hence, there exists n* € Z
such that

lt|loo = |ttn+| = max |uy].
nez

By (A2) and (2.2), we have

[P =57 [pa(Aun—1)’ "+ gaudt] > ¢ > udtt > gllul|2
neZ nez

The proof is complete. ([

Lemma 2.3. Suppose that (A5) holds. Then for each (n,u) € Z x R, s7#W,(su)
is nondecreasing on (0, +00).

The proof of the above lemma is routine and so we omit it.

Lemma 2.4. Suppose that (A1)—(A8) are satisfied. Then J satisfies the (PS)
condition.

Proof. Let {u*}en C E be such that {J(u®))},en is bounded and J'(u®)) — 0
as k — oo. Then there is a positive constant K such that

|[Jw™) < K, ||J'(u®)|g <pK for ke N.
Thus, by (2.3), (A5) and (A6), we have
64+ 1)K 4+ (5 4+ 1D)K|Ju®||

> 5+ D)7 ®) — CFL g1 ®y 0
0
. ()
_ o=@+, et _ S (0 _ LOWn(unT) vy
+oo &
+(0+1) Y Ha(ul)pul)
. k k (k) (k)
ICES) +Z [MWU(M N Muuﬂ
B o n+T Ovs n

n=—oo
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o—(6+1)
> = u®o,

Since ¢ > § + 1, it is not difficult to know that {u®*)},cy is a bounded sequence in
E| ie., there exists a constant K; > 0 such that

[u®] < Ky, keN. (2.8)

So passing to a subsequence if necessary, it can be assumed that u(®¥) — 49 in E.
For any given number ¢ > 0, by (A3), we can choose ¢ > 0 such that

[ frn(Upat, Un, Up—7)| < 6(uf;1T +udtt 4 ufltlT)Wél, YneZ\ M, ueR, (2.9)

where (uiilT +ultl uitlT)Wll <.
By (A2), we can also choose a positive integer D > max{max{|n|:n € M}, T}

such that

o+1

K
By (2.8) and (2.10), we obtain
1 <6+1
(uiP)+ = — g, (ufP)?+ < WH“(MH(SJrl < ¢t n| > D. (2.11)
Gn ¢

Since u®) — 4 in E, it is easy to verify that ué’“) converges to uﬁf) pointwise for

all n € Z; that is,

lim v = w0, vnez. (2.12)

k—oo

Combining with (2.11]), we have
(u)’H < ¢ nl 2 D. (2.13)

It follows from (2.12)) and the continuity of f,(v1,va, vs) on vy, va, v that there
exists kg € N such that

D

ST @ u® ) = fo(uip D u) p) <e, k >k (214)
n=—D
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On the other hand, it follows from (A3), (2.7), @ ([2.9), (2.11)) and (2.13) that

Z ’fn(UELIQT’“%k)’UELk—)T)_f ( ’ELO-Q)-T’U’(O)7 Uy~ )““ “510)‘
In|>D

< 3 (el ul® ) [+ | fu (i wl®s a2 ) [ (ul®)] + )

|n|>D
6
<o 3 {1+ @) 4 @l
[n|>D
0 0
[0+ @)+ @) T ()] 4 1)) (2.15)
+oo
<3¢ 3 [P+ [P (] + [ul®)
n=-—oo
< 6e Z k) 6+1 ( 510))54-1]
n=—oo

6
< f(Kf*l + [[a@ ).

Since ¢ is arbitrary, we obtain

+oo
Z |fn( iT,u(k),ufle) —fn ( ’Elo<|)'T7u(0)7u’l(’LOzT)| —0, k—ooc. (2.16)

It follows from , and (2.7)) that
<J’(u(k)) _ J/(U(O)%u(k) _ u(0)>
_ ”u(k) o u(0)||6+1

+oo

- Z [fn(u ’QT’ u®), 51_)T)_fn( (O-i)-T’u(O) (OET)](u(k)_U(O))_

n=—oo
Therefore,

”u(k) - u(O) ||6+1

< <J/(u(k)) — J’(U(O)) u® — u(0)>

+ Z [n( n’QT’ u®), SL)T)—f (u (OlT’u(o)7 1(103 )](u(k)—u(o)),

Since (J'(u®) — J' (u®), u*®) —4©) — 0 as k — oo, we have u®) — 4 in E.
The proof is complete. O

3. PROOFS OF THEOREMS

In this section, we shall obtain the existence of a nontrivial solution of (|1.5))
satisfying (1.4) by using the critical point method.

Proof of T heorem . We shall prove the existence of a nontrivial solution to (1.5)
satisfying (1.4). It is clear that J(0) = 0. We have already known that J € C'(E,R)
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and J satisfies the (PS) condition. Hence, it suffices to prove that J satisfies the
conditions for the (PS) condition. By (A3), there exists n € (0,1) such that

1
(WO WY, WneZ\ M, (ulth +ult) T <.

