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(p,¢)-LAPLACIAN ELLIPTIC SYSTEMS AT RESONANCE

ZENG-QI OU

ABSTRACT. We show the existence of weak solutions for a class of (p,q)-
Laplacian elliptic systems at resonance, under certain Landesman-Lazer-type
conditions by using critical point theorem.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let Q be a bounded domain with smooth boundary in RY and A, be the p-
Laplacian operator. In this paper, we study the existence of solutions for the
problem

A
—Apu = A |uP2u + T_il|u|°‘\v|ﬂv + Gs(z,u,v) —hi(x) inQ,

A .
~Ago =Moo+ Pl ot Gl ) ~hafa) o, Y
a
u=v=0 on 09,
where 1 < p,q < +00 and a > 0,8 > 0 satisfy

a+1 1
A
p q

1. (1.2)

The nonlinearity G : © x R? — R is a Caratheodory function which has continuous
derivatives G(z, s,t), G¢(x, s,t) with respect to s and ¢ for almost any x € Q, and
hy € LP/®P=1(Q), hy € LY/ (1=1)(Q).

Let W = W, P(Q) x Wy %(Q) with the norm ||(u,v)|| = |ull, + [|v]l, for all
(u,v) € W, where W, ?(Q) is the usual Banach space with the norm |u|l, =
(J, |Vu|pdx)1/p for any u € Wy?(Q). From Sobolev embedding Theorem, the

embedding WO1 P(Q) — LP(Q) is continuous and compact, and there is constant
C > 0 such that

lullze < Clully, Yu € WyP(Q), and |[|v]|za < Cllollg, Yo € Wy (),  (L1.3)

where || - ||» denotes the norm of LP(Q2) and throughout this paper, let C' always
denote an embedding constant with relation to (1.3)). For the following nonlinear
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eigenvalue problem

—Apu = AMulP2u+ ———|u|*|v|Pv  in Q,

ﬂ +1
2 A B,
—Agv = AT+ —— o |u| [v|uw  in Q,
u=v=0 on J9,
consider the functionals ¢, ¢ on W defined by

1 1
zf/ |Vu|pdm—|—f/ |Volldz,
/|u|pdx+ /|v|qu+ ﬂ+1 /\u| lv|Puvdz,

Y ={(u,v) € W:p(u,v) =1}
It is easy to prove that ¢(u,v), p(u,v) are (p,q)-homogeneous, namely
St/ Pu, tY %) = td(u,v), (P, /%) = to(u, v)

for any ¢ > 0 and (u,v) € W, and X is a symmetric nonempty manifold in W. By
an argument similar to the ones in [3,[7], problem (1.4]) has a sequence of eigenvalues
with the variational characterization

and the manifold

A = inf  sup ¢(u,v),
A€Zk (u,v)EA
where ¥, = {A C ¥ : there is an odd, continuous and surjective v : S¥=1 — A}
and S*~! denotes the unit sphere in R*.
On the other hand, let

A= f
1 (ulil)ez P(u,v),

we can see that A\ = \|. Moreover, \; is a simple, isolated and positive princi-
pal eigenvalue of (1.4) and has a positive normalized eigenvalue (uo, ), namely,
leollp + llvollg = 1. By a simple computation, there exists a positive constant g
such that
1
lto”kolly + It “vollg = 1.

Let p1q = to/puo, v = té/qyo, since ¢, ¢ are (p, q¢)-homogeneous, hence the set of all
eigenfunctions corresponding to A; is

Ey o= {(tYPpy, tY %) ot > 0} U{(—t/Ppy, —t9y) : t > 0},

The set F; is not an one-dimensional linear subspace of W and the correspond-
ing orthogonal decomposition on W does not hold with respect to the the first
eigenvalue \j.

In many papers, existence of weak solutions for the resonant elliptic problems
were investigated under the well-known Landesman-Lazer-type conditions, which
were introduced by Landesman and Lazer in [5] and were extended by Tang in [12].
Since then they were used widely for the different types of equations, for example,
in [, B, O] for the quasilinear elliptic equations, in [4] for asymptotically linear
noncooperative elliptic systems, in [I3] for the forced duffing equations, in [I1] for
Kirchhoff type equations. Especially, in [2] the case p = ¢ = 2(the semilinear elliptic
systems) was considered and the case p = ¢ > 2(the quasilinear elliptic systems)
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was discussed in [0 [7, [4] where G4(z,s,t) = gi(x,s) and Gi(z,s,t) = ga(z,t).
As far as we know, when p # ¢ > 1, the similar results are not discussed under
the Landesman-Lazer-type conditions due to Landesman and Lazer. Motivated by
these finding, we consider the existence of solutions for problem at resonance
with the first eigenvalue under the Landesman-Lazer-type conditions. We first state
the following fundamental hypotheses.

