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OSCILLATORY BEHAVIOR OF N-TH-ORDER NEUTRAL
DYNAMIC EQUATIONS WITH MIXED NONLINEARITIES
ON TIME SCALES

XIAN-YONG HUANG

ABSTRACT. In this article, several new oscillation theorems for n-th-order neu-
tral dynamic equations with mixed nonlinearities are established. Our work
extends some known results in the literature on second-order, third-order, and
higher-order linear and half-linear dynamic equations. Two examples are pro-
vided to illustrate the relevance of the new theorems.

1. INTRODUCTION

The theory of time scales was introduced by Hilger (see [8]) in 1988 in order to
unify continuous and discrete analysis. Not only can this theory of the so-called
“dynamic equations” unify the theory of differential and difference equations, but
it can also extend some classical cases to cases “in between”, e.g., to the so-called
g-difference equations. Oscillations of delay dynamic equations are common in
applications, for example, in economics, where the demand depends on current
price and the supply depends on the price at an earlier time, and in the study of
population dynamic models (see [5]).

There are available sufficient conditions for the oscillation and nonoscillation of
solutions of various neutral dynamic equations. For second order neutral dynamic
equations on time scales, Wu et al [I6] in 2006 studied the second order nonlinear
neutral dynamic equation of the form

[r () ((x(t) + p(H)z(7(1)) )] + f(t,6(t) =0, (L.1)

where a > 1 is a quotient of odd positive integers. Zhang and Wang [19] improved
and complemented some results in [I6] for & > 1 and gave new results for 0 < o < 1.
Sun et al [I4] considered the second order quasilinear neutral dynamic equation

[r(O)((x(t) + p(O)2(7(1)) )] + @ ()2 (81(2)) + g2(t)a” (82(8)) =0, (1.2)

where 7, «, 3 are quotients of odd positive integers with 0 < a < v < 3. For more
results on second order neutral dynamic equations, we refer the reader to the papers
(see [11 3[4, [6, 1T, [17]).
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Saker and Graef [13] and Zhang [I8] considered the third order half-linear neutral
dynamic equation of the form

[r1 () ((r2(8) (@ (t) + a(®)a(r(£))2)7]> + p(t)27 (3(t)) = 0. (1.3)
Their results were further extended by Utku et al [I5] to the equation

[r () ((@(t) + p(D)2(10(1)22)]% + a1 (O)2® (11 (t)) + g2 ()" (2()) = 0, (1.4)

where 0 < a < vy < S.

Higher order dynamic equations have recently also been studied by many authors.
For instance, in 2014, Hassan and Kong [9] established some oscillation criteria for
nth-order half-linear dynamic equation

("2 (0) + p()ap n-1y(z(9(t))) = 0 (1.5)

on time scale T, where n > 2, ¢5(u) := |u|?sgnu, ali,j] == a;...q;, zl(t) =
() da, (2], i =1,2,...,n — 1, with 2l = z.

Chen and Qu [7] extended the work in [9] to even order advanced type delay
dynamic equations on time scales containing mixed nonlinearities

k
[r(£)@a (@™ ()] + p()Pa(2(8(2))) + Zpi(t)%i (z(6(8))) =0, (1.6)

where n > 2 is even, a, a; >0, 6(¢) > ¢, ®u(u) = |u[*u.
Our goal in this paper is to study the oscillation of nth-order neutral dynamic
equations with mixed nonlinearities of the form

POl @1 0] + a0 ()00 (#)|* 2 (do (1))

m 1.7
-3 aOlEO) P a6 (0) = 0 o
i=1
on an arbitrary time scale T, where y(t) = x(t) + p(t)z(7(t)), under the following
hypotheses.
(A1) r,q; € Crq(T,R") for i = 0,1,...,m, where Rt = (0,00), and p €
Crd(’]n [O, 1))7 ftzo Tﬁé(S)AS = 00,

(A2) n > 2 is an integer, o, 8; (i = 1,2,...,m) are constants, 51 > ... > (G >
a > Brr1 > ... > By > 0;

(A3) 6; € Cpa(T,T),0;(t) >t (i = 0,1,...,m), 7 € Cra(T,R"), 7(t) < t,
limy o 7(t) = o0.

For the study of oscillation purpose, we are only interested in the solutions that
are extendable to co. Thus, we assume that the time scale T under consideration
satisfies inf T = ¢ty > 0 and supT = oco. For T € T, denote [T,00)r := {t €
T:t>T} 7%(t) = min{7(¢),00(t),01(¢),...,0m ()}, To = min{r*(t) : t > to}
and 7%, (t) = sup{s > tg : 7*(s) < t}. Clearly 7%,(¢t) > ¢t for t > Ty, 7*,(t) is

nondecreasing and coincides with the inverse of 7*(¢) when the latter exists.

Definition 1.1. By a solution z of , we mean a nontrivial real-valued function
in Cw}d([le(m)Tvoo)vR) with y € Cﬁd([le(tO)Tvoo%R) and T|yA"’1‘a—1yA"*1 €
Cl([m*1(to)T, ), R), and such that (1.7) is satisfied on the interval [7*;(¢o), o).