<
|Fn(un+Taun)| = 4(6 ¥ 1)
(3.1)
Set
G = sup{W,(v2)|vy € R, 05! =1}, (3.2)
and

- min{[ G 1)Q(G — 1)]“*(‘”1)»77}.

q°F w10 = p, thenbyLemmaE lun| < 0 <n<1forneZ By (A3),

If ||
. . and Lemma [2.3] we have
U

neM neEM, un#0 |un]

<SGl
neM
< GO Y 0t
neM (33)
Gau (6+1) 5+1
S
= neM
1 !
< — quudtt.
8(0+1) %:4 "
Set a = 2(5+1)9 +1. Hence, from (2.3] . - (A2)- , we have

1

J(u) > 5T 1||7v‘||6+1 - Z Fo(unsr,un) — Z Fy(tnsr, un)
nezZ\M neM

1 1
> [l Ot — (uptlp +ud ™) Wi (un)

§+1 8(6+1)ne;\M +T REZM
+ Z Hn(un-i-Tvun)

ZEM 1 1 (34)
> S+1 udtl bt
SRSt 4(5+1)n€%\:Mq " 4(5+1)n;q "

1 s 1 1
> +1 S+1 5+1
> sl - ™ -

_ S+1 _
205 + 1)” ” @

This inequality shows that ||u|| = p implies that J(u) > «, i.e., J satisfies assump-
tion (1) in Lemma
Next we shall verify the condition (2). Take 7 € E such that

.y 1, for |n| <1,
ol =
0, for |n|>2,
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and |1,| <1 for |n| € (1,2). For any u € E, it follows from (2.7) and (A7) that

n=—2
= E Hn(unJrTuun) + E Hn(unJrTuun)
n€L(~2,2), udt L +udT >1 n€Z(~2,2), udth+ud <1
Z 541 541
§ c ( n+T + Up, )
n€L(—2,2), udlhudt>1
+ E H,, (Uptr, )

n€L(—2,2), udl h+udtt <1

< 2cg_$ [u|l? + K,

(3.6)
where
K> = Z Hn(unJrTaun)-
n€Z(—2,2), ufjr1T+qu+1§1
For ¢ > 1, by Lemma 2.4 and (3.5, we have
1 1
Z W (ouy) > ot Z W (un) = Kso*, (3.7)
n=—1 n=—1
where K3 = 20 Wi (u,) > 0. By @3), 3:5), B-6) and (3:7), for 0 > 1, we
have
J(oT) = 5+ 1 |or||®Ft + Z (0T, 0Tn) — Wi(oTy)]
n=-—oo
1
< 5 1 ||7'H‘H'1 + HEQ H,(0TpiT,0Tn) n;1 Wy (o) (3.8)
= IITH‘s+1 +2¢q” 77 |lul|? + Ko — Ko™,
Since > 0 > § + 1 and K5 > 0, (3.8) implies that there exists op > 1 such
that oo > p and J(og7) < 0. Set e = 0¢g7. Then e € E, |e|| = |loo7|| > p and

J(e) = J(oo7) < 0. By Lemma [2.1] J possesses a critical value d > a given by

= inf
d= ;Ielr Jnax J(g J(g(s)),

where
I'={g € C([0,1], E)[g(0) = 0, g(1) = e}.
Hence, there exists u* € F such that
Jw*)=d, J(u*)=0.
Then function u* is a desired solution of satisfying . Since d > 0, u* is a

nontrivial solution. The desired results follow. O

Proof of Theorem[1.Z. In the proof of Theorem|[L.1] the condition that H,,(vy,vs) >
0 for (n,v1,v2) € M x R%, B = (07! + 0371)5+T in (A4) is only used in the proof
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of hypothesis (1) of Lemma [2.1] Thus, we only prove hypothesis (1) of Lemma
still hold replacing (A4) by (A4’). By (A4’), we have

1
|y (U, tn)| < 1 (qufT +ultl), Vnez, (qufT +udthF 1 <. (3.9)

d+1)

If [ul| = gﬁlln := p, then by Lemma |un| < nfor n € Z. Set o = ﬁn‘”l.
Hence, from (2.3) and (3.9), we have

+oo
1
J(u) 2 575 a1~ n;OOFn(UmT,un)
1 1 R
- o+1 & 5+1 S+1
1 1 = (3.10)
>l = s Y g
o+1 20+1)
1 s 1
>t +1_ L e+
> gl - gyl
_ 1 541 _
“agapll =
This inequality shows that ||u|| = p implies that J(u) > «, i.e., J satisfies assump-
tion (1) of Lemma The proof is complete. O
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