(H1) Thereis h € C(2,R") such that |G (z,s,t)| < h(z) and |G¢(z, 5,t)| < h(z)

for all (z,s,t) € Q x R2.
(H2) There exist two functions g; ", g7~ € C(Q, R) such that
gi ()= liminf Gg(x,s,t), g7 ()= limsup Gy(x,s,t)

s—+00,t—+00 §——00,t——00

uniformly a.e. x € Q.
(H3) There is two functions g5 ¥, g; = € C(, R) such that

g T (x) = liminf+ Gi(z,s,t), g5 (x)= limsup Gy(z,s,t)

s——+o00,t— §——00,t——00

uniformly a.e. z € Q.
The Landesman-Lazer-type conditions for problem (1.1]) are read either

/gffuldx+/ggfuldx</hlpldx—l—/hguldx
Q Q Q Q

</gf+u1dfc+/g§r+vldﬂc;
Q Q

/gf+u1dx+/g;+u1dx</hluldx—i—/hgulda:
Q Q Q Q

</gl__u1dx+/g2__1/1dx.
Q Q

Theorem 1.1. Let hy € LP/P=1D(Q), hy € LY=1(Q), and (1.2)), (H1), (H2),
(H3) and (1.5)) be satisfied. If 1 < p < q and the following inequalities hold:

(1.5)
or

(1.6)

We are ready to state the main results.

/ hipdx — / gf‘ﬂtldx <0, / hipdr — / 91 pidz >0, (1.7)
Q Q Q Q

then problem (1.1) has at least one solution.
In the other case 1 < ¢ < p, the following result holds.

Theorem 1.2. Let hy € LP/P=1D(Q), hy € LY=1(Q), and (1.2)), (H1), (H2),
(H3) and (1.5)) be satisfied. If 1 < g < p and the following inequalities hold:

/ hovidx — / giHVldx <0, / hovidr — / gy vidx >0, (1.8)
Q Q Q Q
then problem (1.1) has at least one solution.

Theorem 1.3. Let hy € LP/P=1(Q), hy € LY/ (a=D(Q). If (1.2), (H1), (H2), (H3)
and (L.6) are satisfied, then problem (L.1)) has at least one solution.
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Our results extends the ones in [2] from the semilinear elliptic systems to (p, q)-
Laplacian elliptic systems, and are also the generalizations of [I4], where they
considered the case p = ¢ > 2 and Gs(z, s,t) = g1(s), Gi(x, s,t) = g2(t). Moreover,
the conditions and are the technical assumptions. Theoremis similar
to Theorem and we will prove Theorem [T.1] and Theorem

2. PROOFS OF THEOREMS

Now consider the functionals J, Ji, Jo on W defined by

= 1/ |Vu|pd:c+1/ \Vv|qdm—ﬁ/ |u|Pdx
/|v|qu +1) 5+1 /|u| lv[Puvda

—/ G(z,u v)d;z:+/ hwdz—&—/ hovdzx,
Q

A
/|Vu|pdx——/ |ulPdz — (ﬂjrl)/g\u|o‘|v|ﬂuvdm
// (z,ru, v udrder/ hiudzx,
Q

/|Vv|qd —7/ lo|da /\u| lo|Puvdz
a+1
—// Gt(x,ru,rv)vdrdac—f—/hgvdx.
aJo Q

1 1
G(z,s,t) :/ Gs(m,rs,rt)sdr—I—/ Gi(x,rs,rt)tdr, (2.1)
0 0

from ([1.2) and (2.1), it follows that
J(u,v) = Jy(u,v) + Ja(u,v) for all (u,v) € W.

From (H1), it is easy to prove that the functional J is well defined and J €
CY(W, R). Moreover, from the variational view of point, a weak solution of problem
is equivalent to a critical point of the functional J in W. In this paper, we
will prove Theorem and Theorem by using the following G-linking Theorem
due to Drabek and Robinson (see [3,[9]) and Theorem [1.3| by using Ekeland’s Vari-
ational Principle (see [} [I0]). In these abstract theorems, a compact condition,
i.e., (PS) condition, is needed.