Our attention is restricted to those solutions of (|1.7)) that exist on some half line
[7*1(t0), 00)T and satisfy sup{|z(t)| : t > t5} > 0 for any t, > 7*,(f9). About the
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existence and uniqueness of solutions to dynamic equations, we refer the reader to
[12]. A solution of is called nonoscillatory if it is either eventually positive or
eventually negative, otherwise it is called oscillatory. Equation is said to be
oscillatory if all its solutions are oscillatory.

Note that the results obtained in [II, Bl [4} [6] [7, [O [1T], 13 14, [15] 16, 17, 18, 19]
cannot be applied to nth-order neutral dynamic equation ([1.7). Therefore, it is
of interest to study the oscillation of . Motivated by the works mentioned
above, by applying the generalized Riccati transformation and certain well-known
techniques, we establish new sufficient conditions to guarantee that every solution
of is oscillatory or tends to zero eventually. The results obtained in this paper
extend some known results in the literature on the oscillation for second and third
order, and higher order linear and half-linear dynamic equations.

For convenience, throughout this article we use the notation:

z(o(t)) =a7(t), 2%(a(t) = (a2(t))”.

The article is organized as follows. In Section 2, we give some basic lemmas
which play a key in the subsequence. In Section 3, we establish several sufficient
conditions to guarantee that every solution of is oscillatory when n is even.
The case when n is odd is discussed in Section 4. Finally, in Section 5, two examples
are provided to illustrate the relevance of our results.

2. BASIC LEMMAS
Lemma 2.1 ([2) Lemma 2.2]). For any m-tuple {61, B2, ...,0Bm} satisfying

B1>...>0k>a>Bry1>...> B >0,

there corresponds an m-tuple {n1,m2,...,Nm} such that
> Bmi=a, Y mi=1, 0<m<li=12...,m (2.1)
i=1 i=1
If m=2and k =1, it turns out that
n_a—ﬁz 772_51—0z
1 — 9 - .
B — B2 B — B2

Lemma 2.2 ([I0, Young’s Inequality]). If X and Y are nonnegative, then for
A>1,

AXYAMT XA < (A —1)Y?,
where the equality holds if and only if X =Y.

Lemma 2.3. If (1.7)) has an eventually positive solution x. Then there exists an
integer 1 € {0,1,...,n — 1} with I+ n odd such that

yA (1) >0, j=0,1,...,1 (2.2)
and
(1)) >0, j=1+11+2,...,n—1 (2.3)
eventually, where y™" (t) == y(t) = z(t) + p(t)z(7(t)).

The proof of the above lemma is similar to that of [9, Lemma 1].
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3. OSCILLATION FOR EVEN ORDER EQUATIONS

In this section, we establish several oscillation criteria for equation (L.7)) when n
is even. Throughout this section, we denote

01(t) = qo(t)(1 — p(do(t)))* + Z%(ﬂ(l —p(6:(t)”,

02(t) = qo(t)(1 = p(6(1)))" + Hn;"iq?i ()(1 = p(Bs(2)))P ™.

The first theorem can be considered as the extension of Fite-Winter type oscillation
criterion.

Theorem 3.1. Assume that

/too 01 (u) A = oo, (3.1)

0

Then (1.7) is oscillatory.

Proof. Assume, for the sake of contradiction, that has a nonoscillatory solution
x. We may assume that x is eventually positive by replacing x by —z, otherwise.
By Lemma there exist ¢; € [tg,00)r and an odd integer I € {1,3,...,n—1} such
that and hold eventually. Note that odd ! € {1,3,...,n—1} implies that
yA(t) > 0 and y2" ' (t) > 0 for all ¢ € [t;,00)7. This implies that y(t) is strictly
increasing on [t1,00)r. By (A3), we conclude y(d;(t)) > y(t) > y(t1) := az > 0 for
t € [t1,00)T, and
z(t) = y(t) — p(t)z(7(t) = y(t) — p()y(7(t)) = y(t) — p(t)y(t) = (1 — p(t))y(),

then, for i = 0,1,...,m, t € [t1,00)T, we have

2(6;(t)) = (1= p(6:(1))y(0:(t)) = (1 — p(ds(£))y(t) = az2(1 — p(di(t))).  (3.2)
From and (3.2)), it follows that for ¢ € [t1,00)r,

PO ()72 = —q0(H)2"(0(8) = > a2 (5:(t))
i=1

< —ag(1 = p(6(t)) a0(t) — o (1= p(6: (1) "as(1)

< —azbi(1),
where

U a B P2 Bm
as :=min{ay,asy", a5, ...,a5™} >0,

m

01(t) = qo(t)(1 = p(8o(£))* + > ai(t)(1 — p(8:(1)))".
i=1
Integrating the above inequality from ¢ > ¢; to u > ¢, we obtain

r6) A" ()% > ()™ (W) + as / "0y () A > ag / “owan  (3.3)
Letting © — oo, we have

/ 01 (u)A < oo,
t
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which contradicts the assumption (3.1)) and so the proof is complete. O

For the next lemma, we define the functions {©;}2, by

t
O(t,u) = 0;(t,u) = / O,-1(s,u)As, t,u€ [tg,00)r, t € N.  (3.4)

€
r(t)’

Lemma 3.2. Assume that either

[ [ ) as =,

/t:O {/voo (Tls) /:O 01 (U)AU) UQAS} Av = co.

