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CRITICAL QUASILINEAR SCHRODINGER EQUATION WITH
SIGN-CHANGING POTENTIAL

LI-LI WANG, ZHI-QING HAN

ABSTRACT. We study the existence of nontrivial solutions for a class of quasi-
linear Schrédinger equations in RV with critical nonlinearity, where the po-
tential is allowed to change signs. The quasilinear equations are reduced to
semilinear equations by using a change of variable. The geometric hypotheses
of a mountain pass theorem without compactness conditions are satisfied so
that the equation possesses a nontrivial solution.

1. INTRODUCTION

In this article we discuss the existence of nontrivial solutions for quasilinear
Schrodinger equation

—Au+V(z)u— A@wu = f(z,u), zcRY, (1.1)

which has atracted a great deal of attention during recent years (see [2, [3 4} [l 6]
7, [8, 9 10, 1T], M2] 14, 17]), because not only it provides an important model for
developing mathematical methods but it represents a special case of modeling for
many physical phenomena, see [2, [12] for an explanation. Some existence results
for have been concluded when the potential V(z) is bounded from below or
coercive, we refer to [7, 0, [12] where they have focused on the existence of solutions
for in the subcritical case when f(z,u) = |u[P~tu, 4 < p+1 < 22*, N > 3, and
have suggested the results by using direct variational methods, such as constrained
minimization arguments. To overcome the undefiniteness of natural functional
associated to , we rewrite the functional with a new variable which reduces the
problem to looking for solutions of an auxiliary semilinear equation by employing
the ideas in [4] 14 [7]. We establish a new potential function V(z) which can be
sign-changing and may be unbounded from below without any periodic hypotheses.
A new nonlinearity f(x,u) = K(z)|u|** ~2u + g(x,u) 4+ h(z) is established which
is more general than in other papers, for example [3] 6] [7, [9] 12} 16, 19].

First we consider the following quasilinear Schrodinger equation with critical
growth

—Au+V(2)u — AW u = K()|u)®® “2u+g(z,u) + h(z), zeRY, (1.2)

where the functions V, K, h : RY — R and g : RN x R — R are continuous and
satisfy the following assumptions:
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(A1) [|Vu|*+ V(z)u? >0 for all u € E'\ {0}.

(A2) V(x) is sign-changing, V*(z) € L>*(RY), lim ) 400 V() = ag > 0
and ||V~ [|n/2 < ng:;), where V*(z) := max{£V(x),0}, S denotes the
Sobolev optimal constant and 6 is the constant in (A6).

(A3) 0 < C < K(x) € L®(RY).

(A4) g(x,u) = o(u) uniformly in z € RN as u — 07.

(A5) There are constants a1,as > 0 and 4 < p < 22* such that

\g(x,u)\ <a+ a2|u‘P*1’ V(I,U) € RN X [O7+OO)
(A6) There exists a constant 6 € (4, 22*) satisfying

1
0 < G(z,u) < ég(x,u)u, V(z,u) € RY x (0, +00),

where G(z,u) := [ g(x,s)ds.
(A7) h #£0 and ||h||2N/ (N+2) < 98%2p, where a and p are given in Lemma

We remark that the potential may be unbounded from below and the associated
functional does not satisfy any compactness conditions. Note that 22* = %, here
and in the sequel, N > 3. Let

E:={uc H'R"): /V+(sc)u2 < o0},
we observe that F is a Hilbert space equipped with the inner product
(u,v) := /Vqu + VT (x)uv

and the norm ||ul| = (u,u)'/2. Obviously, it follows from (A2) that || - || is an
equivalent norm with the standard one in H'(R") and hence E is continuously
embedded into LP(RY), 2 < p < 2%, i.e., there is a constant Tp > 0 such that

ully < 7pllull,  Vuc E, (1.3)
where || - ||, is used for the usual norm in LP(RY). Now we state our main result.

Theorem 1.1. If the conditions (A1)—~(A7) hold. Then problem (L.2) possesses a
nontrivial nonnegative solution in FE.

Also, we consider a more general problem
—Au+V(z)u— A@w)u = [u|? "2u+gu), zeRY, (1.4)
under hypotheses (A1) and
(A8) V() is sign-changing, lim,|_ 4o VT (z) = VF(00) > 0, VT (z) < VT (00)
in RY and ||V~ | n/2 < (0 24)

(A4) g(u) = o(u) as u — 0T,
(A5’) There are constants aj,as > 0 and 4 < p < 22* such that

l9(u)] < a1 + azlul”™", Vu € [0, +00).
(A6’) There exists a constant 6 € (4, 22*) with

1
0<G(u) < gg(u)u, Yu € (0, +00),

where G(u fo
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(A9) (i)G(u)/(u** 1) — 400 as u — +oo, if 3 < N < 10;
(i1)G(u) /u* — +o0 as u — +o0, if N > 10.