Noting that

Definition 2.1. Let X be a real Banach space, if for any sequence {u,} C X
such that f(u,) is bounded and f’'(u,) — 0 as n — oo, {u,} has a convergent
subsequence, the functional f satisfies the (P.S) condition.

Definition 2.2 ([3,[0]). Let @ be a submanifold of a Banach space X with relative
boundary 0Q),S be a closed subset of a Banach space Y and G be a subset of
C(0Q,Y\S). S and 9Q are G-linking if for any map h € C(Q,Y) such that
hlag € G there holds h(Q) NS # 0.
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Theorem 2.3 ([3,[9]). Let X,Y be Banach spaces, S be a closed subset of Y, Q be
a submanifold of X with relative boundary 0Q and G be a subset of C(0Q,Y\S).
Let ' = {h € C(Q,Y) : hlog € G}, assume that S and 0Q are G-linking and
f € CY(Y, R) satisfies

(a) There is h € T’ such that SUP,e f(h(z)) < +oo;

(b) There is By > g such that

inf f(y) > Bo and sup f(h(x)) < g, Vh €T,
yeSs 2€0Q

(¢) The (PS) condition holds.

Then, the number

= inf h
c ;?éri‘ggf( (2))

is a critical value of f with ¢ > (.

Proof. The proof is divided into two steps.

Step 1. The (PS) condition for the functional J is satisfied. Let (uy,,v,) be a
(PS) sequence for the functional J; that is,

J(tn,vy) is bouned and J'(uy, v,) — 0 as n — oo. (2.2)

From (H1) and by a standard argument, it is sufficient to prove that (uy,v,) is
bounded in W. If this does not hold, assume that ||(wn, vy)| = ||unllp+ |lvnlly — o0
as n — 00. Define K, := |[un b + [|[vn ]|, hence it follows that K, — oo as n — oo.

Let @, = uy, \ K}/Pﬁn =, \ K}L/q, then (&, v, ) is bounded in W, i.e.,
Hﬂan + ||77n||g =1 for all n.

Extracting subsequences if necessary, we can assume that there exists (a,0) € W
such that

(tip, Up) — (4,7) weakly in W, (2.3)
(tn, Up) — (4,0) strongly in LP(Q) x LY(Q),
(tn(x),0p(2)) — (a(x),v(z)) for a.e. z € Q.
From , it follows that

J mny n
lim sup 2% V)

n—o00 K,

From ([2.1), (H1), the Holder’s inequality and (1.3), we have

<0, (2.6)

1
’/G(w,u,v)dm‘ §/ ‘/ (Gs(z, Tu, 70)u + Gi(x, Tu, TV)V)dT|dX
Q a'Jo

< / h(a)(Jul + o)z (2.7)

p—1 g-1
< lAllpe (12177 [[ullze 4+ Q277 [Jv]|La)
< Cr(llullp + [v]lq)

for all (u,v) € W, where C] is a positive constant, hence it follows that

1
—/ G(z, up,vn)dz — 0 asn — oo. (2.8)
Kn Q
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From h; € LP/®P=1(Q), hy € LY/(4=D(Q) and the Holder’s inequality, we obtain
1
—_— / (h1uy + hovy)dz — 0 as n — oc. (2.9)
K, Jo

From (2.4) and (2.5)), it follows that |&,|*@, — |a|®u strongly in L5571 () and
|0|P0, — |0]*0 strongly in L7 (), hence from Holder’s inequality, we obtain

]/(|an|a|@n|ﬂan@n — [al°|7/*av)da

Q

g/ ||an|a|@n\ﬁan@n—|an|a|@\ﬂan@|dx+/ | |5 P00 — |]*|0|Pav|da
Q Q

< [ ol = oo + [ |, = gl o s

ol - e, — lalall, 2,

< llaallzdt - loal o, —1o)%0) Lk

B+1
—0 asn— oo.