If (L.7) has an eventually positive solution x, then there exists a sufficiently large
ti € [to,00)T such that fort € [t.,o0)T,

(3.5)

y™ () >0, j=01,...,n—1, (3.6)
yA (1) > Py (6)On—a(t, 1), (3.7)
y(t) > r/ (A" (O, 1 (t, L) (3.8)

Proof. Since x is an eventually positive solution of (1.7). By Lemma there
exist t. € [tg,00)r and an odd integer | € {1,3,...,n — 1} such that (2.2)) and (2.3)
hold eventually. Therefore, one concludes that for ¢ € [t., 00)r

y2(t) > 0. (3.9)

So (3.6) holds for n = 2.
If n > 4, we claim that (3.5 implies that [ = n — 1, hence (3.6]) holds. In fact,
if 1 <I<n-—3, then for t > t,

Fy>" O AT <0, AT >0, yA (1) <0, yA"U(E) > 0.

Proceeding as in the proof of Theorem|3.1] we see that (3.3)) holds for all ¢ € [t., co)r.
Taking limits as u — oo in (3.3)), we have for ¢ € [t., c0)T,

r®) (2" ()" > ag /t - 01 (u)Aw.

It is known from Theorem that [ 61(u)Au < co. Thus, one concludes that
for t € [ts, 00)T,

CERATT Y " 0 (u) A (3.10)

e o) 1 (e e)
(—/ 01 (u)Au)/*As = co.
s/to T(S) S
By integrating both sides of (3.10]) from ¢, to ¢ € [t., c0)T we obtain

y ) -yt () 2 0 / <7«(1T) / 01 () Au)'/* As.

Assume

Letting t — oo, we have
lim yA"_Q(t) = 00,

t—o0
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which contradicts the fact that y»" (£) < 0 on [t,,00)r.

Assume
[ G [ maneanan s

By integrating both sides of (3.10) from v to u € [t.,o0)r and then taking limits
as u — oo and using the fact yNH2 (u) < 0 eventually, we obtain

AT () > alle /Uoo (% /:o Hl(u)Au)l/aAs. (3.11)

Again, by integrating both sides of (3.11) from ¢, to t € [t«,00)r and noting
y2" % (t,) > 0 eventually, we have

A" W)+ () 2y /tt [/“ (% /:" al(u)Au> WAS] Av.

Letting ¢t — oo, for t € [t., 00)T, we find that

lim 2" (t) = —o0,

t—oo

which contradicts the fact that yAniS(t) > 0 on [ts,00)7. Thus we have [ =n — 1,
and then (3.6) holds. It follows from (T.7) that r'/®(£)y2" " (¢) is strictly decreasing
on [t,,00)r. Therefore, one concludes that for ¢ € [t.,c0)r,

AT =y T (k) + / P ()" (5)r % (5) As

*

>r1/°‘(t)yA"71(t)/t r_é(s)As
c= )y A" T (1O (4 1),

Integrating the above inequality from ¢, to t, for t € [t., o0)r, we have
t
n—3 n—3 n—1
Oz )+ [ e (98 ) As
t.

t

> rl/a(t)yA"_l(t)/ O1(s,t.)As

ta
c= )y A" T (1) (1),

Analogously, for ¢ € [t,, 00)T, we obtain

yA(0) > Oy (0Ot ),

y(t) > r Oy (0)0na (1, 1),

which are (3.7)) and (3.8]), respectively. This completes the proof. (I

Remark 3.3. For the even order delay dynamic equation (1.6}, Chen and Qu [7]
obtained a similar lemma (see [7, Lemma 2.2]).

By Lemma [3.2] we have the following criterion.
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Theorem 3.4. Let (3.5)) be satisfied. Assume in addition that there exist a function
¢ € CYy([to, 00)1, RT) and m-tuple {n1,na,...,nm} satisfying Lemma such that
fO’f' all Th, Ty € [to, OO)T with Ty > T,

lim sup . {o(s)02(s) — cpﬁ(s)@;f‘l(&Tl)}As = 00, (3.12)

t—o0

where ¢ (s) := max{0, o> (s)}. Then (L.7) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.7)). Without loss of generality, we
may assume that x is eventually positive. In view of (3.5), by Lemma there

exists a t, > to such that (3.2) and (3.6)), (3.8) hold.

Consider the Riccati substitution

> ()"

O t € [t., 00)T, (3.13)

Z(t) = ¢(t)

then Z(t) > 0 for t € [t,,00)r. By the product and quotient rules (see [5, Theorem

1.20]), in view of (L.7), (A1)-(A3), (3.2), (3.6) and (3.13), one concludes that for

t e [t*, OO)T,

2

— O O S+ 06 ) A

- OO T WO | gy 20

< ot DO o) _ ) B0 =004 )
o - S

(3.14)
where o is the forward jump operator on time scale T.
In view of the arithmetic-geometric mean inequality, see [10],

m m
> muws = [, w >0,
im1 i=1

where 11,12, ..., My are chosen to satisfy Lemma Now returning to ((3.14) and
substituting

ui =07 ()1 = p(6: ()" y" (1), i=1,2,....m
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into (3.14)), we obtain

Z)(y“(t))A ) (3.15)

) e )2 )