(A10) The function % is nondecreasing for all u > 0.

Now we state the second main result.

Theorem 1.2. Assume that (Al), (A8), (A4’)—(A6’), (A9), (A10) are satisfied.
Then problem (1.4) admits a nontrivial nonnegative solution in E.

Remark 1.3. Regarding the the results suggested in [6], Theorems and
give an extension from their results to quasilinear Schrodinger equation including
critical terms case.

Remark 1.4. A problem of type for N = 2 was studied in [I1] where V
and g are two continuous 1-periodic functions, V' is nonnegative and bounded from
below and g is critical growth. Moreover in [I5] a similar result to Theorem is
provided under a more restricted hypotheses on the periodic potential V. While
our results in both Theorems and do not need any periodic conditions and
the potential V(x) may be unbounded from below. Also, the method of our proof
is different from that in [I5].

The article is organized as follows: in Section 2, we reduce the quasilinear prob-
lem into a semilinear one by the dual method and show some preliminary results.
Section 3 is devoted to prove that the mountain pass level of I is well defined, show
the boundedness for the (PS). sequence of the associated functional, and finish
Theorem [I.1] Finally we bring results that complete the proof of Theorem [I.2] in
Section 4.

Throughout this article, C' will denote various positive constants whose exact
value is not essential. The domain of an integral is RY unless otherwise indicated.
| f(z)dx is abbreviated to [ f(x)

2. PRELIMINARY RESULTS

We show that the energy functional corresponding to ) given by

;/(1+2u )|Vl + /V 22*/1( ) ul?*
—/G(x,u)—/h(x)u

which is not well defined in general, such as in H!(RY). To avoid this trouble, we
use of the change of variable v := f~!(u) introduced by [7], where f is defined by

! —;on 00) an = —f(—t) on (—o0
F10) = s on 0.+20) and (1) = ~f(~#) on (.0

We list some properties of f, and the proofs of which may be found in [4] [14].

J(u) :

Lemma 2.1. The function f satisfies the following properties:

1) f is uniquely defined, C*° and invertible;
[7'®)| <1 forallt € R;

()] < [t] for all t € R;
f@)/t—=1ast—0;

ft)/Vt—2Y* ast — +oo;

F@®)/2 <tf'(t) < f(t) for allt > 0;
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(7) |f(0)] < 2Y4[t|V/? for all t € R;

there exists a positive constant C such that |f(t)| > C|t| for |t| < 1 and
[F()] = CIt|M? for |t] > 1;

9) |f()f' (1) < 1/V2 for all t € R;

0) the function f(t)t=1 is nonincreasing for all t € R\{0};

1)

2)

—~
[0¢)
~—

the function f(t)f'(t)t~! is decreasing for all t > 0;

the function f3(t)f'(t)t~' is increasing for all t > 0;

13) the function f2% ~1(t)f'(t)t~" is increasing for all t > 0.
After the change of variable we obtain the functional

1

1 2 1 20,y _ 227
10) = [IVeP 45 [ V@ re) - o [ K@irw)
- [ Gt s - [ @)
Then I is well-defined on E and belongs to C'! in view of the hypotheses (A2)—-(A5)
and (AT). Furthermore, it is easy to check that

(' (), w) = / VoV + / V(@) f@)f (0w - / K(@)|f(0)2 2 () (0)w
- / o(z, F(0) F' (v)w — / W) f ww, Vo,we E,

and the critical point of I are weak solutions of the problem

—Av+ V(@) f(0)f'(v) = K(@)|f ()| 72 f(0) f' (v) + g(=, f(0)) f'(v) + (@) f' (v),
for x € RY. We observe that if v € E is a critical point of the functional I, then
the function v = f(v) € E is a solution of (cf:[4]). To obtain a nonnegative
solution for (L.2), we set g(z,u) = 0 for all z € RN and u < 0. By (A4) and (A5)
we also see that, given ¢ > 0 there exists a constant C. > 0 such that

lg(z,u)| < elu| + ColulP™t,  V(z,u) € RN x R. (2.1)

3. PROOF OoF THEOREM [I.1]

In this section we assume that (A1)—(A7) are satisfied. The following lemmas
are crucial for the proof of Theorem

Lemma 3.1. There exist constants p,o > 0 such that [ |Vv|*+V (z) f2(v) > av]]?,
whenever ||v|| = p.