From the definition of J, (2.4), (2.6), (2.8), (2.9) and (2.10]), we have

1 1
limsup f/|Vﬂn|pdx+*/ \V5n|qu

n—oo

<A ul|Pdr + — /qux+ /u vﬁuvdx)
(5 [ 1a o 55T /Ll

From ({2.3)), it follows that

/|Vﬂ|pdx§liminf/ |Vii,|Pdx, /\V6|qu§hminf/ |V, |1de,

(2.10)

hence, combining this with the definition of A\;, we obtain
1 1 1
)\( /upd:rJr /quer—/ﬂaT)ﬁﬂfDdx)

/ |Va|Pdr + — / |Volldx

< lim inf f/ |Vanlpdx+f/ IWnlqu)
p Q q.Ja

n—oo

1 1
< limsup (f/ |Vﬁn|pdac+*/ |V77n|qu>
PJa q.Ja

n—oo

1 1 1
<A f/ apdx+f/ @qu+—/ al®|v|Puvdz ),
(5 Jy e+ g J e oy [ il o)
hence it follows that
1 1
f/ |Va|”dx+f/ |Volidx
P Ja q.Ja
1 1 1
=\ 7/ apda:+—/ ol9de + ——————— | |a|®|v|Pavdz ),
1(29 QH q Qll (a+1)(B+1) sz|‘|| )

and by the uniform convexity of W, we have that (@,,?,) converges strongly to
(@,v) in W, and from the definition of (u1,v1), it follows that (@, o) = £(p1, v1).
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In the following, let (@, ¥) = (p1, 1), and the other case where (@, 9) = —(u1,v1)
may be considered similarly. Hence from the definition of J, we have

Un_ Un_y,

p—1qg—1

le(Umvn) qJQ(Umvn) _<
(p— DK (¢— DK

1 ~ p 1

fﬁ(/QGs(fc,umvn)undx—f/p// Gs(x,run,rvn)undrd:v>
1

+ q—il(/ Gi(x, Un, Vn)Updr — 1/q // Ge(x, rty, T, )y, drdx)

+/ hlﬂndl'-l-/ hg’l_]ndil'.
Q Q

From h; € LP/®P=1(Q), hy € LY/ (4=1(Q), we have

J’(un,vn),(

(2.11)

/hlﬂndxa/hluldx and /hgﬁndI—)/thldI as n—oo. (2.12)
Q Q Q Q

From (H2) and (H3), it is easy to know that

/Gs(xaunyvn)andx_)/g;r+,ufldx7

Q Q
/Gt(:t7un,vn)17ndac—>/g;rJruldx
Q Q

as n — oo. Finally, from (H2) and Lebesgue dominated convergence theorem, we

have
Up
1/p / / (T, Ty, 7R ) Uy, dr doz = / / (T, TUp, TUR) —— T dr dx
Kn (2.14)

—>/gf+u1dx as n — 00.
Q

(2.13)

Similarly, we obtain

& =y /Q/ Ge(x, Ty, 7R )V, dr dx — ; g;""uldx as n — oo. (2.15)

Therefore, letting n — oo in (2.11)) and from (2.2)), (2.12)), (2.13)), (2.14) and (2.15),

we obtain
/hl,ulclac—i—/hguldgc:/gfr+,1¢1(iczc—&-/g;Jrl/lclac7
Q Q Q Q

which contradicts with (1.5). Hence, (u,,v,) is bounded in W.
Step 2. The functional J satisfies the geometries of Theorem For any

(u,v) € By = {(tl/p,ul,tl/ql/l) (>0} U {(—tl/pul, —tl/qyl) 1t > 0},

we have

1 1
/|Vu|pdx+ /|Vv\qu
f)\l /|u|pda:+ /|v|qd:c+ 54‘1 /|u| |v\'6uvd:c>
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From the above equality and the definition of .J, for any (t'/Ppu,,tY9,) € Ey, we
obtain

J(tl/pul,tl/qyl)

:tl/p/hluldx—i—tl/q/hzl/ldx—/G(m,tl/”ul,tl/qul)dw
Q Q Q

1
ztl/p(/hl,uldm—// Gs(m,rtl/pul,rtl/qm)uldex)
Q aJo

1
+t1/q(/h21/1dx—// Gt(x7rt1/pu1,rt1/qyl)uldrdx).
Q aJo

From (H1), (H2) and Lebesgue dominated convergence theorem, it follows that

(2.16)

1
lim // Gs(x,rtl/”ul,rtl/qul)uldrdw:/gfﬂzldx, (2.17)
t—+ Jo Jo Q
1
tl}inoo// Gt(x,rtl/qul,rtl/qul)uldrdw:/g;+1/1dx. (2.18)
aJo Q

Hence, from (1.7)), (2.16]), (2.17) and (2.18]), we obtain

JAYPuy tY90)) - —co  ast — 4oo.