>y () ()
Employing the Pétzsche chain rule ([5, Theorem 1.87]) and the fact that y is strictly
increasing on t € [t,, 00)r, we have for t € [t., 00)r

w0 = of [ WO +huyA 0 an by 0
1
=of [ 0= 1)+ b @1 a0

a(y ()*1y2(t), 0<a<l,
>
T ay@®) A1), a>1

Noting that y is increasing on [t., 00), we obtain y(t) < y?(¢) for t € [t.,c0)r, and
then

a(t A A t

ye(t) yo(t)
Since o(t) > t on T, from (3.6) and the fact that (¢)(y>" (£))® is decreasing on
[t«, 00)T, one concludes that for ¢ € [t,, 00)T

0< (r(O@E" (@)™ <r) A" @), yot) > y(b). (3.17)
From (3.15)), and (3.17)), it follows that
A - PO (A" (1)) R ey (1)”
230 < ~p0(0) + (O O (o ~ e )
A
< o000+ (O (0)) S (3.8
< — o) + (O ) L2
= PR RO 0N
In view of , we obtain
A _ AL astAL(t)
Z3(0) £ —p02(0) + (rO ™" ()
A
< —p(00:(0) + 17 (007 (1.0) 20

= —p(t)02(t) + 92 ()0, % (t,1.).
Integrating both sides of (3.18]) from 7" > ¢, to t > T leads to

0<Z(t)<Z(T) - /T {w(s)ﬁg(s) — cpﬁ(s)@;f‘l(s,t*)}As.
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Taking the limit superior on both sides, the result contradicts (3.12f). This com-
pletes the proof. ([

According to Theorem by further applying Young’s inequality and noting
that (3.7) we have the following theorem.

Theorem 3.5. Let (3.5) be satisfied. Assume in addition that there exist a function
¢ € C([to, 00)T,RT) and m-tuple {n1,n2,...,nm} satisfying Lemma such that
for all T, Ty € [tg, 00)T with Ty > Ty,

t © .
msup | {p(902(5) ~ ()6 a6 T S (319)

Then (1.7) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.7)). Without loss of generality, we
may assume that x is eventually positive. In view of (3.5, by Lemma there is
a t, > to such that (3.6)), (3.7) hold. Define the function Z as in (3.13)), proceeding

as in the proof of Theorem [3.4] we see that (3.14)-(3.17) hold. From (3.13]) and
(3.15]), one concludes that for t € [t,, c0)r

lim sup

Z°(t) Z°(t) (y*(t)*
Z2(t) < —p(t)ba(t) + 5 (1) ) o(t) OO (3.20)
From [r(t)[y®" " (£)]*1y2" " (£)]2 < 0, we have
(r(®) (" (1)) <rBEA" (1)
In view of and , we have
(y*(1)* >(1yA@)
ye@) — ()
S e Qi O (I (A2
ye (0 (3.21)
S )T WA ()7 Ona(t )
- ye ()
B Z7(t)\ /e
- O[@n_g(t, t*) <(,007(t>)
on [t.,00)r. Substituting into ([3:20), we obtain for ¢ € [t., o0)T,
Zo(t) Zo(t)\*=
Z3(0) < e + o3 ey —aw®On () (y) T (322)
Taking
X = [ap(0-a(t 1)) Iy = (Lo (8 (1) ap()0a(t, )]
R w7 (t)’ a+17 7" B ’
A:a;1:1+$>L
by Lemma and 7 for ¢ € [t., o0)T, we obtain

(@)

ZA@)S-—¢QN5“)+(a4-na+1mmﬂ@n_xat*ﬂa'
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Integrating both sides of the above inequality from T > ¢, to t > T leads to
(2 (s))H!

0< Z(t )02 ( As.

) [ )~ G, )

Taking the limit superior on both sides, the result obtained contradicts (3.19). This
completes the proof. ([

Similarly, using the equality bx — ax? < % for x, a, b € R, we have the following
theorem.

Theorem 3.6. Let . be satisfied and o > 1. Assume in addition that there exist
a function ¢ € C},([to, o0)1, RT) and m-tuple {n1,m2, ... ,nm} satisfying Lemma-
such that for all Tl,Tg € [to, 00)T with Ty > Ty,

: ! (02 (5))? _
h?lsogp . {o(s5)82(s) — Top(3)0 (5, 1107 (0 (5). T1) JAs =o00.  (3.23)

Then (1.7) is oscillatory.

The following two theorems give new oscillation criteria for (1.7) which can be
considered as the extension of Philos-type oscillation criterion. Define D = {(¢,s) €
TxT:t>s>0}and

Q={HeCYD,R"): H(t,t) =0, H(t,s) >0, H>(t,s) <0, for t>s>0}.