The proof of the above lemma is similar to that of [6, Lemma 3.1]. So we omit
it.
Lemma 3.2. For the above p, there exists a constant 3 > 0 such that inf ), =, [ (v) >
G.

Proof. By (A3), Lemma 7) and the Sobolev imbedding inequality, it is easy to
obtain

[ E@IP <2 2K [
X . 2% /2
<2 2K ([ 190P)

< 22| K|oeS ™ 0]
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By (2.1), Lemma [2.1§(3,7) and (L.3), we have

Gl f0) < S [1rr+ < [Irwp
/ Juer S
5/|U|2+CE/|U|P/2

*72 2 0l1? + CellolP/2.

\ AN

I /\

It follows from (A7), Lemma [2.1](3), the Holder inequality and the Sobolev imbed-
ding inequality that

/h( V(@) < Il zx lloll2 < [IR] g2 S™H3( /IWI )2 < Bl 2, S]]

N2 N2 N2

Therefore, combining the above inequalities with Lemma [3.1} we obtain

I(u) > Spol* - 22*/QIIKII S 2|[u]|2 = 72 )o))> = CeljolP/2 = ]| 2y S|
-2 29 o 92 € iz :

Choosing € < a/(273) and for every ||v| = p we obtain

2%"/2 "o on
_ 1/21 _ —2%/2 2* _ ~ p/2
1) > p[Sp — Al g, §77) = 2 Ko™ /207 — P2,
For p sufficiently small, we derive that there exists a constant 8 > 0 such that
ianv”:p I(U) > ﬂ by (A?) O

Lemma 3.3. There exists vo € E such that ||vg]| > p and I(vg) < 0.

Proof. Given ¢ € C§°(RY,[0,1]) with B := suppyp, we derive that I(tp) — —oo as
t — +00, which completes the proof if we take vy = tp with ¢ large enough. Note
that 0 < tp <t in B and then

flte) = f(t)e (3.1)
by Lemma [2.1[10). It follows from (A2), (A3), (A6), (A7), Lemmal[2.1](3) and (3.1)
that
t2 2, () £2(
I(ty) < 5 BIVsO\ Y x) [~ (k) — v
C * *
- —*-f” 0 / ol
< Sl = e 177 0) [ 167+l g,
— —00 ast— —l—oo,
since f2%"(t)/t? — 400 as t — +oo. O

Lemma 3.4. The (PS). sequence (v,) C E is bounded.

Proof. Set (v,) C E be a (PS). sequence: I(v,) — ¢ and I'(v,) — 0 as n — oo.
Using Lemma H3,6 ), (A3), (A6) and the Sobolev imbedding inequality we easily
deduce that

¢+ 0n(1) + 0p (1) [Jvn |

=I(v,) — %I'(vn)vn
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1 2 ) , 11 o
> (G- 3) [Vl + Vi@ e) - G - ) [ V@)
~ (g~ ) [ K@U + 5 [ gl 1) 1)

- [ Gla s = @+ 5) [ In@f )

> (5= ) [ 90l + V@700 - G = DIV Il
(G ) [ K@U = @+ Dbl g ol
> [G- 9~ G =PIV lves™] [190aP 4V @)7(00)
(G = o) [ @IS = @+ Dl gy 57 ( [ 190f?)

It follows from (A2) that (3 — 2) — (3 — £)||V " |lx/25~" > 0 and hence

/ Vunl? + V() f2(0) < C + Clloal.
* (3.2)
[E@I@)E <0+ Clul.

From (3.2), we only prove that [ V1 (z)v2 < C + C||v,]|. In fact, from (A2), (A3),
Lemma 8) and (3.2) it follows that

/ V@R < IV o / W2 <OV e / o)
‘Unlzl |Un|21

<OV [ K@) < C+ Cllo

and
/ Vi(azwi <C V() f2(vy) < O+ Cllunll.
|'Un|§1 |'Un|S1
Thus we have |[v,||* < C + C||v,| and then (v,) C E is bounded. O

Lemma 3.5. Suppose that (v,) C E is a bounded (PS). sequence for the functional
I, then up to a subsequence, v, — v in E and v is a nontrivial critical point of the
functional I.

Proof. The argument is similar as in [I5]. Since C$°(RY) is dense in H(RY), we
only need to show that (I'(v), p) = 0 for all p € C§°(RY). Notice that (I’ (v,,),¢) —
0, for all p € C§°(RY), it suffices to derive that (I'(v,), ) — (I'(v), ¢). In fact,

(' (o), 0) — (T'(v), @) — / (Von — Vo)V
= [Us @) = 1V e+ [0 @) - Fe) s )V @
4 [ IF@P 25007 0) = ) P20 ()] K (@)

+ [g(z,f(v))f’(v)—g(x,f(vn))f'(vn)}Wr/[f’(v)—f’(vn)]h(ﬂf)%
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Since E is continuously embedded into H*(R™), we know that

/anVgoﬂ /VvVgo.