Similarly, the following result can be obtained with g+ and g5 * exchanged with
g;  and g5~ respectively,

J(=tPuy, —tY90)) — —00  as t — +oo.
Finally, it follows that
lim J(+tYPpy, £t 9)) = —occ. (2.19)

[t|—o0
On the other hand, letting Ay := {(u,v) € W : ¢(u,v) > Aap(u,v)}, from (1.3)),
(2.7) and the Holder’s inequality, for any (u,v) € Ag, we obtain

/\2—)\1 )\2_>\1
J > P 22 _y)e - C
(w,0) 2 2l 4+ 22 ol = Crllly + 1elo)
= (Il 2y Nlullze + NP2l oy (0] 2a)
Ao — A\q
Z N (lullp + lvll§) = Co(llully + [lvllq),

where Cy = Cq + C’rnau({||hl||Lpg1 , ||h2|\L% }. Combining the above expression

with (2.19)), we obtain that there exists a positive constant T" such that

ap i=sup J (£t Py, +tY9%) < By :=  inf  J(u,v). (2.20)
t>T (u,v)EA2

Let M = {(£t"/Ppy, £tY9) : t > T} and
G ={heC(S°,W):his odd and h(S°) C M},

where S is the boundary of the closed unit ball B! in R!, i.e., S° = 9B'. For
any h € G, by , we have h(S°) N Ay = (), which implies that G is a subset of
C(S°, W\ Ay). Let

I'={hecC(B",W):h|s € G},
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we can claim: T' is nonempty and As and S are G-linking, that is h(B') N Ay # 0
for any h € T'. The similar proof of the conclusion may be found in [7, 3] @], but

for the readers convenience and completeness, we write it.
In fact, define h : B! — W by

h(t) = (((T)Ppuq, (¢T)Y90y)  for all t € [0, 1],
h(—t) = (—(tT)/Ppy, —(tT)Y0y)  for all t € [0,1].

Hence, h € T and T is nonempty. Now let h € T, if there is (u,v) € h(B"') such
that ¢(u,v) = 0, we get h(B') N Ay # 0. If not, we consider the map h : ST — 2
defined by
. h if o0 >0
bong = [T 20
—moh(—x1), ifxze <0,

where 7(u,v) = (u\(¢(u, v))?, v\ (¢(u,v))/?). Tt is easy to know that h(S') C E,.
Therefore, ¢(ug,vg) > Ao for some (ug,vg) € lAz(Sl)7 namely, (ug,v9) € Az. From
mwoh(x) € Ay, we have implies h(x) € Ao, which implies that h(B')N Ay # (). Hence
A and S° are G-linking.

Now, from the compactness of B!, (a) of Theorem [2.3 holds, (b) of Theorem
is satisfied from (2.20), (c) of Theorem comes from (i). Accordingly, Theorem
holds from the G-linking Theorem with the critical value

¢ = inf sup J(h(x)). O
€l pep1
(]

Proof of Theorem[I.3 (i) The functional J satisfies the (PS) condition. From
, the claim can be proved with similar to step 1 of Theorem
(ii) Now we will prove that the functional .J is coercive, that is,
J(u,v) = +oo as ||(u,v)|| — oo.

If the claim does not hold, there is a constant ¢ and a sequence (u,,v,) such
that J(up,v,) < c and |[(un,v,)| — oo. From the proof of the (PS) condition of
Theorem (U, Up) converges strongly to £(u1, 1), where @, = u, \ K,l/p, Uy, =
Un \ K9, Assume that (tin, Tn) converges strongly to (u1,v1) (the case (i, Ty)
converges strongly to (—u1,—v1) may be treated similarly) and p > ¢ > 1 (the
case ¢ > p > 1 may also be treated similarly). From the definitions of J, J;, J2 and

J (U, vp) < ¢ for all n, (2.14) and (2.15]), we have

J ny ¥n . J mnsy ¥n J mnsy ¥n
Ozlimsup(uf/v):hmsup( 1(u1/v ) 2(u1/v ))
n—oo K, p n—oo K, P K, p

+ s (P2l 2) | o)
N 00 Kn/P K’rlz/q
1 1
> nlLrI;O(/Sl(hlﬁn— W/O Go(x, Ty, 1oy ) undr)de

_ 1!
—|—/Q(h2vn— [(»,11/(1/0 Gt(x,run,rvn)vndr)daﬁ)

= /(hwl *9T+M1)d$+/(h27/1 — g3 Tv1)d,
Q Q
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which is a contradiction to (1.6). By Ekeland’s Variational Principle, the proof is
complete. ([
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