Theorem 3.7. Let (3.5) be satisfied. Assume in addition that there exist func-
tion S ng([t07oo)TaR+)) h € Crd(D7R)7 H € Q and m_tu’ple {77177727' 777m}
satisfying the assumptions in Lemma such that for all Ty, Ty € [tg,00)T with
T > Tl,
A
h t [e3
VP2 P S) par iy o for (1) € D, (3.24)

A S S
Ho(0 ) + 16 9) 50 = oos)

and
1 t s (¢, )
h?lsogp H(t,T3) Jr {H(t’ s)p(s)6a(s) - (a4 1)t [;(s)@n_g(s, T1)]a Jhs =00
(3.25)

where hy(t,s) := max{0, h(t,s)}. Then (L.7) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.7)). Without loss of generality, we
may assume that x is eventually positive. Proceeding as in the proof of Theorem

we see that (3.22)) holds. Multiplying (3.22)) by H(t, s) and integrating it from
T >t. tot > T, one concludes that for ¢ € [T, co)r,

ZU
/HtsZA JAs < — /Hts $)02(s As—&—/HtsgoJr()SD(s)As

/ H(t, s)agp(s)On_s(s,t )(Zagi)l“m

SOO-
A
/Hts 5)0a (s As+/ Ht5) 25 7o (5)As

90“(8)
27 (s)\ 1+
_/TH(t,s)Ul(s,t*)(w(s)) As,

(3.26)



EJDE-2016/16 OSCILLATION OF N-TH-ORDER NEUTRAL DYNAMIC EQUATIONS 11
where Uy (s, t.) := ap(s)O,_2(s, t«). Integrating by parts, we obtain
/ H(t,s)Z%(s)As = —H(t,T)Z(T) —/Tt H2(t,5)Z°(s)As. (3.27)
From and -, one concludes that for ¢ € [T, c0)r,
/T H(t, 5)p(s)0(s) As

t ¢ A
—/TH(t,s)ZA(s)As—l-/TH(t,s)ij((s))

Z7(s)As

Z°(s)

©7(s)

= H(t,T)Z(T) +/ {[HX(t,s) + H(t,s)
T

)HiAs

- / H(t, 5)Us (s, 1)
T

zZ°
©7(s
From H € Q and (3.24)), we find for ¢t € [T, c0)r,

/; H(t, 5)p(s)0(s)As

— H(t,s)Ui(s,t:)(

5) Ha}A

SH(t,T)Z(TH/T [h;(r(z;;)HfH(t,s)Z"(s) (3.28)

— H(t,s)Us (s, 1) (i:g)%} As,

where hy is defined as in Theorem Taking A\ = O‘TH =1+ % > 1,

X = [H(t U (5,2)] T2y 2 (o (1,5) U (5,1),

4O a+1
then by Lemma 2.2] (3.28), and Ui (s, t.) := ap(s)O,_2(s,t.), we obtain

t t hi+1(t,8)
[ Henass < HET)ZD) + |
Thus, we obtain

As.

imsup g [, (40000 1
imsu ,8)p(8)02(s) — s
ol H(t,T) Jr P T 0 T 1) p(5)0,a (s, )]

< Z(T) < o0,
which is a contradiction to (3.25)). This completes the proof. O

In view of Theoremsand applying the equality bz—ax? < % for,z, a, b€
R, we have the following theorem.

Theorem 3.8. Let (3.5)) be satisfied and o > 1. Assume in addition that there exist
function ¢ € C},([to, 00)r,RT), h € Cra(D,R), H € Q and m-tuple {ni,m2, ..., Mm}
satisfying Lemma such that for all Ty, Ty € [tg,00)r with Ty > T4,

| P(5) _ it 5)
©i(s)  ¢7(s)

H2(t,s) + H(t, H(t,s), for(t,s)e€ D, (3.29)
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and

h?isogpm {H t,s)p(s)02(s)

hi(t,s)
4aup(5)On—2(s,T1)OR "1 (0 (5), T1)
Then (1.7) is oscillatory.

Remark 3.9. Let p(t) = 0, 5; = «; and 6;(¢t) = 6(¢), ¢« = 0,1,...,k, Theorems
3.4-3.8 reduce to [7, Theorems 3.1-3.5].

(3.30)

}As:oo

4. OSCILLATION FOR ODD ORDER EQUATIONS

We establish oscillation criteria for (1.7) when n is odd. In this section, we
assume that there exists a p such that 0 < p(t) < p < 1 and use the following
notation for simplicity:

07 (t) = qolt +Zqz 03 ( +Hm"’z

Theorem 4.1. Assume (3.1) with 07 instead of 01 holds. Then every solution of
(1.7) is either oscillatory or tends to zero eventually.

Proof. Let x be a nonoscillatory solution of (1.7). Without loss of generality, we
may assume that x is eventually positive. By Lemma there exist t, € [tg, 00)T
and an even [ € {0,2,...,n — 1} such that (2.2) and (2.3 hold for ¢ € [t., c0)T.
(a) If I > 2. Then we use the same argument as in the proof of Theorem
(b) We show that if I = 0, then lim; . z(t) = 0. Since 0 < z(t) < y(t) for
t > t., it suffices to show that lim;_ y(t) = 0. From Lemma [2.3| with I = 0, one
concludes that for ¢ € [t., 00)r
(=172 () >0, forj=0,1,...,n—1.
Since y2(t) < 0 on [t.,o0)r, then lim;_ o, y(t) = I; > 0. Assume [; > 0, then there
exists a t; € [t., 00)T and choose 0 < € < @ such that
Lh<ylt)<li+e, fort>t,,
and for t > t, > t, we obtain
z(t) = y(t) — pt)z(r(t)) = y(t) — p(H)y(r(t))
> y(t) —py(r(t)) >l —p(li +¢) > Ky(t),

where K := % > 0. Thus, we have
x(t) > Ky(t), fort>t,.
For i =0,1,...,m, for t € [t;,00)T, we have
x(6;(t)) > Ky(0;(t)) > Kly. (4.1)

From (1.7) and (4.1), one concludes that for ¢ € [t,, o),

(A" ()12 < —qo(t) (K1) qu WKL) < —aqbi(t),
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where
05 (t) = qo(t) + Zqz as = min{(K}L)*, (KI,)%,..., (Kl})’} > 0.