Besides, it follows from v, — v in F that v, — v in L}, (RY), p € [1,2*). The
up to subsequence, v, — v a.e. on B := suppy as n — oo and |v,(z)| < |wy(z

a.e. on B with w, € LP(B) for every n € N. Therefore, we have

)
f'(vy) — f'(v) a.e. on B asn — oo,
fwn)f (v) — f(v)f'(v) ae. on Basn— oo,
|F )2 72 f (o) f (vn) — |f ()22 72 f(0)f(v) ae. on B asn — oo,

g(z, f(va)) f' (vn) — g(z, f(v))f'(v) a.e. on B asn — oo.

Furthermore, by (A2), (A3), (A7), Lemma [2.12,7,9) and the Holder inequality we
have

V(@) f(vn) f' (vn) el < CIVF ||l € LY(B),
V= (@)f (va) f' ()l < V™ (2)]le| € LY(B),
K @) £n) =2 £ (0n) £ (0n) 0] < 1K 02”7 w1 |* | € LY(B),
[h(@)f'(va) gl < |h(@)]l¢| € L'(B).

Hence, the Lebesgue Dominated Convergence Theorem implies

JVr@seaf e - [Vi@ieree.

[V @seaf e~ [v-@ioree.

/ K@) (0) 222 f(0n) (00 — / K@) )2 2 f0)f (v)¢,

[ 1@ e~ [ s

For |v,| <1, by (2.1) and Lemma[2.1](2,3), we have
lg(z, £ (0n)) ' (vn) ] < el f(0n)lle] + Cel f (0n) [Pl < (e + Co)lgpl-
For |v,| > 1, by and Lemma (2,3,7,9) we conclude that
|9, £ (0n)) f' (vn) | < elonll] + Cc| £ (0n) [P~ f ()] 2
< elwale| + Cel f (va) P2
< elwall@| + Cclvn|2 ]
< elwal|ip| + Celwa-—1|* .

Combining the above facts and using the Lebesgue Dominated Convergence Theo-
rem implies

/ oz, F () (v) g — / oz, W) [ ().

Hence, v is a critical point of I. From the condition (A7), v is nontrivial. O
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Proof of Theorem[1.1] Lemmas [3.2|and [3.3]imply that the functional I satisfies the
mountain pass geometry, thus the (P.S). sequence exists, where

¢:= inf Jnax I(v(t), TI':={yeC([0,1],E):7(0) =0,7(1) = vo}.

Assume that (v,) C E is a (PS), sequence, (v,) is bounded by Lemma[3.3] Going

if necessary to a subsequence, v,, — v in E. We obviously get that v is a nontrivial

critical point of the functional I by Lemma [3.5 O
4. PROOF OF THEOREM

In this section we assume that (A1), (A8), (A4")-(A6’), (A9), (A10) are satisfied.
We study the existence of nontrivial critical points for the functional Iy € C'(E,R)
given by

) =5 [1VeP+ 5 [V - o [1r0P - [euw.

We also denote the corresponding limiting functional by

=g [ 196+ 5 [Vieoro) - o [150 - 6w,

We set g(u) = 0 if u < 0. Some propositions and lemmas are needed and their
proofs are similar as in [I5], we just state them in brief and omit their proofs as
follows.

Proposition 4.1. Assume (A8), (A4’), (A5’) hold. Let (v,) C E be a (PS).

sequence with 0 < ¢ < ﬁS%, and v, — 0 in E. Then there exist a sequence

(yn) C RN and r,n > 0 such that |y,| — +oo and

limsup/ v2 >n>0.
n— o0 BT(yn)
Given € > 0, we study the function w, : RN — R defined by
() = V) —
we(z) = —_—

] (€2 + [af?) ™+
where C(N) = [N(N — 2)] *7* Recall that by (A8, @, 13]), {we}eso is a family of
functions on which the infimum, that defines the best constant S, for the Sobolev
imbedding D*?(RN) ¢ L?" (RY), is attained. Moreover, one has

we € IZ®Y), Vuw, € I2(RY), /|m|2 - /\wgﬁ* e

We also consider ¢ € C§° (RN, [0,1]), ¢ = 11in B1(0), ¢ = 0 in RV\ By(0) and define
Ue

Lemma 4.2. There exist positive constants k1, ko and ¢ such that

/ Vu.*> =0(N"2) ase— 0T,
RN\ B1(0)

Ue = QWe, Ve

k1</u§*<k2, Y0 < € < &0,
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/ ||V 2w? = O0(EN?) ase — 0T,
|z|<1

/|va|2 <S+0EN?) ase— 0T

Lemma 4.3. As e — 0, we have

0(8), ZfN =3,

HUE”% = O(€2|10g5|)7 ZfN = 47
0O(g?), if N > 5,
2% —

1 N-—2
loelly._3 = O(e™T).

2%

Proposition 4.4. If conditions (A4’), (A5’), (A8), (A9) hold. Then there exists
v € E\{0} such that

1 x
I?;g([o(tﬂ) < ﬁSz .

Lemma 4.5. If {v,} C E is a bounded (PS). sequence for the functional Iy, then
up to a subsequence, v, — v # 0 with I})(v) = 0.

Proof. Since {v,} is bounded, going if necessary to a subsequence, v, = v in E. Tt
is obvious that I/(v) = 0. If v # 0, the proof is complete.
If v = 0, we claim that {v,} is also a (PS). sequence for I;. Indeed, we have

1
Bon) = To(on) = 5 [V (60) = VH@1 ) + 5 [ V@) 00) 0
using (A8), Lemma [2.13) and v2 — 0 in LY/(V=2)_ Similarly we derive

sup (I (vn) — Ij(vn), u)| = sup | / V*+(00) — V() (o) f ()1

flull<1 flull<1

+ s | [V @) )] - 0
lull<1

In view of Proposition we observe that 0 < By < ¢ < ﬁS %, where the constant

Bo will be stated in the proof of Theorem [I.2] Furthermore, by Proposition [4.1]

there exists a sequence (y,,) C RY and 7,1 > 0 such that |y,| — 400 and

limsup/ 1}721277>07 Vn € N.
n—00 B, (yn)

Defining uy,(z) = vn(z + yn), we know {u,(z)} is also a (PS). sequence for I.
Thus, going to a subsequence if necessary, there exists u € E such that u, — u in
E and I{(u) = 0 with u # 0. We obtain that by Fatou’s Lemma

1 1
¢ =limsup[li(up) — =11 (un)un] > I (u) — =11 (w)u = I (u).

Our next task is to verify that max;>o I1(tu) = I1(u) < c¢. For that, we define
the function 7(t) := I (tu) for t > 0. Since w is a critical point of I, it follows that
u > 0 (see the proof in [I5]). Then we obtain

—t/|Vu|2 /v+ J! (tu)u
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- / P22 2 (tu) £ () — / o(f (b)) ' (tu)u
U 22% 2 U / U
:t{/|w|2_/[|f(tl D2 =2 (el £ (tul)

t|ul
g(f () f'(tul) — VF(00) f(t[ul) f'(tul)] -
i tul - il [}

Note that, fixed x € RY, the function ¥ : (0, +00) — R defined by
2 6)f'(s ) 9UGDS(s) _ VE(00)f(5)['(5)

s s
( () f2(s)f'(5) f(s)f'(s)

+ VT (0)(-——=—7)
f3(s) s s
is increasing by Lemma 11,12,13) and (A10). Now we observe that n’(1) = 0,
since w is a critical point of I;. Moreover, we have that n’(t) > 0 for 0 <t < 1 and
n'(t) < 0 for t > 1. Therefore, I1(u) = n(1) = max;>on(t) = max;>o [1(tu) and
then

I(s) = .
P

+

< < = <
c< I?Zagcfo(tu) < max I(tuw) = L(u) <c.

This implies that there exists a way ro € I' such that ¢ = max;¢po,1) lo(ro(t)) > 0,
and hence, Iy possesses a critical point v on level c. It follows from ¢ > By > 0 =
Iy(0) that v is a nonzero critical point of I. O

Proof of Theorem[I.4. The proof is similar as the one of Theorem Only we
modify the proof of Lemma [3.2] that

Io(v) > €22 22*/25—2*/2 2 _ o p/?
2p 9 T2 P 29 P e )
for every [|v|]| = p. Choosing for all € € (0, %) and p sufficiently small, we derive
2

that there exists a constant Gy such that inf|, =, Io(v) > Bo > 0. Combining this
fact with Lemma the functional Iy has a mountain pass geometry. So the (P.S),
sequence (vy,) exists, where

c:= inf max Iy(r(t)), T :={reC([0,1],FE):r(0)=0,Iy(r(1)) < 0}.

rel’ te[0,1]
It follows from Lemma [3.4]that (v,,) is a bounded (PS). sequence for the functional
Iy. Lemma [4.5] ensures that I)(v) = 0 and v # 0. O
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