Integrating the above inequality from ¢ > ¢, to u > t, we obtain

HO0 T O) 2 ) @) 4 [ "0 (w)Au > as / CoiwA. (42)

By taking limits as u — oo in the above inequality, which contradicts the assump-
tion (3.1) with 67 instead of #;. This completes the proof. O

Furthermore, we assume that either

/t:o (% /:O GT(u)AuY/aAS C
/: {/00 (% /:o HT(U)Au)l/QAS} Ao o

Theorem 4.2. Let be satisfied. Fvery solution of is either oscillatory
or tends to zero eventually provided that one of the following conditions is satisfied:

(1) There exist a function ¢ € C},([to,o0)r, RY) and m-tuple {n1,m2, ..., nm}
satisfying Lemma such that for all Ty, Ty € [tg,00)r with Ty > T4,

(4.3)

lim sup {cp — 2 (s $)0,% (s, T1) } As = o0. (4.4)

t—o00

,RT) and m-tuple {n1,m2,- -, Mm}
[to, OO)T with Ty > T1,

)a+1

(2) There exist a function ¢ € Ci([to, 00)T
satisfying Lemma such that for all Ty, T €

. ) (03 (s)
timsup | {(950) ~ T (o) O a o T

}As = o0. (4.5)

(3) There exist a function ¢ € C,([to,o0)r, RT) and m-tuple {n1,m2,...,Mm}
satisfying Lemma such that for all Ty, Ty € [tg,00)r with Ty > T4,

: . (ph(s))? _
h?isogp T {@(S)H (s) - 4oup(8)O,— (s,}l)G)f{j(o(s),Tl) fas =os, (4.6)

for some a > 1.

(4) There exist functions ¢ € CYy([to,0)r,RT), h € Crq(D,R), H € Q and
m-tuple {n1,M2,...,Mm} satisfying Lemma such that for all Ty, Ty € [to,00)T
with Ty > T,

<p$(s) h(t,s)

A = Hi (4, s or (t,s .
H2(t,s) + H(t, 5)90 (5) go”(s)H (t,s), for(t,s)€ D, (4.7)
and
1 ¢ . h‘}r"’l(t,s) B
limsup gy Jy, VH9)9()0(s) = iy [0(5)On_2(5.T1)] phs =00

(4.8)
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(5) There exist functions ¢ € C}y([to,0)r,RT), h € Crq(D,R), H € Q and
m-tuple {n1,m2,...,Mm} satisfying Lemma such that for all Th, T € [tg,00)T
with Ty > T,

A (,Dﬁ(s) h(ta S) /
and
. 1 ! .
h?isol‘}pm - {H(t75>gﬁ(8)92 (8)
1200, 5) (4.10)

— — }As = 00,
dap(s)On—2(s,T1)05 "1 (0(s), T1)
for some a > 1.

Proof. We only prove the case (1) here. For other cases the proofs are similar. Let
x be a nonoscillatory solution of . Without loss of generality, we may assume
that x is eventually positive. By Lemma there exist t, € [t1,00)r and an even
1€{0,2,...,n— 1} such that and hold for t € [t., c0)T.

(1) Assume [ > 2. The arguments are similar to the proofs of Theorem

(2) We show that if I = 0, then lim;_, x(t) = 0. Since 0 < z(t) < y(¢) for t > t,,
it suffices to show that lim;—., y(¢t) = 0. Proceeding as in the proof of Theorem
[4.1] we see that hold for all ¢ € [t,,00)7. Taking limits as u — oo in ([£.2)), we
have for t € [ty, c0)T

r(®)(y™" ()" > as /too 05 (u) Au.

It is known from Theorem that [ too 07 (u)Au < oo. Therefore, one concludes
that for ¢ € [ty, 00)r

y2" () > al/” (% /:o af(u)Au) Y A, (4.11)

o 1 oo 1/
(—/ 07 (u)Au)/*As = oo.
/t() T(S) S !
By integrating both sides of (4.11)) from ¢, to t € [t,, c0)T we obtain

n—2 n—2 ¢ 1 & 1/
ATy A t£>1/°‘/ —/G*A As.
0w 2 el (G diwau) s

Assume

Letting ¢t — oo, as a result for ¢t € [t,, 00)T,

lim yAniZ(t) = 00,

t—o0

which contradicts the fact that y2" ~(£) < 0 on [ty, 00)r.

Assume
LU G [ erwan) “asar—c.

0 v
By integrating both sides of (4.11]) from v to u € [t;,00)r and then taking limits
as u — oo and using the fact yNH2 (u) < 0 eventually, we obtain

A" () > al/® /:o (Tls) /:O GT(U)AUYMAS- (4.12)
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Again, by integrating both sides of (4.12)) from ¢, to t € [tz,00)r and noting

yA" % (t,) > 0 eventually, we obtain

AW Y (1) 2 6 /: [ G [ erems) s

(s) Js
Letting t — oo, for t € [ty,00)r, we find that lim;_ yAWS(t) = —o0, which
contradicts the fact that y2" " (£) > 0 on [ty,00)r. This shows that [ = 0, then
lim;_, oo y(t) = 0. This completes the proof. O

Remark 4.3. Letting go(t) = 0, n = 3 and m = 2, Theorem with condition
(1) reduces to [15, Theorem 3.1].

5. EXAMPLES
In this section, we provide two examples to illustrate our main results.

Example 5.1. Consider the equation

(O @1 (0] + qo(t)|e(So(6) | 2 (do(t))

3 (5.1)

+ > qi()]a(5:(1)))|% e (6i(1) = 0
i=1

for t € [tg, 00)T, where ¢ > 1 is a constant, T = ¢%Z = ¢*|J{0} = {¢%, d € N} U {0},
to = q, n > 6is even, y(t) = z(t) + p(t)x(7(t)), and m = 3, r(t) =t~ 1, p(t) = 2/3,
T(t) < t, o = 1/4, f1 = 17/8, B2 = 13/8, B3 = 1/8, qo(t) = qo(to(t))™", qu(t) =
qlt_?’, QQ(t) = qgt_47 q;;(t) = Q3t_5, qi >0 (Z =0, 1,2,3).

We choose §;(t) = 6; x (gt), ; > 1 (i = 0,1,2,3) and n; = 1/64, 2 = 1/16,

13 = 59/64. Noting
/ rfé(s)As = / s*As = o
to q

and taking k = 2, we find that (A1)—(A3) are satisfied. By direct computation, we
have

(0= () alao )+ (3) st + ()t ()t
O>(t) = (é)1/4q0(tg(t))71 + (%)1/4(6%)71/64(%)71/16

59
X ()70 0410821620/ 64y=157/32,

64

Since fsoo u”*As < oo, if @ > 1 for s > ¢, we obtain

[ nwau= [T{G) wlow) " + () P au + () gt

1
+ (g)l/gqgu_5}Au < 0.

Hence, the assumption (3.1 is not satisfied, we can not obtain the oscillation of
(5.1) by Theorem (3.1

However, it follows that for s > g,

/too (Tls) /:o 01 (u)Au) YA
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=[G @) atwotin ™ + () S ()

q s

+( )1/8 }Au) As

> / 6 [T ) ol ) s

S
> 1 1
:/q ((5)1/4%5-;)%3:00

Define recursively the Taylor monomials {g;}5°, (see [Bl, Sect. 1.6]) as follows

t
wlt,s) =1, gilt,s) = / gii(us)Au, fort,seT,icN,  (5.2)
then

H T fort,s e T=q%, ieN. (5.3)
v= ozu 04

From (3.4), for t > s > tg = ¢ > 1 and ¢ € N, we obtain
Oo(t,s) =r1(t) =t >1=golt,s),

t t
01(t.5) = | Oo(u,)Au > / go(u, 5)Au = g1 (£, ),

(5.4)
t t
0,(t,s) = / O;-1(u, s)Au > / gi—1(u, $)Au = g;(t, s).
In view of (5.3) and (5.4), we obtain
On—2(8,T1) > gn—2(s,T1) H o for s > 1Ty > q. (5.5)
Zy, 04q

Take ¢(s) = s and define o2 2 as in Theorem [3.5, then we conclude that for s >
Tl > q,

. (5 .
il oy e = R e

Since n > 6, we ahve "T_l > 1, and « = 1/4, we have ft:O s~ As < co. From
(5.6) we obtain for T > T1 > ¢
/°° (0% (s)
7, (a4 1) p(s)gn—2(s, T1)]"
Therefore, from (5.5)) we have that for To, > T} > ¢,
/°° (P2 (s) !
7, (a+ 1) p(s)0,-o(s, T1)]*
[ (£5 ()
“Jr, (a+ 1) o(s)gn—2(s, T1)]

As < 0.

As

As < 0.
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On the other hand, for Ty, > T} > ¢, we obtain
- = Ty - 1y1/a, 1 _

| etsmas = [ s[(G) mlsoo) 7+ (5) g

T T

x (i)’ﬁ(g)*%qi/ Py g5 TR s (5.8)

> /OO 5(1)1/4q0(50(s))71As = 00.
T, 3
From and , we conclude that for T, > T7 > ¢,
(p3(s) >
(a+1)*Hp(s)On_2(s, T1)]*
Hence, and are satisfied. By Theorem is oscillatory.

Example 5.2. Consider the equation

)y O 52" ()] + g0(8)](S0(6)]2 (50 (t))
2
D2 @Ol (@ ()| (0i(1) = 0

for t € [tg,o0)r, where T = AN := {hc: h > 0,¢c € N}, to = h, n > 3 is odd,
y(t) = z(t) +p()a(r(t)), m =2, r(t) = (t+o(t) /2 p(t) =p=1/2 < 1,7(t) < ¢,
a=1/2, B =3/4, B = 1/4, qo(t) = qot /2, q1(t) = qut ™2, qa(t) = qut /2,
4 >0(i=01,2).

We choose 0;(t) = d; x (t+h), d; >1 (i =0,1,2). Noting

/OO = (5)As = /Oo(s + o(s))As = 00

to h
and taking k = 1, we find that (A1)—(A3) are satisfied. By direct computation, we
obtain

}As = 0.

t—o00

lim sup ; {p(s)82(s) —

(5.9)

2
() = qo(t) + > ai(t) = qot V2 + qut V2 4 got 72 = itV
i=1
where Q1 = qop + ¢1 + g2 > 0. It follows that

/ Gf(u)Au:/ Qru~?Au = .
h h

Hence, (3.1) with 67 instead of 6 is satisfied. By Theorem every solution of
(5.9) is either oscillatory or tends to zero eventually.

Acknowledgments. This project is partially supported by the NSFC of China
(11426066 and 11426068), and by the NSF of Guangdong University of Education
(2014jcjs03 and 2015ybzz01). The author would like to thank Professors Yu Huang
and Qiru Wang for their helpful discussions.

REFERENCES

[1] H. A. Agwo; Oscillation of nonlinear second order neutral delay dynamic equations on time
scales, Bull. Korean Math. Soc., 45 (2008), 299-312.

[2] R. P. Agarwal, D. R. Anderson, A. Zafer; Interval oscillation criteria for second order forced
delay dynamic equations with mized nonlinearities, Appl. Math. Comput., 59 (2010), 977—
993.



18 X.-Y. HUANG EJDE-2016/16

[3] R. P. Agarwal, D. O’Regan, S. H. Saker; Oscillation criteria for second-order nonlinear
neutral delay dynamic equations, J. Math. Anal. Appl., 300 (2004), 203—-217.

[4] R.P. Agarwal, D. O’Regan, S. H. Saker; Oscillation results for second-order nonlinear neutral
delay dynamic equations on time scales, Appl. Anal., 86 (2007), 1-17.

[5] M. Bohner, A. Peterson; Dynamic Equations on Time Scales: An Introduction with Appli-
cations, Birkhauser, Boston, 2001.

[6] D. X. Chen; Oscillation of second-order Emden-Fowler neutral delay dynamic equations on
time scales, Math. Comput. Modelling, 51 (2010), 1221-1229.

[7] D. X. Chen, P. X. Qu; Oscillation of even order advanced type dynamic equations with mized
nonlinearities on time scales, J. Appl. Math. Comput., 44 (2014), 357-377.

[8] S. Hilger; Analysis on measure chains — a unified approach to continuous and discrete cal-
culus, Results Math., 18 (1990), 18-56.

[9] T. S. Hassan, Q. K. Kong; Asymptotic and oscillatory behavior of nth-order half-linear dy-
namic equations, Differ. Equ. Appl., 6 (2014), 527-549.

[10] G. H. Hardy, J. E. Littlewood, G. Polya; Inegualities, 2nd Ed., Cambridge University Press,
Cambridge, 1952.

[11] Z. L. Han, S.R. Sun, T. X. Li, C.H. Zhang; Oscillatory behavior of quasilinear neutral delay
dynamic equations on time scales, Adv. Difference Equ., 2010, Art. ID 450264, 24 pp.

[12] B. Karpuz; Ezistence and uniqueness of solutions to systems of delay dynamic equations on
time scales, Int. J. Math. Comput., 10 (2011), no. M11, 48-58.

[13] S. H. Saker, J. R. Graef; Oscillation of third-order nonlinear neutral functional dynamic
equations on time scales, Dynam. Systems Appl., 21 (2012), 583-606.

[14] Y. B. Sun, Z.L. Han, T. X. Li, G. R. Zhang; Oscillation criteria for second-order quasilinear
neutral delay dynamic equations on time scales, Adv. Difference Equ., 2010, Art. ID 512437,
14 pp.

[15] N. Utku, M. T. Senel; Oscillation behavior of third-order quasilinear neutral delay dynamic
equations on time scales, Filomat, 28 (2014), no. 7, 1425-1436.

[16] H. W. Wu, R. K. Zhuang, R.M. Mathsen; Oscillation criteria for second-order nonlinear
neutral variable delay dynamic equations, Appl. Math. Comput. 178 (2006), no. 2, 321-331.

[17] Q. S. Yang, Z. T. Xu; Oscillation criteria for second order quasilinear neutral delay differ-
ential equations on time scales, Appl. Math. Comput. 62 (2011), 3682-3691.

[18] C. H. Zhang, S. H. Saker, T. X. Li; Oscillation of third-order neutral dynamic equtions on
time scales, Dyn. Contin. Discrete Impuls. Syst. Ser. B: Appl. Algorithms, 20 (2013), no. 3,
333-358.

[19] S. Y. Zhang, Q. R. Wang; Oscillation of second-order nonlinear neutral dynamic equations
on time scales, Appl. Math. Comput., 216 (2010), 2837-2848.

XIAN-YONG HuANG
SCHOOL OF MATHEMATICS AND COMPUTATIONAL SCIENCE, SUN YAT-SEN UNIVERSITY, GUANGZHOU
510275, CHINA.
DEPARTMENT OF MATHEMATICS, GUANGDONG UNIVERSITY OF EDUCATION, GUANGZHOU 510303,
CHINA

E-mail address: huangxianyong@gdei.edu.cn, Phone +86 13602456482



	1. Introduction
	2. Basic lemmas
	3. Oscillation for even order equations
	4. Oscillation for odd order equations
	5. Examples
	Acknowledgments

	References

